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PREFACE 


The Colloquium Lectures which I had the privilege of 
delivering at the University of Chicago before the American 
Mathematical Society, September 1920, contained a large 
part of the material presented in the following pages. The 
delay in publication has been due to several causes, one of 
which has been my desire to wait until some of my own 
ideas had developed further. I have taken advantage of 
a well-established tradition of our Colloquia by giving par- 
ticular emphasis to my own researches on dynamical systems. 
It is ray earnest hope that the lectures may serve to stimu- 
late others to investigate the outstanding problems in this 
most fascinating field. 

It is only necessary to recall the work of Galileo, Newton, 
Laplace, Clausius, Rayleigh in the physical applications of 
dynamics, of Lagrange, W. R. Hamilton, Jacobi in its formal 
development, and of Hill and Poincare in the qualitative 
treatment of dynamical questions, in order to realize the re- 
markable significance of dynamics in the past for scientific 
tliought. At a time when no physical theory can properly 
be termed fundamental— the known theories appear to be 
merely more or less fundamental in certain directions— it may 
be asseited with confidence that ordinary diffei’ential equations 
in the real domain, and particularly equations of .dynamical 
origin, will continue to hold a position of the highest importance. 

In looking back over my own dynamical work, of which 
a certain period is finished with the publication of this book, 

I cannot but express my feeling of deep admiration and 
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KTiititixde to Hadamtu’d, Levi-Civita, Sundman and Whittaker, 
to whom many important recent advances in theoretical 
dynamics are due, and in whose work I have found especial 
inspiration. It is with much regi'et that I have been unable to 
give adequate space to their achievements. 

Professor Philip Pranklin cooperated with me in a first 
re- writing of part of my notes on these lectures. I owe 
him cordial thanks for Ms help. 
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CHAPTER I 


PHYSICAL ASPECTS OF DYNAMICAL SYSTEMS 

1. Introductory remarks. In dynamics we deal with 
physical systems whose state at a time t is completely 
specified hy the values of n real variables 

Xi f .?‘2 ^ j • 

Accordingly the system is sucli that the rates of change 
of those variables, namely 

(f.rj tli, (Lr^ihlt, • • 

iiH'rely dei)end n])Oii tlie values of the variabh's themselves, 
so that tlie laws of motion can be expressed by means of v 
differential (M|uations of the first order 

(1) (Ui/di --- - A'/(a;i , . . r,) (/ ----- 1 , • ■ u\ 

Thus, for a i)articl(‘ which falls in a vacuum at the surface 
of the earth, .r, and ./o may denote distance fallen and velocity 
r(\spcctivelv. In this case the e(iuations of motion take the 
typical foi’in 

(Lv\ldt --- . 7 ' 2 , dX'ildd — //, 

Avluire (j is the gravitational acceleration. 

2. An existence theorem. We proceed first to fonniilate 
an existence theorem for a set of differential equations of 
the general type (1).*'' The set of n functions Xi will be ■ 
assumed to be real and uniformly continuous in some open 

In I'.omiection with the first five paragi’aplis the folio wing general 
references inn}^ he given: E. Picard, TraitC (V Analyse^ voL 2, chap. 11, 
and vol. 3, chap. 8; E. Goursat, Cours [V Analyse mathmiatiqne^ vol. 2, 
chap. 10; G. A. Bliss, Pmu'cton (klloquimi Lectures^ chap. 3. 
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finite n dimensional continuum i2 in the ‘space’ with rect- 
angular coordinates x^, •••, £Cn. Absolution’ x{t) of the 
equations (1) in the open interval ^<t<f is defined to 
be a set of w functions Xi{t), all continuous together witli 
their first derivatives and represented for any such t hy 
a point X in Jt, such that the differential equations m'e 
satisfied by this set of functions. 

Existence Theorem. Jf the point .7;“ in in It- at n distann- 
at least D from, the houndaty of B, and if M in an upper 
hound for the functions | Xi\ in B, there eadsts a solution x(f) 
of the expiations (1), defined in the. interval 

\t — %\<Dl{VnM) 
and for which x (4) = 

To establish this theorem, we ohseiwe first that, for any 
solution of the type sought, the n equations 



hold. Conversely, any set of continuous functions :r(/) in B, 
which make the expressions 8i vanish in an interval c.on- 
taining t—U as an interior point, will obviously ve<lu<*.e (.0 
x° for t — U, and will satisfy the diiTerentinl equations in 
question, as follows by direct differoiitisition. 

Now define the set of infinitely niultiple-vahunl functions 
XT («!, ■ • Xu) ,ns that given by any set X; (//i, • • •, //„) takcni 
at a point y whose various coOrdiniitcis dilTcr from those*, of 
the point x by not more than I An in mnne.ric.iil vahu*. II. is 
evident that with thi.s dclimtion the n c.oniiioiients of A'"'' may 
be chosen as constant in any rectangular domain 

\'x./—ai\ S' lAn (■/ I, •••, n), 

namely as the component parts of A' (ai. • • • , rtu). 

If the functions A'j be replaced by AT and the functions 
Xi by xf, the expressions for 8i btnsome 
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We propose to show that these expressions can be made 
to vanish. 

Choose Z“ as X(xi, •••, in the rectangular domain 

\xi—a^\<llm (i = n). 

The integrals in the above expressions for St will then be 
linear functions of t, and hence a:J"’ may be deiined as 

as long as the point as™ continues to be in this domain. In 
geometrical terms, the expressions for xf (t) yield the coordin- 
ates of a straight line with t as parameter, which passes 
tlirough the center of the domain for t = If the n 
functions Xf happen to vanish, the line reduces to the point 

In case the line emerges from the domjiin for < = > A, 
at a point if, we can take this point as the center of a 
second like rectangular domain of the same dimensions, and 
take as 

//“ + A'f if I, • • • . y°) it—ti) 

in this second domain. The expressions will then continue 
to vanish for t > t, until the point leaves this second 

domain at a point s". 

Thus, by a succession of steps, the expressions 6’” can 
be made to vanish for t>to and likewise for t<fo- The 
process can only tenninate in case the broken line representing 
.r“(<) passes a boundary point of E. 

Now, if t be taken as the time and as the n coordinates 
of a particle, its velocity 

[(Z“)*-h ... +{x,^n'^ 


is clearly not more than \fn M. Hence the particle must 
remain inside of B at least in the interval 

1 1 — ^ I < D/{V^ M). 


1 * 
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All of the functions are deflned in tliis fixed t in terra] 
whatever be the value of m. 


As m takes on the values 1,^,3, •••. there arises au 
infinite sequence of sets xf {f) of functions defined in this 
interval. All of these sets lie in and so are uniformly 
bounded. Furthermore, since the A'/" vanish for all / and «?, 
the inequality 


.*.Wl 


(f + h)-:rf 


«i=ii 


H l-fi 


\'m 


(■>T 




di 


Mh 


obtains. Hence, by a special case of a well known theorem 
due to Ascoli,* there exists an infinite sequeiuie of values 
of w for which every element of the set -.vf apiji'oaches 
a function xi of the set ;/• uniformly, these fundious bc'infi- 
themselves continuous. 

It is easy to prove that the functions ;;•/ so obtain ml satisfy 
the integral form (2) of the dift'erontial e(|iiations. In fad. 
siiKie the A'"' I'anisli for evei\v i and m, we liave 





./'i 


•Ol dt. 


For m sufficiently large, the first term on the right hecomes 
uniformly .small imusinucli ns each .r,- i.s ap|»roached miiforuily 
by the eoiresponding over the se(pi(inc(' nmk'r consideration. 
Also .Tj,) will differ from • • •. ./•"') for any / 

by a uniformly .small (|uantity, .since A!< is imiformly conliniioiis 
in U by hypothesis; and A7(,c'", . . . , ji-"') in turn will diff(‘r 
from XI"' {xf , . • •, ,r*‘) by a uniformly small iiiiantity, in virtue 
of the definition of the functions IhoKu* the ipiantity 

under the iutegi-al sign on the right also hecomes uniformly 
.small as in inertmses and tlui exiiressions >% which are in- 
dependent of m, must vanish as stated, so ihat;i-(/) yields the 
required solution of (1). 

By repeated use of the. existoiiee Uieonnii, lhi‘ given soliitiim 
,c(if) may be extended beyond its interval of (Udinition unless 

* For a brief otatiemaut and primf sei) W. K. llHgisul, Aimals iif Miitlm- 
inatitm, vol. 14, serios 2, pp. Ifia-lfiit. 
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as t approaches • either end of the interval, the corresponding 
point x(t) approaches the boundary of S.: Hence we infer 
the truth of the following statement: . 

Corollary. The interval of definition fo/r any solution x{t) 
of the equations (1) may he extended so as to take one of the 
follommj four forms’. 

— oo<if<+QQ); — 00<i<!!"; i'<<<+oo; t'<t<t", 

where, as t aj}q)roaches t' or t", the point x approaches the 
houndary of li. 

3 . A uniqueness theorem. It may now be proved that 
there is only one solution of the type described in the existence 
tlieorem, in case the functions Xi possess continuous first 
l)artial derivatives. This last requirement may be lightened 
to a well known form given by Lipschitz. 

U.MQiii''.NK.s.s Thkoiikm. If fov every i and for every pair of 
points .V. y in 11 the functions X, satirfy a Lipsvhifi eondilion. 

il 

\ 1 • • • ' / (2/1 J • • ■ J !/n) I ‘ ^ ’O' UJ ' 

./ -'1 

fhv. (jKuntities iwhuj f.nv.d [lofiUm! {jufuUitioti. fhaii 

there is onlf/ o)ie seintitni xif) of {\) such that 

For if two distinct solutions x{t) and y(f) Inive the same 
values for f ■— the corresponding integral forms of the 
dift'ercnitial equations give at once 

•n — iJi — L [A'/ (a*, , • • • , sn) — a;- (vyi , • • • , Un)] d t ----- 0 

for all values of /, and thence by the Lipschitz condition 
imposed, 

J *f n 

2 — uA 

Let L be the maximum of the n positive constants Li, and 
let (y be the maximum of any of the n quantities \xi — yi\ 
in any closed interval within the interval 

|f— «ol < l/(2ni). 



6 


DYNAMICAL SYSTEMS 


The maYimuiu Q miist be attaiaed for some value of f, say t*, 
and for some i. If we insert the value #* of < in the corres- 
ponding ineq,uality above, and apply the mean value theorem 
to the right-hand member, there results 

Q < nLQ\f* — to\ ^ Q/2. 

This proves that Q must be 0. Hence the two solutions 
yii) which coincide for t = to will continue to do so 
in any such interval. The theorem follows by repeated 
application of this result. 

The physical meaning of the existence and uniqueness 
theorems is evidently that the motion of a dynamical system 
is completely determined by the differential equations and the 
initial values of the variables determining the state of the 
system — a fact which is intuitively obvious. 

Thus the treatment of a dynamical problem requires a 
formulation of the appropriate differential equations by means 
of physical principles, and a subsequent mathematical treat- 
ment of the properties of the motions on the basis of these 
equations. 

4 . Two continuity theorems. There are certain further 
continuity theorems which are closely allied to the two 
theorems established above. 

PiRST Continuity Theorem. Jf fJicfunrtmiH Xi in (1) Ndtiufy 
a LipscJdte condition in B, the uni(jm Rohdiioti x{t) Jhv which 
aj(to) = 03 ° is a set of contimiovs functions of the n pammelnrs 
xj and of t — to. 

We observe first that, in changing the independent vuriabl<( 
t to = t — to) the modified differential equations obtained 
differ from ( 1 ) only in that t is replaced by f, while in the 
initial conditions to is replaced by 0 . Hence the dependent 
variables xt involve t and to 'in the combination t—to only, 
so that it will suffice to prove the functions Xi to be con- 
tinuous in ajJ and i in the case == 0 . 

A slight extension of the method used in proving the un- 
iqueness theorem may be employed. It is apparent that if 
xt and yt are two solutions of ( 1 ) which reduce to asj and 
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yj respectively for t = 0, then by subtraction of the corres- 
ponding integral equations there is obtained 

provided that the value of t lies within the common interval 
of definition of Xi and yu 

Suppose that .x® lies at a distance at least D from the 
boundary of B, and then y® at a distance not more than 
Z>/2 from o!®. This requirement will be met if we take ^he 
maximum difference — a:J| not more than I>/(2V"n). 
Restrict t further to lie in the interval \ t\’^\l{2nL), 

Under these circumstances if Q® denotes the maximum 
difference \x^ — yj| for any i, and Q the maximum difference 
\xi — yi\ in the t interval under consideration, we find for 
some value of t by means of the above integral equations, 

ii ^ ^ Q!^-VQI'2. 

Hence in the stated interval we have constantly ^ ^ 2y®, 
i. e., the difference .la — yi cannot exceed twice the maximum 
initial difference aij — y? in numerical value. This means 
that if y® approaches xP, then y approaches x uniformly 
throughout the stated interval. Since [dxi! dt\'^M every- 
where, the functions xt must be continuous in x^ and t in 
the restricted t interval. 

It remains only to remove the restriction upon the interval t. 

In any closed interval of definition 0 < t ^ T, the point 
xit) is throughout at a distance exceeding a positive J) from 
the boundary of B, Consequently in a t interval of fixed 
length about any point i of the selected interval, each function 
Xi{f) and will vai7 continuously with omit') and t— f'. It will 
then be possible to select points 

io ^ 1 ) ■ ■ ■> T} 

such that h is in the interval about to, U in the interval 
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at)out ti, and so on. Thus if we take \if^ — a?J| ^ a Ave 
obtain successively ' 

^ 2 or, •••, \a;iih)—yi(h) \ ^ 2* 7. 


The truth of the theorem is now obvious for the unrestricted 
interval. 

Second Continuita’ Tiieohem. If the functions Xf adiuit 
contimmis hounded first imrtial d(i/)'ivatives in M while these 
derivatives themselves sutisfy a lApschifs' condition, then the 
unujne solution xf) such that xffj — has comjionents with 
conUmiom first ^lartial derivatives as to xf and t — if„. 

To establish this theorem we resort to a consideration of 
the difference equality introduced at the beginning of the 
proof of the preceding theorem. We shall restrict y to be 
sufficiently near x in the interval \t — fn| < T, precisely 
as in that proof, and in addition to be such that the straight 
line from a;(f) to y{t) lies in the region R for any /. 'riu* 
preceding theorem .shows that this will be possible if — sf 
is sufficiently small. 

The mean value theorem allows us then to write 


-W O/i, • • •, Uti) A* 







dXj 

'dxj 


(yj—j'j) 


Avhere the arguments of ciXi/dxj are zn, •••, iv,, with 


Zij — sy -h Oi (yj — Xj) (0 < O-i < 1 ) 


so that ,r lies in R. ' Hence the difference equality can be 
written 





dXf 

Qxj 




Suppose that f,, •••, are taken equal to of, xf 
respectively while t/* is allowed to approach If we write 


yi .ri A a’-'i, yn a 'jt Ax n 

■yf—x° ~ Axf’ ' yl—af ~ da^ ’ 
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the n equations above gives us at once 


Atx 


- 1 + 




4:a = o+fi»/^.4a„, 

~Jt^j=i dxj 4a!® 

i'-” = 0+ r 

A 4 dxj A 4 " 


For I if — ^ 0 1 sufficiently small, in particular for 


where .// is the upper bound of |9 AV9ay| in li, we find that 
none of tlw! integrals on the right c.an exc^eed (//2. whore (/ 
is the maxinuiin of any |4;ry4a®| in this interval. By using 
the valiK! of / and of the index / foi- the corresponding 
; J.iyi.c'i’i wliich yields this maximum, we establish the fact 
tliat (/ is at most 2 (compare with pi-evious section). 

Also by differentiation of the equalities above it appears 
that the derivatives of thes(' ratios AxjA.i\ as to / do not 
exceed '2ii.L', 

Consequently Ascoli’s theorem can be applied to .show that 
if i.c® be allowed to ai)i)roach 0 suitably, th(! difference ratios 
will ni)pronch limits, which may be designated by //;, and 
that thes(! satisfy the integral equations 
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Evidently these conditions are equivalent to the n ‘equations 
of variation’ 


( 3 ) 


dyt -y 8 Xj 

dt 


(•/ == 1, • • •. n), 


and the set of initial conditions 


= 1,2/8 (itt) = O,---, ijn W) 0. 

But these n equations and conditions, joined with the n equa- 
tions (1) and attached conditions, form a system of 2 n equations 
and 2n initial conditions in xx, • • • , xn, yi, - • • , ijn, to which 
the existence and uniqueness theorems apply; we recall that 
dXjdxj as well as Xi satisfy Lipschitz conditions. Since 
the functions yi are uniquely determined, the ratios Ax/A:>*l 
approach the limits //i uniformly no matter how A.r-l aji- 
proaches 0.* 

In this way it is seen that for any i and j the partial 
derivatives y^ = Sa:/9y^ exist and satisfy the equations of 
variation and initial conditions 

2 / 1 , (to) = 0, . . - , yj-i (to) U, 

2/j(#o) =- 1 , 2//-I-1 (to) ~ 0, • • • . //„ (to) =- 0. 

By application of the first continuity theorem it follows that 
these functions dxjdx^ not only exist, hut are continuous 
in x^ and t — tp . 

5. Some esrtensions. The ahove theorems may be 
extended and completed in various ways. 

In the first place suppose that the functions Xi are uniformly 
continuous functions of .-t, , • • • , »« and a parameter c, for x 
in jR and c'<c<Cc", and furthermore satisfy a Lipschitz 
condition in the w-f 1 variables aii, • • • , a. Consider tlu^ 
system of w -f 1 differential equations 

dxi/dt = Xi(xi, ■■■, Xn, a'„H) ('<’• = 1, • ■ •, »), 

dxnifjdt 0, 

* Otliei-wise, by AbooU’b tiieorem, tuiothar dietiaot set y, could bo found. 
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■with initial conditions 

(?■ = 1 , • • • . n), a;, ,4-1 (to) = c, 

where isini?, andc'<c<c". The existence, uniqueness 
and first continuity theorems apply to show that a unique 
solution Xi(t) (i=l, •••, «+l) exists and is continuous in ocf^ 
and c. But these functions clearly satisfy the equations 
and conditions 

dXililt = Xi{xi, Xn, c), ociita) = Xo (f. = 1, • ■ n). 

If X{ have in addition bounded first partial derivations in 
xi, • • • , Xn, c satisfying Lipschitz conditions in these variables, 
then dxildc will also exist by the second continuity theorem. 

Consequently the existence, uniqueness, and continuity theorems 
ran he immediately extended to the case in ivhich the right- 
hand members Xt in the differential equations (1) contain one 
or more parameters. 

Again, suppose that Xi involve t as well as xi, •••, Xu- 
similai’ consideration of the « 1 differential equations 

dxildt — (i — dx,i+i/dt 1 

with n + 1 initial conditions 

Xiito) x'j, (/ - l,---,n); .%+i(<o) == to 

shows that there will exist a solution when t is suitably 
restricted, and that there is only one solution if the functions 
Xiixi, , x,t, t) satisfy a Lipschitz condition iu xi, • • ■ . Xn, t. 
Analogs of the first and second continuity theorems are 
easily formulated for such a system also. 

Thus a similar extension is possible to the case in which the 
functions Xi involve the time t. 

Again, let us suppose that Xi contain only the variables 
xi, ■■',Xn but possess continuous partial derivatives up to 
those of order /*>0, while the partial derivatives of the 
/tth order satisfy Lipschitz conditions. The method of proof 
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of the second continmty theorem giyen above shows that the 
given system (1) of differential equations can be replaced by 
a system of the same type of order 2 « with xi, • • •, Xn and 
yii'--) 'yn where yi. = dxi/dx^ for instance, as dependent 
variables; this system of order 2ft c-onsists of course of the 
ft given equations and the n equations of variation. Now 
if we apply the second continuity theorem to this aiiginented 
system, we conclude at once that the second partial derivatives 
9^ .Tj/SixJ 9a^J and likewise d^xi/dn^jdx^ will exist and be 
continuous. In the augmented system, however, the right- 
hand memhei-s will in general possess continuous first partial 
derivatives of order ft — 1 which will satisfy ii Lipsclutz 
condition. 

Eepeating the above process wc. obtain the existence of 
partial derivatives of .ri, ■ • Xn up to those of ord('r y wliich 
respect to the vaiiablcs a", — 

In case the fiinciums A'/ oj' a'l, •••,;?■„ j)()ss('ss roiih'iiiidiis 
first partial (hxwativcs of order p while the partial deririi fires 
of erder p satisfy Lipschitg conditions, the ruiuponwils xi, x,, 
considered an functions of . • •, t — 1^, will possess con- 
tinimis partial ilirivatmis in these rariahles of order // . 

An important case, and the only one entering siibsoiiiumtly 
into consideration, is that in which the functions A',- admit 
continuous partial derivatives of all orders in tlio varial)l('s 
concerned. The components xi, ■••,x,t will then necessarily 
possess continuous partial derivatives of all ordoi's in 
7.0 ... >.0 f, / 

Iffarthtrmore, the functions Xi are iinalytie in a'l . • • •, x„ , the 
components xi, • • ■, .<■„ romidvred nsfuncfmis of .i‘\, • • •, f-~t,,. 

ivill he analytic in, these, variables. 

Let us indic.ate briefly a proof of this importuut fact. 

We observe first that it suffices to show that the niii(pic 
solution of (1) for which x. reduces to .-c" for f 0 has 
components analytic iu .'ifj, hero the (le^vic.e used 

in the proof of the second continuity theorem, namely the 
introduction of t' ~~ t — f# in the differential equations, is 
applicable. 
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Purtliermore by writing 


T 7 * — 7 *^ 

./l U-^j 


, .yi^ - ■■■ /y» ^yiO 


in these equations, it becomes clear that we need only prove 
the components n\, • ./■„ to be analytic in ■ ■ ■, in 

the neighborhood of the origin. 

Now since AV are then analytic in the neighborhood of 
the origin, Ave may Avrite 


A,- « 


M 


,7'i -j- ■ — [- .r». 


(/ =z 1 , n), 


1 — 


Avhorc il/ i.s a sufficiently large i)ositive quantity and r is a 
siif(1ci(nitly small positive quantity. The relations Avritten 
uu'an that ev(‘ry cocifticieiit in the series expansion of A'/ in 
powers of ,ri... ■../■„ doi's not exceed the corre.sponding 
co('f1i(U(‘ut of till* s('ri(^s on th(( right in numerical value.* 
Now consider llu' c.om])ari,sou differcutial system 


r/.n- 

ill 


M 

•ci + • • • i" .I'll 

r 


a - 1, 


u). 


of which tlu' unique solution Avliich sati.sfies the conditions 


1 ! 


• , -/* 


for I 0 is evidently given by 


(/: - 1 . 


■II). 


where ii is defined by tlu^ implicit equation 


I - 




nur 

n rr — = Alt. 

2r 


111 this case of'i, • • are clearly analytic in t; 

rnrthevmore the explicit formulas obtained for Xi, •• •, xn on 

For a proof of tins typo of relation see, for mstoiice, E. Picard, Traito 
rVAnalt/BP, vol. a, chap. 9. 
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successive differentiation of the eompaiison system and setting 
odl = • ■ • = t = 0 shows that the coefficients in the 
convergent power series for aii, • ■ • , sc,, in itj, • • • , afj, t are 
all positive. 

But the inequality relations written above obviously imply 
similar relations between any pai’tial derivatives of Xi and 
of the same partial derivative of the right-hand member of 
the comparison equations. Thus we see in succession that 
the formal series made out with coefficients obtained by 
successive differentiation of the equations (1) as to i 

and setting • • • = i = 0, must converge since the 
coefficients are less than the corresponding coefficients of 
known convergent series. Thus these formal series define 
analytic functions »!,•••, a:,,, while tli.e mode of determination 
of these functions renders it certain that every difference 
function 

docildt — Xiipoi, • • • , Xn) («■ = 1, • • ?i), 

considered as functions of a®, • - ■ , a:®, t, vanishes together with 
all of its partial derivatives at the origin when these analytic 
functions are substituted in. Hence these difference functions 
must vanish identically. Thus a?i, •■•,£«« obtained in this 
formal manner will constitute the unique solution satisfying 
the prescribed conditions, and the stated analyticity is proved. 

6. The principle of the conservation of energy.* 
Conservative systems. In the case of many dynamical 
systems the geometric configuration is determined by m ‘co- 
ordinates’ ?i, having a spatial nature, while the state 

of the system is fixed by the coordinates and the velocities 
dL ■ • •> "where = dqildt. Such a system is said to have 
m ‘degrees of freedom’. With these coordinates may be corre- 
lated ‘generalized external forces’ so that by definition 

*Por Mstorical and critical remarks concerning tlds principle see the 
article by A. Voss in the EftcyhlopMie dtr matkematischen Wissenscliaften, 
vol. 4 or in the French version by E. and F. Oosserat. I presented the results 
here obtained at the Chicago Oollaq,xiiain in 1920. The following treatment 
of the principle differs essentially from any other which I have seen. 
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the ‘work’ W done on the system is given by 

m 

dW = ^^Qjdgj 

in which the differential symbols have their ordinary signifi- 
cance. 

We shall assume that the functions Qt are real, single-valued, 
analytic functions of the coordinates, velocities, and accele- 
rations; thus there is one and only one set of external forces Qi 
which yields a prescribed set of accelerations for a given set 
of coordinate values and velocities. In this case the variables 
determining the state of the system are clearly the 2 m co- 
ordinates and velocities. 

As a ccmcretc model, of such a dynamical system, we may 
think of a concealed mechiinism which is controlled by a set 
of m rods whic-li project from a wall. If the rods project 
by distances 7 , f/,,,., then are the ordinary 

forces applied to these rods in an outward dmection. 

'riie fundamental hypothesis which embodies the principle 
of the (ionservation ot energy is that if, by any application 
of such external forces, the dynamical system is carried through 
a closed cycle, so tliat the set of 2 m final values of qi and qi 
coincides with the set of initial values, the total amount of 
work done on the system during the cycle vanishes. Any 
system of this type will be called ‘conservative’. 

Conseiwativc dynamical systems can only be regarded as 
idealizations of the systems actually found in nature, but 
nevertheless they ai'e of gr(uit importance. 

Let us now consider the properties of such a conservative 
system. If it is earned through a cycle ABCA and a modified 
cycle AB'CA, (which may be represented graphically by closed 
curves in the 2 m dimensional space of the qi and qi), the 
work done in ports ABC and AB'C is tlie same, namely the 
negative of that done along the common part CA. Thus the 
work done along the part AC is independent of the path 
taken, and so depends only upon the values of gi, •••, 
ffi, • • 8,t C: 
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|C 


By differentiation with respect to t we obtain the following 
fundamental identity in the 3j?i variables qi, qi, qY: 


(4) 



This relation must subsist it the principle of the conseiwation 
of energy is to hold, and conversely it is easily seen to ensure 
that the principle is valid. 

It is possible to give the identity an interesting explicit 
form. Let us endeavor to determine a function L of the 2 m 
variables qi, qi so that the following identity holds: 


j^iUt \9 

(Zj) Sqjr^ 


Comparing the 
m conditions 

coefficients of q'/ on both 

sides, we 


V , 9 ir 

97/’ 


which hold if 



(5) 

'VA^JA / ir 



as follows by differentiation with respcud, to 7/. th)nii)ariug 
the remaining tenns which are indepfuident of q”, we g(^t 
the further condition 


Q a f 

V ^ a i 

• nj 


dL 


}-) // ■ 
J - \ "7./ 


Avliidi is obviously satislltMl if Jj satisfies (f)). 

A value of L for wliicli (T)) holds cun always bo found. 
Obsei’ve fii'st that if • • - , can be expanded in aseendin;j; 
powers of the velocities gi, • . r/w, then no first degree' tc'rins 
appear in W. Tluit is, we have 
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w = Wo + ^ + W3 + W,+ ■■■, 

where the subscript indicates the degree of the term in the 
velocities. In fact the presence of a tenn Wi would lead 
to a term not involving the velocities on the right-hand side 
of the fundamental identity whereas there is no such term 
on the left. If we substitute the above expansion of W and 
the corresponding expansion of L, 


L = /vo + 7.,+L.+ ... 


in the partial differential equation (5) while noting that by 
Euler’s theorem eonceming homogeneous functions, 




- ‘U I'/i 


(n — 0, 1, . • •), 


and if w(' cMiuatc terms of equal degree in the velocities, 
we Hud 

U -W,,, L, ll's, 


while In is unrestricted. 

Any such function L may be called a ‘principal ftinctiou' 
associated with the arbitrary conservative system with which 
we stai’ted. When the linear terms in the velocities are 
lacking in L, a special function is obtained which has 
im portan t propcrti es. 

On dertning the functions lit by means of the equations 


( 15 ) 



(* = 1, . . ., n), 


we observe tliat by the definition of L we have 
(7) 0. 

Conversely, if Qm are of such a form that (7) obtains, 

the principle of the conservation of energy holds. 


2 
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If W is the work funcUon of a conservative dt/namiral systeii} 
and if L is tlie. associated principal fmction, then the (/(nieralked 
exti.^mal forces Qt may he written in the form ((5), (7). 

The italicized conclusion above may be expressed in a 
■somewhat different fashion. As is eustoniary, let us call a 
dynamical S 3 '’stem for which ifj- O (■/ = 1, u) a 
'Lagrangian’ system. Also let us call a system Tl' o a 
‘non-energic’ system. The appropriateness of the latter new 
tem lies in the fact that whatever external forces may he 
applied no work can he done. In this case we may take 
Zf E£H 0 also. The alternative statement is tlu^ following: 

Any (mmrvative dynamical systmn has artmuil forces aiiich 
are the sum of the forcjm of a Layrmiyian system, and of a 
non-eneiyic, system. 

Before leaving this topic we may note that, tor uncoiistraiiu'd 
motion we have ^ ■ ~ (,j«i = 0 by definition. Here tlie 

equations of motion take the form 



where the quantities Mi are subject kt (7). Hence we may 
.state the following conclusion: 

An nneonstrained, consemitive, dynnmiaU system niideryoes 
the same nwtion as a Layranyian system to which a set of 
non-eneryic external, forces is applied. 

An uncoustrnined conservative dynamical system cl earl, \' 
admits an energy integral W -=• const., which by means 
of (.5) can be written in the alternative form 



Ijagrnngiau and nou-eiiergie systems have been defined b.^• 
means of the types of the external forces, 'riiese dofliiitioms 
are not mutually exclusive. In fact let us inquire wlnui 
a dynamical system will be both non-eiiergic and Lagraugian. 
Since it is uon-energic, we have 
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TK= TT^„ + Tr;+-.. = 0, 
and hence we find the most general function 

m 

h = Tji 

Since the s3'stem is Lagrangian, we inu}^ take Hi = 0 for 
every i. and thus find directly 


Q{ = 




Hence for a system to be of both types the generalized 
external forces must have this siieeific form. 

It is worthy of note that in the case in 1. equation (7) 
implies that Ht is zero, so tliat any (lonservative dynamical 
system with a single, degree of freedom is Lagraugiaii. 
Similarly in tlie case in - 2 the external forces ma.v be 
reiu'csented in tlie form 




il ldL\ 
(If {'diill 


fiL 
9 (/I 


4 


Vi ■ - 


ll 

Uf 



dL 

'dili 


-III. 


where ?. is an arbitrary function of the coordinates, vc'locities. 
and ace.eh'rations. 

7. Change of variables in conservative systems. 
In tlie first iustaiie.e the coordinates (/t of a conservative 
dyuamicai s^’stem are ac.tual distane,es. while the Q.i are 
forces wliich act in the direction of these coordinates. But 
for most ])hysical imrposes it is not de.sirable to adhere to 
a single set of coordinates. 

fjct ns now rir^/mc the modified external forces V/ coires- 
ponding to tlie new colSrdiuates ij/ by means of tlie equations 

^ 9(7; 

(H) (/ = 1, 

When this definition is adopted and a fimther change of 
variables from % is made, while the new external forces 
are defined in terms of Qi by analogous formulas, it is found 


2 * 
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that the final functions Qi obtained have the same expressions 
as if only a single direct change of variables is made. This 
group property is an immediate consequence of the above 
definition. 

Hence the Qi are xmiquely defined foi' any coOrdinat.(^ 
system whatsoever. 

It may be observed that for change from one reetangulai' 
system to another the above formula for the determination 
of the Qi in terms of Qi agrees with that obtained by the 
ordinary laws for the composition of forces. In more general 
cases the equations above define the generalized force com- 
ponents in the appropriate sense. 

Now on account of the identity 

m m 

dw — 2 S 

j=i j=i 


it follows that the system will remain a conservative dynamical 
system according to our definition, in these new coordinates. 
Furthermore the modified work function will be the same; 
as before (up to an additive constant), and since the formulas 
of transformation of the velocities 


, _ v Siji 


(V • 1, •••.«) 


are linear and homogeneous in the velocities, it follows that 
the various components Wo, Wo, in If will be unaltered. 

If we agi'ee for the sake of definiteness always to choose 
the unique determination of L which lacks linear terns in 
the velocities, it follows that the .principal function L is the 
same in both problems. _ 

Suppose now that we define Rt by means of the equations 


^ _ d ldL\ , p 

where L is the first given principal function, but expressed 
in terms of the new variables qi, qi, 
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It is easy to prove the formal identities 

r \ 8?' 1 d / 8y \ 8y 

M\.dt\dq!i] dqj] dqi ~ dt\ dqi ] 8 » 

{i = 1, •••, «), 

where on the left side f is any function of g<, g<. To see this, 
we note that from the linear relationship written between the 
variables gl and ql we have 


agi 

9gi 

9g/ 

9g;’ 

Hj 

— ■ 

d \ 

fit \ dqjj 

{i,j= 1 . ■ 

■ n). 

Hence we deduce for 

any / 






Pjj ■ 

■m 

7-1 

■ d 

1 9'i' 9gA 

dg. d 


j^i L^f/\9gjiJ 

dqi 

.(it 

\9gi dqi! 

dq'j dt 

l9g</J 


d 'KIP..9A 

ilt\dql) ./•=.- 1 9 gj dt\dqil‘ 


Moreover we h:\v<‘ also for any i 

^ df dqj 9y ^ df dq'j 


yubtracting' the two identities thus obtained we obtain the 
specified identity. 

This identity with y = L shows of course that the func- 
tions lii as obtained from Ei by the defining foimulas have 
the same structure as those which give % in terms of Qi. 
Hence we are led to the following general result: 

Jf tJie variables 'qi,---,qm of a conservative dynamical 
system are transformed to qi,--',qm„ the system remains 
conset'vaUi'c in the new variables loith L, W wnaltered, while 
Qi, Bi are both modified to corresponding new ea^-essions 
obtained as in (8). In partietdar then if the system is La- 
grangian or non-energic in the first set of variables, it remains 
so in the modified variables. 
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8. Geometrical constraints. We are nowin a i)o.sitii)n 
to deal with the question of ‘geometrical constraints.' fjct 
us suppose that various geometrical points of tlio given 
conseiwative .system are fixed or are constrained to lie in 
smooth curves or surfaces or to move subject to coniiectioiis 
by various rigid bars without ma.ss. 

The effect of such constraints is to rc^duce the numb(>r of 
degi’ees of freedom. In fact, by properly taking coOrdinattvs 
Hi) •• •> (Im, the k conditions of constraint may be made to take 
the form 

== con.st., • ■ “ const. (/< ==■. m—k). 


Now denote by L that which L becomes when the /.■ eon- 
strained coordinates • • •, q„i have these assigned e.onstant 
values, while the corresponding r//, tjt vanish of conr.se. 1’lien 
it is clear that 

9ry; Jiji' 87/J ^ I, 

Hence we have the relations 



(I / 97 .\ 
<tt 


97 . 

9® 


+ Jit 




where Qi and Hi are defined as nsnal. 

But the original exterual forces Q.i may be decomposed 
into a sum 

Qi-\- l‘i, O' ~ i, • ■ »0- 


ill which the. ‘forces of constraint’ Pi can do no work foi' 
any pos.sihle displacement subject to the constraints. It follows 
that the functions must vanish when the co- 

ordinates arc selected ns above. Hence we may replace 
Qi by Qi in the formula above for / = 1, . • 

Thus we are led to the following conclusion : 

^ a ccmai-mtive dynamkai systm mih m dcgrevn offrefulom 
is subject to Ic geometrical oonstraints, it may he treated as 
such a eonseivative system wildi m — It degrees of freedom, ■ 
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g. Internal characterization of Lagrangian systems, 
lu most of the dynamical applications, Lagi'angian system.s 
can be regarded as dealing with a system of particles subject 
to certain forces and geometiical constraints. This type of 
internal characterization formed the basis of Lagi'ange’.s 
derivation of these equations, and is considered briefly in 
the present section. In the next section an extenial charac- 
terization is developed. 

^Ye shall begin by considering tliree particular types of 
particles in ordinary space: 

(a) The inertial particle. 

Here if .r. //, z' are the rectangular coordinates of the 
particle, the external forces A', V, Z in the directions of the 
corres])onding axes are pi'o]K)rtional to the accelerations in 
tliese directions: 

A' - mx'\ y — nil/", Z = mz" , 

where the constant of i)roportioiiality, m, is termed the 'inass' 
of the i)article. 

This is the case of an ordinaiy unuss iiartielo. 

'I'he partichi is sc'cn to be of ijagrangian tyite with Lagi'angian 
function 

, 1 / /2 I I ri\ 

L -•= in{j‘ -)-.// +-’•), 

and L is its ‘kinetic' energy. 

(b) The nou-hhiefir particle. 

Such a particle is subject to forces independent of the 
velocity and ha\'ing the jjarticular form: 

A' — 9 179 r — 9 T79 y, Z —d V/d ,? 

where I’ depends on the coordinates of the particle in space. 
Here th(^ dynamical system is Lagraugian with L = Y. 

The function — ris the ‘potential’ energy of the particle 
dne to the field of force in which the particle moves. 

An electrified particle of slight mass moving in a static 
electric field is nearly of this type: 
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(c) The gyrosaypic partide. 

By deflbaition the gyroscopic particle is subject to forces 
with components of the type 

X = {dctidy — d fildai)y'-\-{dn/ds — 9y/8.T)/, 

so that the force vector is perpendicular to the velocity vector 
and therefore can do no work. Nevertheless tlie .system is 
Lagrangian with 

L = ccx!-\-fiy'-]-Y 2 '. 

It will be noted that this is the type of special Lagrangian 
system which is also non-energic. 

An electrically charged particle of negligible mass moving 
in a static magnetic field falls under this case. 

(d) The system of generalized partides. 

H a particle moves subject to a .sum of forces of tlie 
inertial, non-kiuetic, and gyroscopic, types it may be termed a 
generalized particle. Such a situation is realized for exainpici 
when an ordinai’y mass particle moves in a gravitational iicld. 
It is evident that the resultant system will then be Lagrangian 
with a principal fiuiction merely the sum of the principal 
functions associated with the component forces. 

Consider further a set of such particles which do not at 
first interact in any way. If we add together the Lagrangian 
functions for the several particles, tliore is obtained a single 
function L which can .serve as a single function from which 
the equations of motion of the system of particles may 
derived. 

It is necessary of course to use suitable variables {uh, i/i, zi) 
where «■ = 1, 2, •<•,>» to differentiate between the coOrdinat.e.s 
of the various particles. 

Clearly this yields a principal function L which will be 
quadratic in the velocities. It is another step in the way 
of generalization' to take L to he any quadratic polynomial 
in the velocities, in which the homogeneous quadratic part 
is the kinetic energy T, in which the term U independent 
of the velocities is the potential energy, and in which the 
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homogeneous term of first degree may be called the 'gyroscopic 
energy’. 

Furthermore, as has been seen above, we may suppose 
the pai*tieles to be subject to certain types of geometrical 
constraints, thus diminishing the number of degrees of freedom, 
without affecting the Lagrangian character of the problem. 

It is such a system of generalized particles which suffices 
for most of the applications. 

(e) The generalized, particle in mrdimensimal space. 

By an obvious extension into which we shall not enter 
here it ap})ears that a single mass particle lying on an 
m-dimcnsional manifold defined by a quadratic differential 
form, subject to a field of force derived from a potential 
function in the suriace, and furthermore to gyroscopic forces 
derived from some linear function of the velocities in the 
surface, will be of lavgraugiau type. The function L is 
quadratic in the velocities, (louversely any Lagrangian system 
with rn degree,'! of freedom for whicli L is quadratic in the 
velocities is representable by the motion of a mass particle 
in such an m-dimeiisional manifold. 

I’lius wo may interpret the motion of any dynamical system 
with m degrees of freedom as isomorphic witli the motion 
of a single generalized pariicle on a suitable m-dimensional 
•surface. 

lo. External characterization of Lagrangian 
systems.* In this section we propose to characterize an 
important type of Lagrangian systems by means of certain 
simple properties ot the external forces. 

In fact, we shall characterize those ‘regular’ dynamical 
systems for which the Lagrangian function L is a quadratic 
function of the velocities, without first degree terms. These 
form an important class of dynamical systems in which L 
has the form T — IJ where T is homogeneous and quadratic 

* The material of this section was presented before the Chicago 
OolLotiuiom in 1920. For an analytic characterization of the Lagrangiaa 
system in the case when the external forces are linear in the velocities 
see B. T. Whittaker, Analyiical Dynamics, p. 46. 
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in tile, velocities, while U is a function of the coordinates 
only. It will be observed that regular systems remain of 
this type under an arbitrary transfomation of the coordinates 
(It, <ltn.- 

The fii'st of the characteristic properties which we shall 
state is the following: 

I. The external /nrres vary Unc-uiiy trith the coUnlhiak 
acceh'rations. 

Evidently this nieans that wc may write. 

7n 

Qi ~ ^ + h 

J=t 

where ay, h/ do not involve tlie accelerations. 

n. PBlNciirLE OP ReoH'ROOTV. The rhamie in the (invlr- 
ration q'j due to a ohtinye in the i-th force Qt in the naine 
as the cJianye in the acceleration (// due te an- ajuid chitiii/e 
in the j-th force Qj, == 1, w).* 

In order to see what this means we suppose that Qk re- 
ceives a certain acceleration increment Q, in ivhich case the 
above equations give 

Qlfik ■— ^^ufjAiijj (/ - 1 . •••. Ill) 

where A denotes the increment as usual and where du,- 1 
for / == Ic and dy,, ~ 1) for / 4 l>- 
Now suppose that Qi receives the same increnumt. W'e 
And similarly 

m 

UijAi qj. 

If we assume that the determinant |o^| is not xero, we 
may solve these equations and obtain for all i, h, / . 

M 

Aifi —• ^ iiijQ^jic - - tiiuQ, Aifi (l iiQ, 

j~i. 

where ay is the cofactor of the element in the ,/-th row and 
i-th column of | tty |, divided by this determinant. Putting 
♦ Oouipare liajlolgli, Theory of Sound, vol. 1, chap. 4. 
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/ = I and i — li respectively, we obtain from II, aik = aid- 
Thus the cofactors ay are symmetric in i and j, whence it 
follows that the elements oy are symmetric also, i. e. we 
must have aij — aji for all values of i and j. 

III. For n family of similar motions, the forces are yna- 
ilrafir fimiiiom of the speed. 

In other words, let qi = iji(f), (7 = 1, ■■ ■, m) be a motion 
of the system. Nnppose that the motion is speeded up in 
the ratio I to 1. The external forces become 


Q/ ■ " ^ ■ * *' f/mj * * *? 

J 1 

+ *•*? - “I 

inasnnn*.li as tlu^ {*o{h'dhiatea f// aiv. uiialtorcci while tlic‘ 
velocities f/i and the accelerations are inultiidied by 
and /“ i*(\sj)('(*tively. 

If tli(^s(‘ (‘X))ressioiis Q/ arc to be quadrath* in A (7/, 7/, 7;' 
i)cin^* (‘ntirely independent variables of course), the functions tz/j 
cannot dejn'iid on tlie velocities, while Ij/ will be quadratic 
in llicin. Tims in viitne of III W(‘ obtain more ])recise]y 


■«/ Vi m 

j I J\ /c ' 1 J ' J 

wli(‘r(! (lie functions aij, hip-, hij. hi depend only upon the 
coordinates r/i , • • • . 7 .,,,. 

'I’his form is rendered still more specific, by the following 
hypothesis. 

R'. IIKVICKSIHJIJTY. Any motion under 2 >resrrihed tuiernal 
forces may equally l>e dcscrihcd in the reccTsed order of time. 

I’he meaning here is that the above relations continue to 
hold whou t is replaced hy —t. But this changes the ve- 
locities to their negatives while leaving the coordinates qi 
and the accelerations qi unaltered. We infer that the 
functions by must be lacking. Hence we may write 
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Qi == 2 2 iiiie gj ^k-\- h 

J:^l J,k = \ 

where oy, h^k = 6<jy, h involve only the coordinates. 

All of the properties I to IV so far employed ai’e invariant 
under a change of coordinates qt and have to do with the 
nature of the external forces in the neighborhood of a set 
of values 2 ®, ■ • 

By a suitable choice of coordinates at a %Hmit gj. •• •, 
we can reduce the sspressio^is for Qi, ■ ■ - , Qm to the simple form. 

Qi -- qifh (y ~ 1 ,« • • •• ■»') 

at that point. 

To establish this fact we assume that g®, •••.g®, is at 
the origin, and make a first linear transformation 

m 

iji ~ 2 ^ijqj V - 1 . • • •. III). 

J 1 

where the /Sy are constants with \ J3ij\ -\ 0. For the functions 
we have then 

;=^1 8g/ 

Hence we find by substitution for every /, 

m 

Qi “ 2 Art ! 5 f/'+ terms independent of q'l. •••, g'„'. 

It follows that if we choose our transfonnntion so as t(j 
transform the quadratic form 

m 

2 ajkiijip! 

,/i /C" - 1 

into the sum of squares 

the quantities oy will be 0 for i and 1 for i - J. Con- 
sequently it is at least legitimate to assume that oy has 
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been reduced to at the origin by this preliminary trans- 
fomation, so that we have 

Qi = gi+ 2 bfjit <ii (?■ = 1 , • ■ • . w) 

J,k—1 

at the origin. 

Now suppose that we wi'ite further 

m 

d i Qi + 9 2 v; 7ft 

J,ft=l 

where the constants have the values specified in the 
cfiuations above. We find by differentiation that the equations 

tn 

Qi ^ Qi. q” Qi -V 2 ^'07.-7./7ft (i h ■■■. m) 
j.it 1 

hold at tlie origin. 

It is tlien found at once that in these variables qt, the 
fonnnla for (^/ has the .stated form at the origin. 

CoiN.sioiiv.M'ioN OK Knuhgy. The dijnamkal system, is 
coiiservaUvi;. 

If iris the work function w(^ liave the fundamental relation 


d W 



Qjq'jdi. 


c.haracteristic of couseiwative systems. But the sum on the 
right is linear in the accelerations, and comparing the 
coefficients of q'j obtained by employing the form for Qi above 
we find 

m 

3 W/dqj == V Oij q'i (i ^ 1, • • •, m), 

<=i 


whence 

where 


W = T+U 


T 





and where TMs a function of qi, • • •, qm only. 


i ih 


A 1% It 


ii.Qr* 
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Employing this more specific form for W, we have of 
com’se L = T — U according to the earlier developments, 
and thence 



where lit satisfy (7). But the first two terms on the light 
yield expressions just like those for those derived above for Qi, 
the terms in g; being identical. It follows that we must 
have the differences JRi of the form 

VI 

Bi — r.ijic i/j (/k-\- <‘i = 1 , •••, m). 

Applying now the above condition (7) we coimlude further 
that for all i, j, k the relations 


, + <^jki + Ckij — 0 , 


(V = 0 


must obtain where cijk = mj also of course. 

Hence principles I-V lead to the type of external forces. 


d I ST\ dU , ^ 

'■*' -'S te) + -8^ + ,,^, 

where the njk — cu^j are functions of the coordinates such 
that for all k 

"I" 0/rf H" ('itu ~ ti- 


lt remains to specify a final condition, as simple as possible!, 
which will allow us to conclude aju = 0 for all •/,,/, k. 

VI. Jf hy a pnrticulnr rJidice of coiirdmatcs, tho Ifhirtir 
omrgy T is mcuh stationary in gi, • • •, g«i at a mialn point 
3i? then the forces Qj yield ncrrlarations which are in- 

dependent of the velocities. 

Suppose for a moment that such a stationary T exists, so 
that we have at gj, ■ • ■ , 

Srtg/Sgic = 0 (■/,,/, k = 1, • • - , w). 
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The form for Qi at this point becomes 

O TT Wt 

Qi = 2 ftjj q'j + ^ <‘m g'j 

; -1 ogt j,h -1 

It is to be observed that the form of employed holds for 
any (‘ohrdinate. system. Now if these forces Qi are to be 
indei)endont of the velocities, we must have C{jit = 0 for 
all /,.;,/«• in the special coordinate system and thus in the 
most general system by the known law of transformation of 
th(’ terms Mi. Consequently the desired Lagraugian form of 
external forces is obtained. 

The h.vi)othesis that a stationary T exists is justified by 
the well-known fact that for any coordinates of geodesic type 
at 7 ®, •••, f/’j, the surface element ds where 

m 

d.i^ ((ijdfiidqj 

1 

has coefficients mj stationary at this point. 

('onvor.sely, it is readily seen that a regular Lagraugian 
systc'm has (external forces Qi which satisfy I-VI. 

II. Dissipative systems, ('onservative systems are often 
limiting cases of what is found in nature, since actual work 
is usually done on the system during a closed cycle. A sy.stem 
tor which work is done may be called dissi])ative. Moi-e 
explicitly we shall define dissipative systems to bo such that 


where 





0 . 

j 1 


Furthermore we shall assume that the equality sign can only 
hold for motions in a manifold of dimensionality less than 
III. in the «i-dimensional coordinate space. 

Sup])Ose now that such a system is unconstrained, or at 
least is subject to exteraal forces which do no work, so that 


711 

■ ZQj<i:j = o. 
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Because of the obvious relation 


dW 

dt 




where W denotes the work function associated with L, namely 



we infer that W constantly diminishes toward some limitinf>: 
value TFo. It is assumed that the work function cannot 
diminish to — w. 

Now consider the limiting motions of the given motion. 
Along these motions W has this limiting value Wo, and of 
course the sum 

m 

vanishes. 

A dissi^pative sysiem of this type tenda in its nmmistrahwd 
motion eitlier toward equilibrium or, more ymeralUj, toward the 
motion of a mis&i^vative system with fewer decrees of freedom. 
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VARIATIONAL PRINCIPLES AND APPLICATIONS 

I. An algebraic variational principle. (Dn the fomal 
side of dynamics it has proved to be a fact of fundamental 
importance that the differential equations can in general be 
obtained by demanding that the 'variation’ of some definite 
integi'al vanishes. 

To make clear the essential nature of the variational 
method, we may consider an analogous question concerning 
ordinaiy maxima and niiniina. 

Let there be given n equations in n unknown quantities. 

fiiah, ■■■, X,) -- -• 0 (/ = 1, •••, n), 

ill wliich the left hand-inenibers are expressible as the partial 
derivatives of a single iinkiiown I'oal analytic function F, 

fi — dFIdxi (/ -- 1. •••. n) 

'rhe n eipiations are then of the special type which arisc's 
in the detennination of the maxima and minima of F, and 
they may be coinbiiK'd in one symbolic equation (IF = 0. 
Their significance is that for the values ./f, under 

c.on.sideration, the function F is ‘stationary’. 

Now suppose that tlie variables av are changed to yi in 
the H equations, where the relation between Xi and yi is one- 
to-one and analytic. Since the phenomenon of a stationary 
value of F is clearly independent of the pai’ticular variables 
ill terms of which F is expressed, the solutions of the origiiial 
equations can be expressed in the characteristic differential 
form (IF = 0, in the new as well as the old variables. 
This furnishes a means of obtaining an equivalent systeih of 
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equatioDs in the new variables, which, is in general simpler 
than that of direct substitution in the original equations, 

In cases when it is not possible to write the given equations 
in the special form, it is frequently possible to find combinations 
of these equations which may be so written. 

Moreover any non-speciaUzed set of n equations in xi, 
of the form first written is equivalent to 2« equations obtained 
from dF ~ 0 where 

n 

F = t 

at least provided that the determinant | d fil'd xj | 4 0. .For wo 
find that XnJri, • • •, x^n are 0, whOe x-i, • • •, xn must satisfy 
the required equations. 

From these circumstances it is easy to conjecture that 
the significance of the analogous variational principh^s of 
dynamics is largely formal. 

3 . Hamilton’s principle. Let us formulate the concoi)! 
of a ‘stationary integi’al’. Suppose that the equations 

Oa — Xi{t, A) (y = 1, . . ., 

represent a family of functions depending on the paiametor ). 
in such wise that for A == 0 we have a given set of functions, 

^<(^> 0 ) = (/ = 1 , .... „i). 

We shall assume that the functions xi{t,X) are continuous 
with continuous first and second partial derivatives in t and A. 
and also that these functions of t and A vanish identically 
sufficiently near to the two ends of the interval (fo, under 
consideration, 

■xS, A) := 0 (t„ < t u-e < fl 5 /,). 

Under these conditions the integral 
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where F and its partial deriyatives of the first two orders 
are taken contmuous, is said to be ‘stationary’ for — 
if for every such family of functions we have 


87 


dX 


|t=o 


dx = 0 . 


Tliis amounts to the equation for ^ = 0, 


^ I dF dxj , dF dxj \ 

Jt^ \ 8^ IT TT/ 


dt — 0. 


Integrating by parts and noting that dxi vanishes at the end 
points, we obtain the equivalent equations 



d_ 

(It 



Sxjdt = 0. 


In pai'ticMilar we may take 


Xdx. {i -= I, 


m) 


where the functions dxi are arbitrary continuous functions 
of t with a continuous first and second dei'ivative except that 
they are to vanish near to to and <i. 

In this way the condition that the integi’al be stationarj' 
is found to be equivalent to the system of m differential 
equations of 'Knler in 


(It [dxil 



(; = 1, m). 


In fact the above integral can not vanish for all possible 
admissible functions Xi(f, X) unless this condition is satisfied.* 
But the m equations just written are identical in form 
with the Lagrangian equations except that L is replaced by F. 
Hence we obtain the following important result: 

* See, for example, 0. Bolza, Torlesungen iiber Variatioturechwmg, 
chap. 1, for fuller statements and arguments. 


8* 
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The Lagrmgian eguatioris may he given the variational 
form Imown as Hamilton’s princi2>le. 

. ( 1 ) dT^Ldt-^O. 

t}\ 

According to tlie principle which led us to inti'oducc the 
concept of variation, we may afPect any desired change of 
variables in the given Lagrangian equations by introducing 
the new variables in the function L. To this fact is du(^ 
much of the convenience of the Lagi’angiau fonn. 

3. The principle of least action. There is n second 
well-known variational form for the i'jagrangian eciuatious 
termed the 'principle of least action', and we proceed to 
clarify the relation of this principle to the one just fornmiated. 
We assiune that L = ia -f- -f L„ is quadratic in the 
velocities, and recall that the Lagrangian equations admit 
the energy integi'al 



It is on this fact that our- considerations will lie based. 

Let us coniine attention to the case where the (uiergy 
constant c has a specified value, say v - 0. Hence we liave 
Li = Lo along the motion ij. -- - rf{t), (/ 1. in), con- 

sidered. 

Now define 7'" as follows: 

I* = I-J^^iV^U-Vu)^dt =JI\2yULi-\ L.L//. 
This yields 

dl* = 81—2 {8V'U—8yu)df. 

Accordingly, ifthegj(f) satisfy the assumed energy condition 
we shall have 

81 * 81 

for all variations of the q^. Hence if tlu^ 7“ in addition 
satisfy the Lagrangian equations, so that 81 ^ (), we shall 
have dj* = 0 also. 
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. The integrand of J* is positively homogeneous of dimen- 
sions unity in the derivatives gj. Consequently the numerical 
value of this integral I* is independent of the parameter t 
used along the path of integration, and the value of the 
integi'al depends only on the path in gi, • • •, space ;t for 
variations of the admitted type the end points of the path 
are fixed. Thus the integral of energy can be regarded as 
merely determining the parameter t, since if we write 

7 = ^VLjVLodt, 

the integral relation is satisfied in the new parameter t. 

Consequently, if we have dl* — - 0 for gi = g? {t) and if 
the new parameter t is cliosen in this manner, we have 
dl = 0 also for = gj(;). 

An nltrrnairre variational form for the e(iHutionti of motion 
of such (I Jjif/ranr/ian system is d / * — 0, or more exflic.itly, 

( 2 ) 6 - 0 

provideil that Lo is so chosen that the mcrcjy constant ranishes, 
and the parameter t is determined as specif ed. 

Tlie (equation d r'^ 0 constitutes the ‘principle of least 

action' for this problem, and is usually given for the case 
where the linear term Li in the velocities is not ])resent. 

By means of this principle not only the variables qi 
blit also the variable t may be transfomed with facility. 
Indeed, it is obvious that the condition d J* — - 0 is invariant 
in form under a ti’ansformation of the dependent variables gi 
to new variables gi. For along the transfoimed curve the 
same variational condition will be satisfied, except that L is 
replaced by its expression in terms of the new variables, 
while t has the same meaning as before. Consequently in 
order to transform these vai’iables, it is sufficient to effect 
the transformation of L directly. The corresponding trans- 

f See 0. Bolza, Vorlesungen Uher Variationsreohnung, chap. 5. 
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formed equations are then obtained by the use of the new 
expression for L. 

The allowable type of transformation of the independent 
variable t is the foDowing': 

dt = it'igx, •••, qn^dt. 

In other words, the differential element of time is divided 
by a factor fi depending upon the coordinates. We may 
determine the nature of the modification which the Langi-angian 
equations undergo as a result of this ti’ansfomaticn as follows : 
We note that the integral I* may be written equally well 

I* = C‘ (2 V(Jl^L, 

This modified integi'al is of the same form as bofoi-e if w(' set 

L = ftL. 

Pui'thermorc dl* vanishes along the cun'e whether t or/ 
be regarded as parameter. By this transformation of t, then, 
the equations of Lagrange and the given integi'al condition 
go over into other equations of the .same type with the 
principal fimction L multiplied by /« . 

The differential fom Ldt is invariant under transformations 
of either type. We conclude therefore the following fact: 
By a transfarmaimi 

g.t •■•.?»») (* 1, • • -jW), dt = 

ihe Lagrcmgian equatimis mth me/rgy cmutant 0 go ooar into 
a nice set of equaUons mth energy constant 0 in which L is 
obtained from, the formtila 

Ldt — “ Ldt, 

In the reversible case we have A " = 0, and thus 
1* — 2VLoLidt == 2j^ ds, 
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where ds^ = LoLtidt)* is the squared element of arc on 
a surface with coordinates qi,---, qm- 

Thus in the reversible case with fixed energy constant the 
curves of motion, may be interpreted as geodesics on the 
m-dimemi-oncil surface with squared element of arc 

ds* =- LoWty. 

This result indicates the degree of generality which attaehe.s 
to the geodesic problem on an «i-dimensional surface. 

4. Normal form (two degrees of freedom). The 
transformations deduced above admit of paiiicularly elegant 
application of the case of two degrees of freedom.* In this 
case the differential element 

L-> d f- - --■ ^ (an d^-\-2a\‘idqi d q-> + aaa d q^ 

may bo regarded as the squared element of arc length of 
a certain two-dimensional surface. By choosing qi and qt 
to be the coordinates of an isothermal net on the surface, 
the squared clement of arc is given the fonn 

2 " ^ W ?? + d (j'i). 

(.hnsequeutly if we choose the function /< as I 'A, and make 
the transformation of t above, A reduces to 1. 

Far a given jAigraugiun system with two degrees of free- 
dom and given energy canstant 0, there exist vnriubles of the 
above type far whirh the. principal function L has the form 

The egiuitiom and mndition then take the normal fofrm 
qi-V^qk = q ^ — ^qi — 

(I = da/dqs—dfiidqi), 

= y- 

* See my paper Dynamical Systems loith Two Degrees of Freedom^ 
Trans. Amer. Math. Soc., vol. 18 (1917), sectioua 2-5. 
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Nov if we regal'd qi, qa as the rectangular coOi'dinates of 
a particle of unit mass in the piano, it is seen that the 
above equations express the fact that the particle moves 
subject to a field of force derived from a iiotential (tnergy 
— y and a force of magnitude Xv perpendicular to the direction 
of motion, where v denotes velocity. 

Any such Lagi'anyian system ivith tiro dryrrus of frmhm 
can he regarded as that of n mass particle in ttm qx , qa-plunc. 
sulgect to a conservaticc fekl qf force iUtI mi from apotcutial 
mei'gy — y, and a non^enurgie fenre Xv (v’. velocity) acliny 
in a direction pm'peiidiailar to the direrfion of motion. 

5. Ignorable coordinates. The search for integrals is a 
task of fundamental iinpoi-tance in connection with differential 
systems. The question as to whether integrals of a particular 
type exist or not can usually be answered by fomnal methods. 
Their determination has been considei’ed in many cas(\s. In 
order to refer somewhat to this phase of dynamics, wo con- 
sider briefly integi’als of Lagrangiau systems which ai-o oithei' 
linear or quadratic in the velocities. The variables 7,. ■ • 7,,, 

are confined to the small neighborhood of a point •••. if^ 
while fi, •••, qln are arbitrary for the integrals ti’oated. 

We shall assume that L is quadratic in the velocities with 
the honiogeiie(His (piadratic component Ij^ a i)ositiA’e di’tinite 
form. 

There is one very simple case in which a ])articular integi-al 
of the Lagraiigian e(]uations linear in the vehxdties can be 
found immediately, namely the case in which one of the 
co<}rdiuate,s, as 71, does not appear explicitly in the principal 
function L. In this ca.se, tluj c.orresponding differential 
equation becomes 


so that 


dt 1 971 / 


0 , 


d Lfdqi It 


is an integral linear in the velocities. The coordinate 7, 
is then said to be an ‘ignorable coordinate’. 
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It may be proved by the method of variation that the 
m — 1 equations remaining, which give a system of m — 1 
equations of the second order in q^, ■ ■■, qm after the above 
integi'al has been used to eliminate qi, can be expressed in 
Lagrangian form. . Let us denote by L the function of 
qt! 1 qm, qi, qin obtained from L by this elimination. 

<J^, • ■ qh satisfy the given Lagrangian equations, we find 
for an arbitrary variation of ft, • • • , qm 


S 



V 9^ « 


after an integration by parts; here q{ is detemined by the 
integral relation, although ft is not determined up to an 
additive constant. Jf the dft, Sqm vanish near the 
end i)()iuts. this reduces to 



If t/i in (III iij'iKirahle c.oiirdhialc, flia Laqi'oniiiun nquaiimis 
cun he rcjilnccd hi/ a set of Ltn/rani/ian equations in (I 2 , •••, i/m 
(Hill/, ii'if/i mollified iivinciind function 


ill which- the hioic-n integral is used to eliminate qf 

Wo sketch the above reduction of the number of degrees 
of freedom by use of such an integi'al because it is typical 
of the kind of reduction aimed at in many dynamical problems, 
namely a reduction maintaining the general form of the 
equations. 

6. The method of multipliers. Let us ask next the 
following question: Under what conditions is it possible to 
find TO ‘multipliers’ Mt, depending upon the coordinates and 
the velocities, such that when the Lagrangian equations are 
multiplied by ifcfi, •••, Mm respectively and added, the left- 
hand member of the resulting equation is the exact derivative 
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of a function. V linear in the velocities? If a set of such 
multipliers exist, we have 



dV 

dt 


Evidently this will lead to a generalization of the notion 
of ignorable coordinates, in whieh special case we have 
Mi~l for some i while Mj — O for i ^j. 

On comparing coefficients of qi' we derive first 




s</i Sgj 


9 7 

ar/r 


{i — !,•••, m) . 


Here, because of the assumption on L, the coefficients of Mj 
are functions of the coordinates only. The right-hand member 
is also a function of the coordinates onl}', since 7 is linear 
in the Hence the functions Mi must involve only the 
coordinates, and partial integration with respect to q't yields 


7)h r 

r = + *'(«!,•• -!/«)• 

;=a OQJ 


For a given 7 only one such a set of fiuictions Mi, S exist, 
since the coefficients dLldq'j of Mj ai’e linearly independent 
expressions in the velocities, </i. Furthermore, this type of 
relation will persist if the variables are changed, since an 
integral linear in the velocities remains linear under any 
change of valuable. Making then, a change from qi to qi, 
we find 


7 = 


m 

Jtic — ^ 1 


dL dqie 
82* 021 



Thus the new coefficients are given by 
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From the known theory of linear partial differential equations 
of the first order, we can determine m functionally independent 
functions "qi such that we have the relations: 


— 1 , — ■ • • — iifwi — 0. 

On making this change, we obtain 

V = dIjjdqi-\-S. 

Differentiating with respect to t, and using the first La 
gi’angian equation, we find the identity 


0L , V ' 
^ ^ o ' <-lJ 

oq\ j=i oqj 


0 . 


Hence dL/dqi is linear in the velocities. Consequently the 
(piadratic terms in L must have the form 

HI 

U = 2 fIJk {<h, • • • ! (/«'■') VA - 
J, l‘ < 

Now let ns write 

HI 

Jj\ A/*'*) Qj' e(yi, • • •. 

j=i ■ 

"rhen the above identity simplifies to 



We infer at once that e is independent of qi, and that if 
we write N'"' — ^Sdqi, then L| is given by 

W' Q Qs)e W 

Li — S -r— gj + ^ ft/ S'"*) 9.jl 

°Q.J J=a 

i. e., by an exact differential augmented by a linear expression 
in go, • • •, gm with coefficients depending only upon gz, • • •, Qm- 
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Since ttie L function may be modified by an exact derivative 
without affecting' the variation and the Lagrangian equations, 
we may omit the first term in Ly,. Hence L may be written 
so as not to involve the coordinate directly. 

The most g&nm'd case, in luJdcfi multipliers 
of the mrious Lagrangian equations ea-ist, hy the aid of which 
the Ifft-hmd memhers of these equatimis may he c.omhhwd to 
form an exact dei'iuative of a fnnctmi Y linear in the velocities 
reduces hy change of mriahle to the case of an 
ignorcA)h co'&rdmate qi in tvMeh all of the imdtipliers hat one 
are zero and that one is unity. 

The existence of such linear integi'aJs can be determined 
by pui'ely geometric methods. We observe that in the 
derivation of the result above, only transformations involving 
(Zi) 3«i were made so that t was unchanged. Henci' the 
quadratic differential form rZs* = Ij^dt^ is an invariant, 
which in the final vai'iable.s has coefficients only iin-olving 
g.3, 2»i. But of course this analytic propei'ty merely 

means that the surface with differential element belonging 
to this form admits of one-parameter continuous grouii of 
transformations into itself, 

Si = yi + c, qs 72? • ■ (/«» <lm- 

.4 necessary condition for the e,r.istence of saeJt a yencraliied 
ignorahle colirdinate is that the surface ds'^ dt^ ad- 

mits of a one-parameter continuous group qf tramfrrmatiovs 
into itsidf. 

We shall not attempt to develop such necessary comlitioiis 
fiirfher. 

7. The general integral linear in the velocities. 
So far as our reasoning above i.s concenied, we cannot as 
yet infer that all integrals linear in the velocities can be 
obtained by the method of generalized ignorahle coordinates. 
However, this may be demonstrated to be the case as follows. 

Since Zs is by assumption a positive definite form, we may 
wife the integral in the fom used in the preceding section, 
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where Mi and 6' are functions of the coordinates only. 
Employing exactly the method of that section, it appears 
that by a suitable change of variables we can take Jfi = 1, 
Ms = ■■• = Mm, = 0, and then by differentiation as to t 
it appeals just as there, that L is essentially independent 
of qx, so that qi is ignorable. 

The method of mnltipliers specified yields all integrals of 
the Lagrangiim equations which are linear in the vdodties. 

8. Conditional integrals linear In the velocities. 
In the preceding section we have considered integi-als linear 
in t.h(^ velocities which hold for all values of the energy 
constant. A more difficult problem is that of obtaining the 
conditional integral, holding for a s'pedfie.d particular value 
of tin* energy constant c, say for c =0. AVe proceed to 
trciat this probhmi for the case of two degrees of freedom. 
Here, by the use of the normalissiiig variables obtained earlier, 
we may writer the equations of motion and the ('nergy integral 
in tin* form: 

.r"+A// g"-xy : - w = r, 

where y.,-, for instance, denotes dy/d.r. 

Moi'eover, since any change of variables leaves the linear 
nature of the integral unaltered, the integral may be written 

V — l.i'-{-‘mj/-\-n — h, 

wlno'e it is understood that this relation is required to hold 
only when the energy constant vanishes. 

If the linear integral be differentiated as to the time, the 
equation which results must be an identity in virtue of the 
differential equations of motion voitten above and the energy 
relation. The differential equations may be employed to 
eliminate se", y" , AVhen this has been done, an equation 
quadratic in fi , y' is obtained, which must be an identity 
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in virtue of the integral relation alone. The quadratic terms 
are 

(Iv + mai) ®V+ 

In order that this sum shall combine with those of lower 
degrees in a;', y' by use of the integral relation, it must be 
of the form ? (a/* + ?/'*). This implies 

lx — ^ Wlia; 

i. e., that 

I ffir — — tix 

where u is a harmonic function. 

The integral can now he written: 

Uyo! -\-Uxy' H-w = ft. 

According to the principles outlined above in section 4, a 
further arbitrary conformal transformation of the x, y-plane, 
joined with the appropriate change in f, will leave the 
differential equation and integral relation in the normal form. 
In order to simplify further the linear integi-al, we shall 
choose the transfomation to x, y defined by 


x-^iy 


/ dx-\-idy 

Uy + i tlx 


(/- k-i). 


This is evidently conformal in type. The inverse trans- 
formation, _ _ 

x-\-iy = 




II. VAEIATIONAL PRINOIPIiBS 


47 


From this last equation we find at once 

x' = {uy—iVi^ix' + iy') 

where x' = d'xldt, y' = dy! dt. Thus we have in par- 
ticular 

x' = UyOi ^ Uxxj . 

Consequently when such a further transfonnation has been 
made, the above integral is simplified to 

x! -\-n =■ /('. 

Now let this integral be differentiated as to t and let x" 
be eliminated by means of the first Lagraugiaii equation. 
There results 

— //+)'./■ 0 , 


which must vanish identically in virtue of the integral re- 
lation. 1’herefore, we conclude that the left-hand member 
vanishes identically in y' . lint this will happen only if 

X and y are functions of y only. In this case the equation 
can be made to vanish identically by a proper choice of Ji, 

namely | Xdy. 

If such a dynamical system with two deyrees of freedom with 
oieryy constant 0 admits of a coxiditimal inteyral linear in 
the uelocitics, then hy mea-ns of a siiitahle trcuisfoi-mation of 
the coordinates axid the time, the cquat/ons can he taken ni 
normal form nith 

L - \ + //') + »-(//)./•' + y(v/), 


so that the system (witains the iynorable coordinate x. In this 
inteyrable. case the curves of motion are yiven hy 

C {ci — n)dy I 

J V"2y — (ci — «)* 

J P'’2y — (ci — n)* 
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9 . Integrals quadratic in the velocities. The energy 
integral is a known integral which is quadratic in the velo- 
cities. Furthermore it is well known that dynamical systems 
of the so-called Liouville type witli L of the form 

^ m 

m m 

j=i J=^ 

admit of m integrals quadratic in the velocities, in particular 

-- U^vi Hi— cm -f ii>i = a (/ = I, • • • , III) , 

and can be completely integrated. 

We propose here only to discuss a special converse problem: 
to determine the conditions under which a Lagrangian system 
with two degrees of freedom and of reversible type, with energy 
constant 0 , admits of a conditional integral 

-\-2hx y -\- cy'^)-\- dx cy' +f ~ /,• 

where a, are functions of . 7 ; and y, and where, n, b, r 
are not all identically zero. 

If such an integi'al exists, any transformation of x, y. I 
of the tyiie discussed in section 3 leaves the form of the 
integral unaltered. Hence we may transform the equation.s 
to the normal fprm for which 

2 + + 

Differentiating the above assumed integral relation, and 
making use of the Lagrangian equations to eliminate a", y", 
we obtain a polynomial of the third degree in x', y' at most, 
which must vanish identically in virtue of the above integral 
relation. Now the third degree terms are 

y ctx 0?'“ + |&(8 + y Ovj y'+ + 2~ 2/^* + "I" > 
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and those must combine with those of lower degree by virtue 
of the integral relation. This can only happen if tliis poly- 
nomial is divisible by i. e., if 

ftx = 2 Cly Cy “ 2 hjc* 

These are the Caiichy-Riemann difPerential equations for the 
conjugate hannonic functions a — r, 2h, and we may write 

a — c. —■ 2uy, 1) = Ux, 


where n is a harmonic function. 

Our conclusion is that the hypothetical integral has quadratic 
terms 

1 /li I / / 1 /2 I / I /2\ 

2 llyf +ll,r :r l/~ ^ H], u 4-(>(y -1-2/ ). 


n'akiiig account of the energy relation we may replace the 
last term by 2Qr- The remaining quadratic terms may 
be written 

I (.c -I- ///')■] 

wh(u'(! iH stands for ‘the real part of. 

■ .Now wi'ite 

/'“ 1 ///,•) 

so that f is an analytic function of ./• + >!/• Make the change 
of variables 

X -|- iy /{■r-\- ry), (It = \f f (It, 

which leaves the normal form of the equations unaltered. 
We find that the above quadratic terms, which may be written 

2' L 1/ r df 

•become 
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in the new variables. Hence, dropping the bars, the integi’al 
relation takes the simplified form 

y + dx' 4- ei/ +/ =- k. 

Again if this be differentiated with respect to t as before, 
there is obtained 

(kc x'" + («!}/ (ix) x' y' Gy \J^ 

+ 0® + y®) + ify—Yv) y' + dr.v + eYy = 0 . 

The linear terms must vanish so that we find 

Y = f Or) + (y) . f = — f + V' ^y) • 

But for this value of r the differential equations are of 
immediately integi'able type: 

a reversible Lagrangian system with two degrees of freedom 
and with the mergy constant 0 admits of a coeiditioncd integral 
quadratic in the velocities and distinct from the energy integral, 
then, by a transformation of variables, the equations and 
integral take the form 

x!' = r/C^O. y" = fiy), y + - q,(T)^q>(y). 

A sjjmni quadratic integral ir thmi 

= ,;.0r)-./-(i/)+/.- 

^ I 

a'nd the e(juations are integrable with 

t = -_L_ C—Jk.. = J_. f dy 

K2 J Vf-{-k |/2 J V'ip—%' ' 

The Liouville type of equations is essentially an equi- 
valent case. 

10. The Hamiltonian equations. Next we proceed to 
formulate another important type of variational principle, 
which leads to the so-called Hamiltonian or canonical form 
of the equations of dynamics. 
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Let us write 



m T 

PJ QJ — 2pjrj-hL(gi, r J \dt — 0, 

j=i J 


in which the n axe the functions of , pm, ft, • • • . ?«. 
properly defined by the m equations 

Pi = dLldn {i = 1, •• •: w), 


and where pu---' Pm, ft, • ■ • , are to be varied independently. 
The first m equations, obtained from the variation otpi, ■ • -.pm, 
are of course 


cl ldF\ 

(It Upl-i 


dpi 


tftn t Q 

— df H" » » + .2 (pj 

j=\ \ opi 
jf + i’i = 0, 


3L arj \ 
9r; dpi) 


where F stands for the integrand. The second set of m equa- 
tions can be likewise obtained and may be written 

pi "t- 0 Sj 0ft 0 , 


if we introduce the abbreviation H for 


HI 

'Zvji-j—L. 

j-i 

It is important to observe that the '2m differential equations 
so obtained are each only of the first order, with the general 
solution containing only '2 m arbitrary constants. 

The first set of equations show that the functions p\, g? 
which make the integral stationary are such that rj = gj' . 
Now let n be fixed as gf, so that the integral reduces to the 
Lagrangian integral 

J'L(gi, •••. g«i, qi, •••. gm)dL 


The variation of gi, • • • , gm is still arbitrary, but the variation 
of pi, ■ • • . Pm is determined. Ihirthermore if the variations 
of gi, • • • , gm vanish near to to and A , so will. the variations 
of pi, • • • , Pm. Hence we have 


4 * 
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aloiiK and we conclude that gj satisfy the associated 

Lagi’angian equations, with == g'f , thus determining tlie 
corresponding pj. 

Thus each solution of the proposed variational problem 
leads to a solution of the associated Lagi'angian equations. 
The converse is also true, since the choice of pi, qi at any 
time t is arbitrary and leads to an ai’bitrary set of values 
of qi, ii. 

IJ the prind'pa.l junction jor a Lagrangian s-gstem in 
L(qu •••, Qm, qi, <Im) and -we form the function of 
Pii • • • ? JPm, qi,--‘,qm defined by 

( 3 ) H = - L-\-2ivgj, 

./=! 

where the variables qt are to be eliminated by means of the 
equations 

(4) j;,- — 9 L/9 q'i (i — 1 , ■ • ■ , m-), 

the original equations d^Ldt = 0 may he replaced by the 
equivalent system in pi, q,: 



or, more eaqlmUy, 


(6) dpi/dt = — dH/dqi, dqfdt — difidpi (i = m). 

The equations (6) are the 'Hamiltonian’ equations, and the 
variables pi are called the 'generalized momenta’. A pair of 
variables pi, q, are called ‘conjugate’. Furthermore it is to 
be noted that the Hamiltonian ‘principal function’ H is the 
total energy expressed in terms of the generalized coordinates 
and momenta. The energy integral H = const, follows at 
once from the canonical equations. 
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It may be observed here that the above variational principle 
leads to the same canonical equations even if L and H involve 
the time t. 

Convm'sdy, anySamiltoniansystmi (5), (6), Hieing arbitrary, 
can he reduced to a Layrangian system. 

To prove this statement 'we need only define L by the 
equation 

m 

L{qi, (Jm, ri, ■■•, rm) = 

where in, are functions of qt and n given by the 

implicit relations 

, ;•/ dH/ dpi {i = , m). 

It is obvious that the Lagi'angian system with this principal 
function L is associated with the prescribed function H in 
the way desired. 

If H contains f, so will L of course, and the same, method 
is applicable. 

II. Transformation of the Hamiltonian equations. 
The variational principle (5) is remarkable in that it only 
involves the second half of the derivatives 

under the integral sign, and those linearly with 
coefficients precisely the conjugate variables. A general 
point transformation from pi, • q„i to j7i, • • •, qm will yield 
a form linear in p[, •••, qm but not of this special type. 
We shall desire in the next section to consider the corresponding 
Pfaffian type of equation so obtained, which has certain 
advantages over the Hamiltonian type. 

A general ‘contact transformation’ preserving the canonical 
form is the following 

( 7 ) pi ---- dK/dqi, Pi = —dKIdqi (i = 1 , •••. m), 

where K is an arbitrary function of qi, •••, qm, qi, qm, t 
except it must be such as to define a proper transformation 
from j)i, • • • , to pi, • • • , gm by means of the above equations. 
W‘e shall not undertake to explain the apparent artificiality in 
these equations, but proceed to prove that such transformations 
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do indeed leave invariant tlie canonical form. By use of the 
first m of these equations we modify the variational problem 
to the form 



dK 

1 


gj-s 


dt ^ 0 


where the independent variables are now taken as ^> 1 , • • * , q„,. 
But for these same variables, we have 



since the expression under the integral sign is an exact de- 
rivative. By subtraction and use of the second set of m 
equations of transformation we deduce 

^ V\'Efjg'j — S\dt = Q {H= E+dKIdt). 

TJie_^ansformation (7) presenes t/ie Hamiltonian form 
with H = E-\-dKldt, in case the arhitrary function K 
yields a proper transformatmi. 

Similarly we may write 

(8) jji = dK/dqi, iji ~ dKjdpi O' = 1, 

and find a corresponding result. 

The trcmsformation (8) also preserves the Hamiltonian form 
with H — H-{-dEldt, 

It deserves to be remarked that transformations of typQ (8) 
form a group. In fact such a transformation is characterized 
by the fact that 

dqj+qj dpj) 

is an exact differential, dH. For a second such trans- 
formation from ^ 1 , • • •, qm to ^i, • • •, there is a second 
characteristic dK. By addition we infer 
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»i _ m 

so that the compound transformation is of the same type. 
Similarly the inverse of a transformation (7), or the resul- 
tant of an odd number of transformations is of the same 
type, while the resultant of an even number of transfor- 
mations (7) is of type (8).* 

12. The Pfaffian equations. It is clear that Hamiltonian 
equations can be regarded as a special type arising from the 
more general Pfaffian variational principle, 

(9) + 

in which the integral is linear in all of the first doiivatives 
with arbitrary functions Pi, • • -, Pn, Q of jq, •••, as 
coefficients, and v is even. 

If we develop these equations explicitly they become 


( 10 ) 


\ ^PJ ^Pi I i ^Pi 


0 (; --- 1.-., n). 


Kurthennorc these equations are evidently those of a de- 
generate. Lagvangian problem with Li — 0, Li ^Pjp'h 

Lo - Q, so that there is the particular integral Q const. 
This reduces to the energy integral in the Hamiltonian case. 

These equations admit of an arbitrary point transforination 
of all of the variables without losing their form. It is only 
necessary to determine the modified linear differential form 
under the integral sign by direct substitution. Thus the 
I’faffian equations admit of perfect flexibility of transformation, 
and in this respect are easier to deal with than either the 
Lagvangian or Hamiltonian equations. 

13. On the significance of variational principles, 
yince the variational principles have taken an important 

* For the applications of the theory of contact teansformations and for 
consideratioii of the nssociated Hamiltonian partial differential equation, 
the reader is referred to Whittaker, Analytical Dynamics, chaps. 10, 11, 12. 
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part in dynamical theory, it is of especial interest to deter- 
mine their real significance for dynamics. In other words, 
what especial properties are possessed hy the Lagi’angian, 
Hamiltonian or Pfaffian equations arising from the respective 
variational principles ti-eated afiove? All of these can be 
regarded as systems of n — 2 m equations of the first order 
if we introduce the new variables n = q'i in the Lagraiigian 
equations. 

Let us first remark that so long as these equations are 
considered in the vicinity of a point in the corresponding 
space of n dimensions not an equilibrium point, there are 
no especial chai’acteristics to be found. 

Indeed if we take a dynamical system as defined by any 
set of n equations 

dxildt = Xi{xi, • • •, asn) (« = 1, • • • . h). 

it will in general remain of the same type under an arbitrary 
point ti’ansformation 

oTi = ('/ = 1, ■ • ■ , n) 

under certain conditions. Two sy.stems of this kind Avill 
naturally be termed ^equivalent’ if it is possible to pas.*? 
from one to the other by an admissible point transformation 
of this kind. If we confine attention to the neighborhood 
of a point asj, • ■ ■ , at which not all of the vanish, so 
that this is not an equilibrium point, the equivalence with 
other .such systems is unrestricted, and the iiev’ equations 
may be taken to be 

ilyjdi — 1, dijilcU = 0 (ji = 2, 

for instance. This is readily seen as follow,?. Conceive of 
the given differential system as defining a steady fiuid motion 
ill Xt, ■ • ■ , Xn space so that the curves of motion are defined • 
by the solution Xi = Xi{S), (* = !,• ••,«). These curves 
which have a definite direction with direction cosines pro- 
portional to A'l, • • • , An may be deformed into the straight 
hnes 
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i]\ — Hi — (hi ‘ • t yu — c« 

of cT j/i, . • space by one-to-one analytic deformation. 
Consequently the transformed equations have as general 
solution 

i/i = ^ + «1 , Vi — Cii ■ - -1 yn = Cn, 

whence it follows immediately that these equations have the 
desired nornial form. 

Hence in such a domain there is no distinction between 
(upiations derived from a vaiiational principle and the most 
general equation. 

In the following chapter we sliall sec that variational 
])rinciples play an important role in connection with the 
formal stability of dynamical systems near equilibrium or 
periodic motion. Indeed this appears to be their principal 
significance for dynamics. 

One further interesting remark coucei'iiing variational prin- 
ciples may be made here. Suppose that we start with 
n arbitrary ('([nations of the form 


(1 1) dxijd t • ■ • . f) {i ~ 'll). 

The ('quatioiis of variation aie 


di/i -y ()Xi 

^ 1, • • •. «). 

There can be formally integrated at once 
solution 

if the general 

■n = I!ii • • • , Cn) ( 

i 1 , * ' ' j a) 

is at hand, namely 


I 1 17. / 

i = l,...,n) 


where Ici, are arbitrary constants. 

Similarly the adjoint system to the equations of variation 
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( 12 ) 


dsi 


= -.2 


dXj 


J=1 &Xi- 

can be integrated explicitly by taking 




(i = 1 , • • • , n) 


M. 

dci 


«'!+• 


-u. 

+ da ~ 


(?■ = 1 , 


n). 


Hence the giyen system (11) ot equations of the first 
order can be called ‘equiyalent’ to that of the extended 
system (11), (12) of twice the order in the 2« variables 
a;i,“‘,Xn, •••,«’», since the explicit solution of either 

system involves that of the othei’. But the extended 
system (11), (12) is Hamiltonian with conjugate variables 
Xi, Si, and with 

m 

■ J=i 

as may be directly verified. 

These remarks serve to indicate the care necessary in 
assigning to the variational principles their true significance. 



CHAPTER in 

FORMAL ASPECTS OF DYNAMICS 

I. Introductory remarks. In the preceding chapter it 
was i)ointe(l out that a s.ystein of ordinary differential equations 

(1) (ixildt — Xi (j-i, • • -j j:'„) (•/ = 1, • • •, n) 

was devoid of invaiiantive characteristics under the general 
group of one-to-one, analj’^tic transformations 

('i) .7',: V'i ( 7 ;]. • • •. .7'„) (/■ — 1, • • 

l)rovi(led that attention be confined to the vicinity of any 
l)oint 7 .^. This wa.s done under the assumption that the 
functions Xi were analytic and did ’ not all vanish at the 
point 7 ;?. 

The simplest case in which invariantive characteristics can 
be expected to juise is that of a point of e(|uilibrium, the 
condition for which is Xt — 0, (/ ---■ 1, •••,«). Another 
important case, which may be regarded as including this 
one, is that associated with the neighborhood of a periodic 


solution of (1) of period x 

77 - fi (0 

(/ = 1, • • 

•• n). 

If we write then 

77 = fi (f) -f Xi 

(/ = 1, • • 

•• ■»), 

the equations take the more general form 

(;}) d'Xil lit — Xi ( 77 , • • •, 77i, f) 1 




where the functions Xt are analytic in xi, •••, Xn. and t, 
periodic in t with the period x of the motion, and vanish at 
the origin in the new .ui, • • - , space for aU values of t. 
We shall treat the question of the invariantive characteristics 

69 
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for the ‘generalized eqmlibrium problem’ defined by a system 
of this more general type. 

In the present chapter we shall in the main restrict attention 
to those purely formal properties which have no regard to 
the convergence or divergence of the series employed, and 
which take for gi'anted an equilibrium point or a known 
periodic motion. By doing so we shall be able to develop 
to a considerable extent the formal significance of the La- 
gi’angian, Hamiltonian and Pfaffian types of equations employed 
in dynamics. In order to do this we propose first of all to 
develop the characteristics of what may be called the general 
case of the equilibrium problem, and then to pass on to the 
more special types referred to, so that a comparison may 
be effected. 

2 . The formal group. As a matter of notational con- 
venience, the equilibrium point of (3) will be kept at the 
origin in all cases. The type of transformation considered 
tvill be 

(4) av = ^ a^ij (i) xj + ^ oijk {f) xj Xk H 

J=i 4 ;,/c=i 

where the real coefficients Uiju, • ■ • are laniodic. aualytic. 
functions of t with period r, such that the determinant |«y| 
is not zero for any L Evidently two of these transformations 
performed successively may be united into a single composite 
transformation, while the inverse of such a transformation 
is another of the same type. Furthermore, the. form (3) of 
the differential equations is clearly maintained under this 
group of tvansfonnations. 

Imagine now that divergent series appear in . (4). The 
right-hand members Xt of the transformed differential equations 
will then be given as definite formal power series in JCj, 
with coefficients analytic in i and of period v, and these series 
will lack constant terms. Thus along with the foimal group 
we obtain corresponding formal differential equations. Now 
it is to be particularly stressed that the ordinary laws for 
composition of transformations, and for deriving the associated 
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differential o(]uati(nis, hold in the case of divergence as well 
as in that of convergence. This is an obvious consequence 
of the fact that when the formal series involved are broken 
off at terms of higli degree, actual transformations and actual 
differential equations are obtained for which these formal 
law.s are valid. By including terms of higher and higher 
degree the lower degi-ee terms in the differential equations 
are not afff'cted. Proceeding thus to the formal limiting case, 
we infei’ that the usual purely formal relations will continue 
to hold in the case of divergence. 

Jn many cases it is convenient to introduce a slight exten- 
sion of the above formal gi'oui) so as to take care of certain 
pairs of variables Xi and xj in a special way. In fact it is 
convenient to introduce conjugate variables 

^ ■ .'7 -h r — 1 II --■= -n — I — 1 XJ 

so that if ./■/ and xj are real, ? and >i are conjugate imagi- 
naries, and conversely. At the same time the transformation 
from .Tj, • • .;■» to xi, • • - , icn may be expressed in terms of 

the conjugate pairs sneb as S, ^ and the corres])onding trans- 
formed valuables ?, -ij . I’he series involved are then charac- 
terized by the property that if the conjugate variables and tj 
are given conjugate imaginary values, while those not so paired 
are real, then the same will hold for the new variables. If 
we go back to the underlying transtoiunation belonging to 
the formal group, the new variables ar;,. ■••.Xn ivill be real 
if , • • • , Xn are. 

It is not difficult to determine the c.haracteristics of the 
formal series which appear in the transformation of such 
conjugate pairs of variables. If the transformation within 
the original gi'onp be written 

Xi -- J'i (au, Hh • • ■ . .7vi. Un, X2s+l) • • • > Xn) , 

Vi = Vh Xs> 'iie, ;C2s-|-i, ■ ■ 

(,: == 1 , . . . , s), 

Xi = Jh (aJi, yi, ■ ■ • j Vs; Xla-f-i) • • • , 33ji) , 

(i — 2 s -1- 1, • ■ ■ , n), 
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where Xi, yt, , Xs, ya are the s pairs of associated variables, 
then the conjugate variables are 

h = Xi-\-V—\yi, iji — xi — V—l i/i (/ = 1, .... .v) 

'with like definitions of h, iji in terms of xt, yt. Hence we 
have explicitly 

h = (§1 — V — 1, • • • , ;/>>«+]. • • •, ifn) 

+ 5 '<((Fi + Vl)/2, (Fi — x- 2 a.H, x„) K — 1 

for i = 1, • . s with like formulas for fjt, (/ = 1, • • • . a) and 
for aji, (i == 25 + 1, . • n), when we employ the niodiflecl 
variables. Clearly the series on the right have the properties 
of the transformations of the fonnal gi’oup except that the 
periodic coefficients are in general complex. 

If we examine the form of these series we perceive at 
once that they posses the following additional characteristic*, 
property. If the pairs '^t, 'iji be interchanged in the series 
on the right, and if at the same time the periodic coefficients be 
replaced by their conjugates, then the series for U nu (/ = 1 . • • • • 
are interchanged, while those for av,(i = 2.9+1, — ■/;) are 
unaltered. 

It is readily proved that this necessary formal pro])erty 
is also sufficient. In fact suppose riiat ./y, yi are real quantities 
and define |{, as before so that are conjugate compb'x 
quantities. Write 

h — 9i (Si, ■ • «2s+i. • • •.+«, t) (i = 1 , «), 

'H ~ • • •. v»< »2s+l. • • «»» f) (-i — 1, . • .9), 

Xi (^1, ■ • ■ , Vn) aSs-H, • • •> Xjij f) (i = 2s + 1, . . ., 

where the series ^t, i//<, %i are assumed to have the stated 
formal property and, at the outset, to be convergent. If 
then we use the * as superscript to denote the ‘conjugate 
of’, we find, for instance, 
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— f* (?*) • • •> V* I ^n> ^ 

■— 5p|* (^j, • • •, ^n> 

</'< (h) • • •) • • •, «it, #) = 

hero spj" designates the formal series obtained from by- 
replacing the periodic coefficients by theii' conjugates. Hence 
and iji are conjugates also. The same kind of argument 
shows that .n must be real for / = 2 « + l, 

In case the series of the underlying formal group are 
divergent, the series belonging to conjugate variables may 
also be divergent. But of course the above formal property 
is still maintained as may be proved by breaking of the 
formal series at terms of high degi’eo and then applying 
the above argument. 

As a very simple instance of the change from real to 
conjugate variables let us suppose that the transfomation 
in real form involves one pair of variables x, y as follo-ws: 

X ,7:cos(^l+< — cF^) — ysiu(fl+f — cF*) (/■■ ---■ 

y — ./■ sin (Z»-f f — cr “*) + // cos — ci'“). 

E-yidently this is a transformation of the admitted type 
with 'f = 2n. Introducing the corresponding pair of con- 
jugate variables rj we find reiidily 

J lie-t-z-d?), jy -- ^ 

and the characteristic property of the series on the right is 
at onct' verified. 

3 . Formal solutions. Suppose that we substitute in 
the system (3) of differential equations under consideration 

(6) Xi == Cl, • • •, Cn) (-i 1> ■ ' 

where the Ft are formal power series in the n arbitrary 
constants vi,---,Cn without constant terms but such that 
the determinant \ dF{ldcj\ is not zero for any t at the origin. 
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and where the coefficients in these series are real and analytic 
in i\ the series may converge or diverge. It may happen 
that the n equations (3) so obtained wiU be satisfied identicall.y 
by these series Xi in the formal sense. In this case we shall 
say that the series (5) give the ‘general formal solution’ of 
the given differential system. 

In a special case the coefficients in Fi may happen to be 
periodic in t of period r. There would then be defined 
a corresponding transformation 

Xi — Fi{t, Ui,-- •, yn) (/ = 1 , • • •, n) 


in the formal group. If the associated formal diffei’ential 
system is 

dyild t = Yi ( 2 / 1 , •■■. yn, f) (* = 1 , • • • , n), 


we have then the formal identities 


dFi , ^ 


(.F I , • • • . Fn , f) 


(;/ = 1, •••, n), 


in which the arguments of F, are z/i, < of course. 

But the precise meaning of the hypothesis that the Fi yield 
a formal solution is that 


9 Fi/d t ~ Xi{Fi, ■•■, Fn, t) («■ = 1 , • • • , n), 

where now ci, ■ Cn replace yi, ■■•. y,, as the variables in 
the series Fi. And if we replace ci, • • •. by yi, • • •, yn 
respectively, as we may, and compare with the equations 
which precede, it appears that 

n 

Fi/d yj) Tj 0, 

whence of course Fj = 0, / = 1, • ■ - , «. Consequently tliis 
special case is the case in which the given differential system 
can be formally transformed into the normal form 

dxi/df = 0 («=!,•• -, 71 ) 
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by a transformation within tlic specified formal group.. As 
we shall see, this is not in general possible of accomplishment. 

Jf the oariahles in (3) are transformed 'iviffdn the formal 
(/roup, any general formal solution (5) is transformed into 
a general formal solution of the transformed equations. 

An easy way of proving this is to extend the formal gi'oup 
for the moment by allowing analytic coefficients not periodic 
of period r. There will then be a transformation, obtained 
from (5) by replacing n, • • •, c« by j/i, • • - , ijn respectively, 
which is in the extended gi'oup, and which takes the given 
etjuations into the system for which Yt — t) (? = 1 , • • • , w) 
as before'. Hut the transformed system in .i-i, • • •, Wn can then 
be taken into this special system directl}’ by means of the 
<;omi)ositc transformation taking i,- to 'xi, and then av to yi. 
But this means precisely tlmt the geiuiral solution of the 
transfoimed system may b(5 obtained in the specified manner. 
It is assumed in lliis reasoning tliat the formal laws remain 
valid within the extended foianal grouit. 

The most genend formal solution xi ■ di- d,i), 

a ■■■ I , • • . , 'n) of (3) can he ohtnined from any particular 
formal solution (5) hy snhslitutmi of n ((rlritrary real series 
in (l\, •••. th, for Cl, c,„ say 

Cl- <i‘i((li, ■ dll) (i - 1, •••,«), 


ivith the sole proviso that the (lefrrminant | dfi/ddjl is 7iot zero 
for d\ ■■ ■ • • • dll. -■ 0 . 

This almost obvious fact may also be established readily 
by use of the extended gi'ou]). The tAVo transformations 


X{ - Fi.{t, rx, ,ew), x-i ==- Qi {t, wu---, tOn) 

(?: == 1, • • •, n) 


take the equations (3) into 

dgildt — 0, dwi/dt — 0 (•/ — 1, •••, w) 

respectively. Hence we may write 


= 1 , 


• ' • j n) 


g{ = Wu ' ■ •> Wn) 


6 
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as the transformatiou taking directly the equations in 

into the equations in w/i, • • •, We infer at once that 

dgj 8y i I 8yf diuj _ 9 SPi _ 

dt ~ df^Pidwj dt dt '~ ’ 

so that the variable t does not appear in si'i,'---, fn, i- e., 

Si = !/>i • • • , (?■ 

Thus we obtain the formal identities 

Fi (fj 5Pij * * * j —— * ' * ; 1 j * * * j j 

provided that we replace Wi, • • •, by di, •••, dn respectively. 
This is the relationship which we set out to prove. Of course 
I SSPt/Sfli/l is not 0 for di = • •• = dn = 0 by virtue of the 
definition of the extended group. 

The question of the existence of formal solutions is 
immediately disposed of. In fact let us take ci = C),= y® 

where ^ stands for the value of iji at t ~ to. Then it 
has been established that the general solution 

iji = ]<\ {t, • • • , ('ll) (i — 1, • • •, ii) 

is analytic in ci, ■ ■ ch for | fv|, (/ = 1, • ■ n), small and 

for any t lying in the t interval for r, — • ■ • = rvi — 0. But 
the solution is then = 0 (ji = 1 , • • • , /i.) for all values of t, 
so that the solution is analytic in Ci, Cn, t for t lU’bitrarily 
large, provided that \ci\ are then sufficiently small. Thus 
the right-hand members may be expanded in power series 
in Cl, . • (in with coefficients analytic in t for all values of t. 
Furthermore we have clearly for t — k 

d yij d cj — 6^ {dn = 1 ; dfj — 0, i 4- ,?)• 

Hence dy>iJdcj{i= 1, • • - , n) constitute n linearly independent 
solutions of the equations of variation for j == 1, •••,«, and 
the determinant [dg>ildcj\ will not vanish for any t. 

Thm exist formal solutions of any system (3). 
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It is obvious that if conjugate variables are introduced in 
the fashion of the preceding section, then the formal solutions 
will have a corresponding modified form. 

The significance of the formal solutions will be specified ' 
further in the following chapter. Suffice it to say here that 
these are the type of solutions actually employed in astronomical 
problems when the perturbations of a periodic motion need 
to be calculated. 

4. The equilibrium problem. As has been pointed 
out earlier (section 1), the simplest case for consideration is 
that presented by an ordinary equilibrium point. For this 
case the functions Xi, ■••,Xn do not involve t explicitly. 

In dealing with this special case we shall use only trans- 
formations of the formal group which do not involve the time #. 
The equations of variation take the form 

n 

djjiidf ^ i'l- ~ i> •••> w) 

j—i 

where the constants cy are the values of dXi/dxj evaluated 
at the origin. In the case to which we limit attention at 
first the determinant equation 

(6) |cy — mdy - 0 

has n roots mj, • • •, m,,. not subject to any commensurability 
relation 

( 7 ) htth-i \-/nmn^-=0 

for any set of integers h,---, in not all zero. These roots 
are real except possibly for certain conjugate imaginary pairs. 

It is to be noted that the assumed inequality excludes the 
possibility of a zero root so that the determinant |c(/| is 
not zero. 

No w we can clearly determine a square array Zy , = 1 , • • • , n), 
with k not aU zero for any particular j, such that the sets 
hk, •' -I Ink satisfy the « homogeneous linear equations 

n 

( 8 ) = liknik. 


6 * 
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In; fact tte vanisMng of the determinant of this system 
gives precisely the defining equation for the roots m/c. More- 
over the determinant |?yl is. not zero. This fact and the 
reasoning ■which follows ar6 of course well known in the 
ordinary' theory of linear transformations; however, for the 
sake of completeness the reasoning is included. In fact; 
suppose the contrary to be true, so that multipliers Qi,-",Qn 
not all zero exist such that 

tl 

= 0 , (/ = 1, •••, n). 

Multiplying the earlier equations by qis, (/.' = 1, • • •, n), and 
adding, there results at once 

n 

0 = ^liit nik Qk 

so that mQi, (* = 1, • ■ n), also yield a second set of such 

multipliers. Continuing, in this way we infer that $!,••• 

must form further sets of multipliers. Hence by linear com- 
bination still more general sets of multipliers . 

(Cq + q + Cj fn| H h e.£ (j = 1 , • • • , w) , 

are obtained. But the n quantities in parentheses here can 
be made to take on n arbitrarily assigned values, just becau.so 
the roots vyh are distinct. In particular the coefficient of 
any 4 0 can be replaced by 1 while all the others are 
made to vanish. But this would necessitate that — 0, 
(i— 1, •••, n), contrary to hypothesis. Consequently |iyl 
cannot vanish. 

It is also obvious that we may take the quantities so 
that in the transformation 

n 

Vi = {i == 1, ‘ ■ •, n), 

from yi to Zi, the variables et and sj corresponding to con- 
jugate imaginaiy roots mi and mj will have conjugate imaginary 
values when yi, •••, are real, and conversely. 
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, iiNow let usiinti’OducB this change of variables in the special 
type of equations (1) under consideration. ■ The equations 
obtained by substitution in (1) of the linear expressions in 
Si for i/i will then assume the fom 


■ n 


2^/0- 


(Isj 

tli 


n 


2 ^0' ■f»j ~j -\ — 


(i = 1, . • »), 


whert! the terms of higher than the fii'St degi’ee in Si, •••) gn 
in the right-hand inembei’S are only indicated; in thus writing 
the first terms on the right, the characteristic property of 
the quantities /y is of couree employed. It follows from these 
I'elations that th(^ equations in n have the form 

fisi/dl ■ - VI i Si-\- • • • (•/ = 1 , • • ri) 


Avhere only th(! linear tenns aio explicitly written. 

Thus w(i may take the .system to be of the ])repared form 

dxihU - m r,,) {/ = 1, • • •, n), 

in which wo. may write 

Fi--= Fi, (/-- 1 , 

with File a homogeneous polynomial of degree Ic in ,rj, • • •, an. 
We shall show next that we can obtain formal aeries 


:f„) == f/'/a+ 9'/a + • • • C/ = !)•••? ^0? 
such that the transformation 

Xj = Xi -|- (j>i — 1 • • • • ) w) 

reduces the differential equations to the form 


rlBi/dt = vii Xi (i = 1, • • •, n). 

This will be achieved, provided that the equations 

dxildi-\- == 'm.i{xi-\-fi) (* = 1 , •••,«) 
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follow in Consequence of the differential equations in Xi. Using 
these equations to eUminate daci/di, we obtain as the desired 
relations 

n 

Fi-\- ^^(dgii/dxj) (tnjxj + Fj) = mi^i 

(i = 1 , 

On expanding Fi and in series, these take the form for 
i — 1 , • ••, n, 

• Fat 2 9‘i'i, 

j=l dxj 




m (pm, 


Let us consider the first equation written for any i, which 
obviously constitutes a partial differential equation for tpn. 
The coefficient a of the term 

'■< (Zi +•••?» = 2) 

in g>i3 is then evidently determined in terms of the analogous 
coefficient di of Fis be means of the n equations 


+ [i!i TOi “1- • • • + U# — 1) w*i + • ■ • -\-ln m-n] c/ = 0. 


But the term in parenthesis is not zero by virtue of the. 
hypothesis made concerning the quantities m{, so that c,- can 
be determined as desired. Hence there is a unique set of 
homogeneous quadi’atic polynomials y* satisfying the first set 
of the equations written above. 

In the same way the second set of equations determines 
uniquely since the equation for determination of the coefficients 
in 9Pi8 is of the same general type as above except that we 
have = 3 in this case. 

Ignoring then the questions of convergence of the series 
employed we arrive at the following conclusion: 
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Bi/ means of a formal transf&maUoii 
,n/ ^ fiiz-i, • ■ gn) — 2 IT 2 hk^J^k + • • • 

J=1 ^J,k=l 

(i — 1 , • • • , n) 

■with l/yl 't 0, the differmtial- equations (1) tv-i^i an ordinary 
equilibrium point of gmerrcd type at the oi’igin, can be reduced 
to the normal form 

( 9 ) dsi/dt ---■ niiSi (/ = \,---,n), 

so that corrcspondiny to coiijugata roots nii and nij there are 
conjugate variables sa and sj. 

Since the normal form just, written is integrable with 
general solution 

£i -■ cic'"'* (/ =--- 1 . • • •;/) 

we may state the following conclusion also: 

The correspouditif/ formal solution of{\.) may he written in 
the form 

■n ~ fi (ci c„ e'""*) (/ • 1 j/) 


where the f are the same formal power series as appear hi 
the iraiisfoi'matimi to normal form. 

5, The generalized equilibrium problem. It is not 
difficult to extend the above method to the generalized equili- 
brium problem in which we start with equations of the fom ( 3 J. 
Here the equations of variation form a system of n ordinary 
linear differential equations 


dyjdt 


d JCi 


m 

t ^-0 


(i = 1, ■■■. n) 


with coefficients which are analytic periodic 

functions of t of period t. Let ym, •••, ynk, (?f = 1 » • • • » w), 
give for each Tc a solution such that the n solutions are 
linearly independent, Then the general solution is a linear 
combination of these particular solutions. When t is increased 
by r, the equatibns of variation are unaltered. Hence we 
have 
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ytk (i + ®) 2/« (^) 0^ /« = 1 , • • • f jO- 

Now if we define mi, •■•, mn as in (8) by means of the square 
array cy thus obtained, we may choose another linearly in- 
dependent set of n solutions which Avill reduce the above 
delations to a normal form 

m (f- + 'f) = mk ym {i, !»•••) '») > 

We confine ourselves as before to the general case, in 
that we exclude linear commensurability relations between 
fh, ym and 27tV — 1/r, where (ijc — (log W 7 ,)A . In this 
event «ii, • • •, mn are all distinct. 

Now let us write the elements appearing in the solution 
of the equations of variation in the fonn 

ym — imS) (•/,/.• -- 1, •••, »), 

when it is apparent that the functions p® will be periodic of 
period r. furthermore from a familiar theorem wo know 
that the determinant 

Iwl -= |pd 

is nowhere 0. Consequently the ])avtic.ular linear change of 
variables 

n 

Xi ~ ^ PijSj (i ^ 1, ■■■, n) 

J=i 

from ssi, Xn to sj, Sn is Avithiu the admitted gi-ou]). 
The equations of variation will have a solution 

yi = (?• = 1; n) 

for & = 1, •••, n, so that the new equations must be 

(let f (It = (i ■— 1, •••, n). 

Consequently we infer that it is no restriction to write the 
given equations in the prepared form 
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daufilt “ Fi(^i\, •••, ;/•», t) 0- = ly' '») 

where Fi is periodic in if of period *■ of course. It, is ob- 
vious that if certain pairs of the quantities mi are conjugate 
imaginaries the transformation of variables employed may 
bo taken to be of. the admitted conjugate type. 

Suppo.se that we continue by . effecting a further trans- 
formation of the same type as in the ordinary equilibrium 
problem save that the coefficients in the series ()h need not 
bo constants but may be periodic analytic, functions of t of 
period r. If we endeavor to choose this set of functions 
fi so as to normalize the ti'ausformed differential equations 
as in the special case of ordinary equilibrium we obtain 
analogous (iquations, namely 


Fi. -h 


d (j>ii 


./=! 


d:rj 


Fil.+ 


B fik 

"bY 


n 

+ Z 

1 


dfik 

B:rj 


pH ^ 


dfi2, 

3ro- 


F, 


Ml 


I'ifik, 


On considering a tj'pical term in fi 2 , 

ci{f)a{' ... (/,-[-..• + /„ ^ 2), 

wo find as the required conditions 

di{t) -f j^/i /'i -}- • . • + (// — 1) /</ -f- • • • + /‘nj (H == 0 

(/ =-. ],..., «,) 

where ck is the like coefficient in i'^. Here the coefficient 
A of Ci is not zero, and it is immediately possible to solve 
for <H, 

ci{t) = he~^* — dt. 

This solution, will be periodic in t of period t if and only if 
,lH{X-^‘^)=-^^di{t)<^dL. . 
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It is possible to determine /c,- in one and only one way so 
that this equatio n hol ds, provided that A is not an integi-al 
multiple of 27rK — 1/r. But this relation would require a 
commenau rabil ity relation between the ‘multipliers’ (h, • • •, Hn 
and 2n'[^ — Ih of the excluded type. 

Thus, as before, no difficulty arises in deteraiining <j>ti , 9’i» , • • • , 
in succession in such fashion that the desired normal fonn 
is obtained. 

By means of a formal transformation 

H n 

= ./i(ri, •••, rw, t) 2 hj (J) -{■ „ 2 

(■i n) 

irith lij analytic in t atid pmodic of x>eriocl r, ami '.kjit) | 0, 
the differential equations (3) with a g&n&'oliml equilibrhm 
point at the origin of general type van also he reduced to the 
notmial form 

( 10 ) (IziLdt ^ iHs:i (i - 1, 


Th.e. aoirespomling frrmal solution of (3) is then erident/g 

Vi = fi (ci c/*' , V,, t) (•/ = 1 , . . . , ,/) . 

6. On the Hamiltonian multipliers. As a first stop 
toward obtaining an analogous normal form for a Hamiltonian 
system of equations at an equilibrium point, we demonstrate 
some fundamental well-known properties of the multipliers 
in this case.”' 

Here the equations occur in the particular fomi 


_ 8if (Iqt dH 

dt dgi’ dt dpi 


1 , • • m) 


where H is a real antiJytic function of n ~ 2m variables 
Pu • ••> im- If these equations have an equiHbrium point at 

* Of. Poinoar^, Lea Mithodes nouvelles 4^ la cUesU^ vol, 1, 

chap. 4. His ‘oharafcteristio exponents’ are our multipliers. 
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the origin, then evidently all of the first pai-tial derivatives 
of H vanish at the origin and if we ignore an additive 
constant in H we may write 

+ + 

where Hh is a homogeneous polynomial of degi’eo It in these 
dependent variables and where in particular we have 

H-i -- "E T, • UjkPJ Pk + hkpj Qk + X rjk qj qk ) . 

Here we may take " aji, aj cji, but hij are in general 

distinct from Iji. 

The equations of variation are obtained by replacing H 
by and p,, qt by Pi, Qi, and may be written in tlie 
explicit fomi 

VI in 

dPi!(lf " E ^'Ji E k-ijQj< 

J ’I J 1 

m m 

(IQi/df = E % E h Qj (/ = 1 , • • ■ . m) 

J--1 ;=i 

which is a pai’ticulai* type of system of 2m linear diffei'ential 
equations of the first order with constant coefficients. 

Our first remark is merely to the effect that in qencral 
the multipliers will be distinct. To verify this fact, it is 
merely necessary to exhibit the 2in exponential solutions in 
a single special case. If we take 


■m . .. 

the equations of variation reduce to 

dPi/dt = — mQi, dQildt — mPi (» = !,•••, »i) 
with 2m particulai' solutions 

p,. = Qi = 
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where has its usual sigai flcan ce. Hence the 2m values 
of the multipliers are — 1 / • • •> >w)> these 

will he distinct if (h, •••, fi-m are distinct positive uuinhers, 
for instance. 

Before leaving the special case just cited we note that 
if Hi is of this special form, we can introduce conjugate, 
variables 

h = (ji, 7ii — (/ — 1 , ■ • m), 


and then we find 

dti ^H (Ifjt 

~W ~ ~ 9^i ’ dt “■ "dJi 


{ / 1 , • • • . m) 


where H — — 21 ^ — IH and Hi takes the normal for 


in 


_ ?n _ 

Hi i'j y—1 

j-'i 

Consequently under this type of change of variable.s the 
Hamiltonian form of the differential equations is maintained. 
In this event the equations of variation are .still siinph'r, 
namely of the form 

d'§i/df = fiiV — 1 dnjildt = — — 1 »/»■ 

{l :=■- ],.... m). 

This type of conjugate A'^ariables pla.ys an imiiortant rohi 
later on. 

Let us suppose then that we are confronted by the general 
case in which tire 2m multipliers are distinct. We propose 
to show that these quantities occur in m distinct paii's, each 
one the negative of the multiplier paired with it. This has 
already been seen above to be tnie in the special case cited. 

Since the multipliers hre distinct by hypothesis, a complete 
set of solutions 

• • •, Pmk, Qlfc) • ■ Qmti = 1 , • • •, 2m) f 
exists of the form 

Ptft = Cik Qiit = Hue (« = 1, • m^Jc — 1, •••, 2m}, 
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where the corresponding’ determinant of constants of order 2 m 
formed fi’oin Q/c, Dm is not 0. Such a complete set of 
particular solutions has the property that the most general 
solution i.s expressible as a linear combination of these 
particular ones. 

But if Pi, Qi and P*, Qi are any two solutions of the 
equations of variation we have 

'EiQjlf-DjQl) = eonst. 

This fact is readily verified by differentiation with respect 
to t, and use of the equations of variation, when it is seen 
that the derivative of the left-hand side reduces identically 
to zero. 

If then we substitute in this integral relation, pairs of the 
above particular solutions wo find 

m 

Z (Dm Cn — Vik Du) -- const. 

; -1 

for all k and 1. Tliis clearly implies at once that either 
hc-)-h is 0 or that the constant on the right-hand side is 0. 
A proper use of this fact will lead us easily to the dcisired 
conclusion. 

If each h has a corresponding Xj such that A,- -j- Xj — (), 
then there is clearly only one such root and the property 
under consideration is proved. But in the contrary case 
some root as has no value so paired with it. Hence, in 
the integral relations deduced above, the right-hand members 
mu.st vanish for f = 1, • • •, 2m it k has this value, whence 
we find 

D\k Dm -\ "H Dmk Df,d — Ci/c Dll — Cmk Dml = 0 

{I = 1, •••, 2m). 

These 2m equations are linear’ and homogeneous in 
Dik, Dmje, — Cifc, ' • — CW, so that the determinant of 
their coefficients would necessarily vanish. But this determinant 
is precisely the determinant of order 2 m referred to above 
which cannot be zero. Hence there is no such root. 
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In gmercd at an equilibrium point for the HamUtoniwn 
equations the miilUpliers can be grouped in m pairs Xi, — Xi, 
{i= 1, •••,»»), and are all distinct. 

It is plain that in general the multipliers ai'e real or are 
grouped in conjugate imaginary pairs with distinct moduli. 
Consequently the conjugate of an imaginary multiplier must 
coincide with its negative. £y passing to the special cases 
by a limiting process we conclude further: 

The multipliers Aj are either real or pure imaginary quantities.. 

We define the general equilibrium point of this ty|)e as 
the one in which Xi, ■■., X^ are not subject to any lineai’ 
commensurability relation of the type ( 7 ), and confine attention 
to this general case. 

7. Normalization of Si- Assuming then that the equili- 
brium point of the Hamiltonian system under consideration 
is of this general type, we can effect a linear transformation 
of variables 

m m 

Pi == ^ ^ <1j) • T {fqpj + 9ij 9j) 

(i =-■ 1, m), 

which reduces the con'esponding equations of variation to 
the normal form 

dPi/ dt ^ XiPi, dQif dt — — XiQi (i — - 1 , • • • , m) . 

In fact this reduction (see section 4 ) merely required that 
the roots of the characteristic .equation (6) be distinct, as is 
here the case. Of course the associated pair's jw, qi are taken 
as corresponding to associated roots — A<. If Aj is real, 
Pi, qi are real variables. If A( is a pure imaginary, qj, are 
conjugate variables. 

We propose to demonstrate that this linear transformation 
does not destroy the Hamiltonian fom of the equations, 

To begin with we observe tliat the equations of variation 
can be written in the variational Hamiltonian form 

^ C f Qi-Jl2 (Pi, . . ., dt=:^ 0, 

U=i J 
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in which H is replaced by its second degree terms. Under the 
above linear change of variables this evidently takes the form 

J '^iF ^ 

^i.KjkPjn^-Lj„(4jPk 

t, 

+ Mjlc Pj Q',c + yjk Qj Qlr) - if,] dt==0, 

where we may write 

m 

Sa 2 (Pjk Pj Pk + Sjk Pj Qlc + Pjk Qli Qk) • 

J,k=i 

Here the dashes over the letters have been omitted, and we 
may obviously assume 

Applying the ordinary Ijagi’angian rule this gives the equations 
of variation in the new variables, 

7 r wi- 1 711 

III [ (Kji Pj + U -Z (A'v PJ+ M^J 

m 

-\-^J:2P,jPj-\-SijQi) 0, 

(V 1 ..-., M)), 

I r 1 

^ [2; (Mji Pj + Q;)J - U {Uj Pj -f X,J (h) 

m 

+ Z('f'jiPj+2'rij(jii) = 0, 
j=i 

But the solutions of these equations are known. Jn parti- 
cular we have a solution 

Pi — = 0 (/ — 1 , . . ., -111.) 

which when substituted in the first of the above equations 
gives at once 

2-k {.Kiel — Aife) + 2 Rilt = 0 . 

Interchanging i and h, and noting that JZf/,. = Bui we infer 
further for any i and k 
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{Xt-Xk)iKki — Ki,,) = 0, ■ 

SO that Kki = for i distinct from h as well as for i = Ic. 
It follows also that vanishes for all i and h. 

Similarly we can infer that Nm — N{k and that 2Vc vanishes 
from the second set of e(iuations. Thus the terms 

7)1 m 

'EKjuPjPk, 

;,/c=i ,k—.i 

are exact derivatives, and may be omitted under the integral 
sign. . The equations of variation are thus of the more 
special fom 

T r 1 m 

+ jEShQj= 0 a - 1 , VI), 

T r 7?l 1 Til Tib 

-h\ 2 MjiPA-Z Lij F'j + X Sji Pj -- 0 a 1 , . . . . . 

at Lj=i J j=i 

To determine these equations still more completely wc; 
substitute 

Pi = 0, % dfi, (i 1 , . . . , m) 

in the first set of these equations, and obtain immediately 
for all i and h 

Xk {Mik — Lw) + Fik — 0. 

Similarly from the second set we obtain for all i and k, 

^k (Mja — La^ + Ski = 0 . 

Interchanging i and k in this equation, and conipaifrig the 
equation obtained with the preceding one we infer that for 
i k -we have 

Mik — Lki, Sik = 0. 

In consequence the sum 

m 

2 (LjkQjPic+MjkPjQlc) 
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differs ft'om the sum 

^ Ljj Qj Pj Qj. 

and so from 

911 

by an exact differential. Thus it is legitimate to wiite the 
principle of variation in the specific fom 

/v,r m «i 1 

Jt„ Ij 1 7=1 J 

in sucli now variables with equations of variation* 

{M/i— Lii) Qj-\-i^ii Qi 0, (.¥«—/.«) Pi— iS'rt Pi - 0 

(/ =- 1, • ••,. m), 

so tliat W(( have necessarily 

{Mn-Lidh Sii (/ - I,.-..,;/). 

(lousidcn- now the simplest case when every root 1; is real. 
In this case if wo riiplace the real variable Pi by 


Pi (¥,i-Pii)Pi - 1, n/) 

tli(* variational i)rineip]e is seen to have the form 



'riiis further change of variables is legitimate inasmuch as in. q/ 
wore not determined up to real multipliers in this case. It 
appears then that the term 

JJPjVj 

* The couHtantH Mu — Lh are not zero since the etiuations of variation 
do not degenerate. 


0 
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remains of essentially the same fom after the linear trans- 
formation. 

Another case is that in which every h is a pure imaginary 
quantity. Here by taking the pairs p#, qt appropriately we 
can clearly wi'ite the pure imaginary quantities Mu — La as 
qi>0. Here we may replace P<, Q{ by 

Pi — Pi, Qi — VQiQi (? = 1 , . . . , m) 

when a like variational form is obtained. 

It is apparent that this same linear change of variable, s 
must preserve the original Hamiltonian form since 

m 

^pj </j 

j—1 

is essentially unaltered by this transformation. 

By a suitable prdiniinary linear tramformatio-n mth am- 
stant coefficients any Hamiltonian system mth eqtiilih’iim point 
of general type at the origin may he taken in a normaliml 
foi'm in which 

Hi 'EhPjQi- 

j=i 

8. The Hamiltonian equilibrium problem. In order 
to further normalize the Hamiltonian equations in the vicinity 
of an equilibrium point, we propose to apply a series of 
transformations 

pi = dKIdqi, Iji — dKtd'pi (i — t, m) 

with 

K ~ ^^pj qj-]r ••• 

where Ks, Ki, ... are homogeneous functions of pi, qu 
(«= 1, ..., «i) of degree indicated by the subscripts. Such 
transformations have been seen to leave the Hamiltonian form 
undisturbed and to form a group. It will be observed that 
it Ka = 0 for s> 2, the transformation is the identity. 
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We begin by taking Zs = 0, s>3, by attempting to 
select Kfi so as to simplify as far as possible. Here we 
have 

IH Pi + 8 <li> li = !Z»’ + 9 Kildpi (i = 1, . . • , m). 

If we solve explicitly for pi, g,-, (i = 1, • • • , m) in terms of 
ph <ji, (/’ = 1. • • •) we will deai’ly obtain 

Pi ~ Pi + 9 K»/d qi + ■ • • , qi = qi — 9 Kz/dpi -\ 

(2 = 1 , • • •) 221), 

where /v#* denotes the function obtained by replacing gi by g« 
in Kz. The terms explicitly written give the series expansion 
up tf) the terms of the third degree. The modified value 
of H, obtained by direct substitution is 

J'^i^Pi “h 9 Kzidq, -f- •••, ■ • • q,„ — dKz*fdp„,-\- • ••) -|-i/a + • • •, 

where the arguments of Jiz, Hi ,- are the same as those 
of Hi. To terms of the third degree inclusive we find then 

m m f o rr'^ « \ 

" Wj) 

~\- Hzip I , ■ • gni)+ • • •• 

Thus, as would be expected, the form of Hi is unmodified 
while Hz takes the form 



in which Kz is at our disposal. Now any term in Kz may 
bo written 

<‘P‘i • • • ^ (“1 + h = 3). 

The corresponding term in the modified jSi has a coefficient 

^ [^1 ifii — "I” * * ■ “h ^9n (Am ^w)] H” ^ 


0* 
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in which h is the coefficient analogous to c in the original H». 
Moreover the coefficient of c cannot vanish unless 

fix > • ■ • ) fim — ! 

which is clearly not possible inasmuch as the sum of all 
the «i’s and fiiS is 2 . Thus by proper choice of each c we 
can make the new Ha vanish. 

If now we proceed to try to eliminate Hi as far as possible 
by a further transformation of the same type in which Ks 0 
except for s = 4 we obtain a transformation 

Pi — Pt+9^*/9gi+ qi =-— qi— 9iir*/8p,,; -f ... 

{i 1, • • v, m) 

which does not affect or Ha 0, but alters H to 

-ID .->■ 

Here we can eliminate the terms of £4 save those which 
contain each pi, q,- to the same degree, namely those of 
the forms 

c (pi dpi qipj qj (■/:, j ■ 1 , . . • , m) . 


by the same method. For we have 

-f ■ • • + fi„i - ■ 4 

in this case, and all terms can be made to disappear except 
those for which «« = A, (i = 1, . • wi), i. e., those of the 
stated type. 

Thus it is readily seen that by an infinite series of steps we 
can eliminate from H all terms except the terms in the 
m products piqt. 

By suitable trantformations of the above types, a Hamil- 
tonian system with equilibrium point of general type at fhe 
origin may be taken into a normal Hamiltonian form in which 
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only the m products PiQi, appear in H while 

has the special form 

m 

HhPiQij- 

j=i 


It may be noted that the linear transformation employed 
is also a contact transformation* so that in reality this normal 
form may be obtained through a single formal contact trans- 
formation. 

In this normal fom the general formal solution is at once 
obtainable. If we write — pi qi, the normal Hamiltonian 
e(juations may be written 


dpi ‘dH 

d t d nj ’ 


dji 

dt 


dH 

dui 


qi {i =■■ 1, 


whence we hnd formally 

IHfji Cf ('/ = - 


Thus the series dHIditi reduce to constants and we are led 
to tht? following conclusion in a purely formal manners 
Tliv (j(moral formal sohition of the normal Hamilfonkin 
e(}ff((fions near ravh an eifuilihrium point has the form 

Pi (qe (/i = ('/ " 1? •*> 

(chere 

Yi dH (ct-[ ^1, • • - , ^m. ^'n\) J d (/ = I, • • •, ni). 


In terms of the original variables the eorresponding solution 
)nay he obtamed aith the aid of the contact transformation 
relatiny the yiven variables and the normal variables. 

g. Generalization of the Hamiltonian problem. If 

pi == 9i{f), qi ^i(t) C' = 1, • • •, »») 

is a periodic motion of period t, and if we write 

Pi =■- y>i-hpi, qi — ^pi-^qi (* ~ Ij •••) w) 

* See Whittaker, Dynamics, chap. 16. 
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then the differential equations for the modified variables ai-e 
of Hamiltonian form with modified principal function 

m 

H = E+ Eifjqj-fjPj) 

j=i 

where the accents denote differentiation. Furthermore, this 
transformation may be written as a contact transformation 

2H = dKldqi, gj — dK/dp) (/ — 1, •••. )ii) 

with 

9)1 

E — (pj qj + 9j qj - V!/ pj) ■ 

In these new variables H is a function of pi, • • •, gm and t. 
periodic of period r in the last variable, with pi (// (), 

(« = 1, • • •, wi), a solution coiresponding to the given periodic 
motion. Thus, at least in a formal sense (see chajiter l\', 
section 1), the problem reduces to one of generalized e(|uili- 
brium. 

It will be our aim here to show that a reduction to normal 
form 'for such a generalized equilibrium problem can be made 
which is altogether analogous to that made above in tin' 
case of ordinary equilibrium. 

We shall merely call attention to the modifications necessary 
in the argument in dealing with this more general i)robleni. 

The first difference to which attention needs to bo calle.d 
is to the obvious fact that in the equations of variation the 
constants %•, hij, cg are replaced by periodic functions of t 
with period t. The second difference is that the (ionstants 
Gil, Dij which appeared in the solutions of these equations 
are also such periodic functions. 

These modifications do not, however, interfere with the 
argument made that the multipliers may be grouped in m pairs 

^1) •^1, — , ^m, — 

where are real or pure imag inary. 

The general equilibrium point may here be appropriately 
defined as that in which there are no linear commensur- 
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ability re lation s between the m + 1 quantities i-i, 
and 2 Try — l/r. 

In the corresponding linear transformation the coefficients 
<iih fih 9ij are periodic in t of period t. Likewise in the 
variational principle the quantities JTy, Lij, Mij, Njj, Rg, Sg, 
Tg are similar functions. In determining the form of these 
functions one finds modified conditions such as that 


h: (A'/.:/ — A.',/:) 


(i A./C/ 
dt 


+ 2 a;, V o = 0. 


if / and /.' bo interchanged and the results subtracted, there 
is obtained 

y, (A,; - A',7yK^/. -^/)(A«- A'/,) = 0. 


Tliis (lifeinnitial (filiation in (/v^v — Kn^ has no periodic so- 
lution of period / (other than 0), 'just because •••, are 
of the general tyi)(‘ assumed. Hence wc infer as before tliat 

Kuc. K/ci ar(‘ e(pial wliile 2/^/.’ is - dKiu/dt. 

Hut in this cas(‘ 

m 

f^^JIcPjV'k 

j,lc=l 

is an exact differential if 


1 

9 





dKjk 

dJ" 


im- 


be added whih^ the negative of this last expression may be 
incorporated in H. Thus it is clear that we may assume 


Kg Ng lig - Tg = 0 

as before. In fact similar slight modifications show that 
the same normal form for Hi is obtained by this linear 
transformation in the generalized equilibrium problem as in 
the ordinary equilibrium problem. 

To make clear that the analogy is complete in dealing 
with Hi, Hi, - let us consider the new Ha obtained by 
a transformation .1 
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— JPi + 9-Kli/8ff<j ffi = (//+ 9 

where JT, is homogeneous of the third degree in pi, % 
(* = !,•••, m) with coefficients which are periodic in t 
of period t; The new form of Mg is 



The terms 


'h^sijhi •••) (/hi)- 


(«, -j- . • . Aii 


2 ) 


in X* and Ifg respectively lend to a total corresponding 
equation 

/Jr 

+ C (^1 — tti) H h (^m — «?»)] 4" /i* ~ 0) 

in the attempt to eliminate such a term. This ordinary 
uon-homogeueous linear equation of the first ordei- will 
have one and only one periodic solution inas much as tlu' 
coefficient of c is incommensurable with 2 tt K — ] /r, since 
we are in the general case. Thus JT» can be madci to 
disappear. 

Likewise all the tenns of iL can be made to disappear 
save those in the products piqu (i — 1, •••, m). The 
coefficients in these latter terms can be replaced by constants 
however; in fact this demand leads to an equation of the fonn 

%+m = c 

where C is an arbitrary constant at our disposal; thus we find 
(■ ~ — h(Sj)dt, 

which is obviously periodic of period t if C is chosen as 
the mean value of Jiif) over a period. Hence we are led to 
the same conclusion as before. 

By means of such a series of transformations of the gmeralised 
Samiltmian eguUibrium problem, the Samiltonia/n fmetion 
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may be yivm tJie mnw normal form as was obtained in the 
case of ordinary equilibrium* 

lo. On the Pfaffian multipliers. Suppose now that 
wo take an oxtonded Pfaffian variation problem 


( 12 ) 



• , -r^m) oj • • •, o:->m) \dt ~ 0 


which leads at once to the system of ordinary e(inations of 
order 2«) 



9A;\ (Lvi 


da‘i 


0 (/ 


1, 2w.). 


We pi'op()s(^ to consider these e(Hia.tions in the case when 
there is an eqnilibriinn point at tlie orijyin, under the assumption 
that the 2«j analytic functions A'/ are .sncli that tlie skew- 
symmetric dehmninant 

■ 1 
H ./•; d X} I 

is not 0 at the oi'i^'in. The constant tcM’ins in tlic series for 
the functions A'/ may obviously bo omitt(Ml lIiroiif>‘hout. 

It is clear tliat the Hamiltonian (Miuations apixvir as a 
special (mse of these Pfaffian e(|uations (12). 

As will be shown in the following chaptiU', this gciKunlization 
of the Hamiltonian ecpiations ])ossesses th<‘ same' i)i'oporty of 
automatically fuliilliiig all of the conditions for c.{)niplel(‘. 
stability, oiiee the obvious conditions for lirst oi’dci' stability 
are satisfied. Hence from this point of view the Pfaffian 
equations seem as significant foi* dynamics as the Hamiltonian 
(Equations, although more general in type. Moreover they 
possess the additional advantage of maintaining their Pfaffian 
form under an arbitrary transformation of tlie formal group. 

The results of this chapter were announced in my Chicago Oollociuium 
lectures of 1920. The material so far given is obviously in close relation 
with previous work, and, in particulai*, the normal form in the Hamiltonian 
case is in relation with the formal trigonometric series in dynamics 
treated for instance in Whittaker, Pynawics, chap; 
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In fact it is only necessary to substitute the new variables 
under the integral sign in (12) to obtain the transformed 
functions Xi and Z. 

As a first step in the direction of obtaining a normal form 
for the Pfafflan equations at an equilibrium point, wc pro- 
pose to prove that for these equations just as for t]i(> 
Hamiltonian equations the multipliers are associated in pnii's 

To begin with we observe that in general tliese roots must 
be distinct since they are distinct in the Hamiltonian sub-case. 

Now let us make the lineai- transformation with eoustaut 
coefficients which takes the equations of variation into nor- 
mal form. This does not aifect the Pfafflan form of c.oiirsc. 
The con-esponding equations of variation obtained from (13) are 


lldXi 


M 9 *^ J 

l\ Sxj 

dxi j 

' (It dXid:rj''^\ 


and these must have the particular solutions 

l/i (/ - 1 . Hill) 


for Ic = 1, . . 2w. It is understood that the partial deri- 
vatives involved in the equations of variation arc evaluat,('(l 
at the origin. 

Substituting in these particular solutions we obtain readily 


'dXi 


{ 9 

dXi j 


d^Z 
dxid xk 



If we interchange i and k here, and subtract the equation 
so obtained from the one last written, we find 

= 0 

But if for 6d.ch k W6 do not have = 0 for some 

it would follow from these equations that the skew-symmetric 
determinant specified above would necessarily vanish. This 
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is impossible since the .equations of variation 'would then 
degenerate! Hence there is associated necessarily "with the 
root A a second root ^ — h. This is precisely what we 
desired to prove. 

In the Pfafjian apdlibrimi probletn the mulUplim also occur 
in pairs, one of each pair being the negative of the other. 
These miiUqifiers mag he designated by ^i, — Aj, . . 
and uill he real or pure hnaginary quantities. 

It is clear that the general case is to be defined us that 
in which there are no linear relations of commensurability 
l)etwcen Xi,...,X,„ just as was done in the special Hamil- 
tonian case. We shall restrict ourselves to this general case. 

n. Preliminary normalization in Pfafflan problem, 
it is v('r,v t'asy to establish the fact that the normalization 
iiscal ill th(' pn'ci'ding section makes the first degree terms 
in .\j. . . take essentially the Hamiltonian form. Indeed 

if W(' call the 2 m dependent vai'iables pt. ■■■, Pm, Qi. f/«i. 
in such Arise that pi, ip corresiiond to jiaired multipliers 
Xi, —Xi and if we let Qm denote the coefficients of 

pi, ■■■,(/, u respectively under the integral sign in (12), the 
])reviously obtained equations between the partial derivatives 
hXildiCj at the origin take the form 


9 h. 
^PJ 


dPj 
S 'p i ’ 
9P,: 
^<JJ 




^<1J 

^VJ 


d(ji 


(:i>j 


(/,./• 1,.. •,//(), 

1, m; / I j). 


'riie first sets of equations shoAV that the linear terms in Pi 
involving correspond to an exact differential, as 

do the linear terais of Qi in (ji, ■ ■ ■, qm- Similarly the second 
last set of equations shows that the term of Pi involving qj 
{i j ,;■) together with the corresponding term of Qj involving 
<«)mbiup in a like manner. . All of these terms may be omitted, 
and there remains for consideration only terms 

m 

(fijPJ dqj + dj qj dpj) , 
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which evidently may be replaced by 

fli 

2 (O - fij)pjdqj. 

J-i 

In these terms no a — d{ can vanish, because of the hypothesis 
that the fundamental skew-symmetric determinant -does’ not 
vanish at the origin. 

If then jii, Si are real vai'iables we may make the further 
linear transformation 

Pi — Pi^ Vi ~ i<-‘i — <H (« — 1 , • • •, m) 

to obtain the desired linear Hamiltonian tern. On the other 
hand if pi, qt are conjugate variables then ci and dt are 
co njuga te imaginaries and ct — di is a pure imaginary quantity 
q V — 1 . Here we may set 

Pi —V QIH, Vi -- ^ QQl 

if ^ > 0. If (» < 0, we may intei-change the roles of 2H and q/. 

Let us turn next to consider the function Z. Since we 
have an equilibrium point at the origin, it is plain that 
dZidpi, dZ/Oqi, vanish there for i — 1, 2, • • •, m, i. e., that 
there are no linear terms in Z. The lowest terms in Z iU’e 
then of the second degree. 

Thus it is apparent that the equations of variation, which 
depend only on these iirst degree terms in A',. • • - , Xim, and 
upon the second degi-ee tenns in Z, are of the same type 
as in the Hamiltonian case. In consequence the. same lineai^ 
transformation employed to obtain a nonnal form for these 
lowest degree tenns gives —Zt the form of jffg in the 
Hamiltonian case. 

We can summarize our results as follows: 

By a prdiminary linear trewformaiion the FfaJ^fian equa- 
tions with an equilihrium point of ye/neral type at the origin 
can be ivrittm 

^ (Pj q'j + QiP'j) - J«] cZ < - 0 
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where 

J*/ - pt-\-Pii-\ , Qi ~ * + Qi2H (?■ = 1, • • »i)., 

R " ■ ^ . 

;=i 

12. The Pfafhan equilibrium problem. After this 
I)i’ei>arfttory work it is a simple matter to establish the 
g(Mieral result, which is that by means of point transfonna- 
tions (iudoiKUident of (), it is possible to reduce the Pfaffian 
tyiK* of equations to Hiimiltouiau fonii. More precisely we 
pi'oposc' to shoiv that it. is possible to reduce Q/, (/ •- 1, •••, m) 
to 0 by a suitabh' succession of such transformations without 
interfeiaiif? with the normal form of P/. When this has been 
ac(iomj)lisli(‘(l. it is merely necessary to write 

/)/ Pi, (ji Hi (/ l.-.-.Mt) 


to obtain coinplete Hamiltonian form in the ca.se when pi, •••, qm 
are rc'ul variables. slij?lit modification is necessary in case 
llu' vai'iabhis p,-. qi are not all real. 

In the real case suijpose that we write 


pi Pi. qi qi-\- (lisipi, • • q m) (i 


wh<u’(!. accordinfj: to oui- usual notation, (la is a homogeneous 
(juadratic polynomial in its arguments. The variational principle 
tak('s a (a)rresponding form in which the new' coefficient J\- 
has also an initial first dcgre<* term p,- a.s desired, -while for 
the new i^i we find i’(mdil.v e.vprcssions in series 


K I- Qa 1^' • • •- '">• 

Here tlu' lineal’ terms are lacking, as desired, and only the 
(piadratic terms are w’ritten explicitly. 

Now we have 


d 


, m \ mi 


9 Qji 


dpk 



-f- ff/aj d])]c 
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This identity shows that, by subtracting an exact differential 
under the integral sign, we may modify the netY Qia to the 
form Qo — Ga without introducing any first degree terms 
ifl P,-. Hence if we take Ga — Qisiii — »'■), the 

third degree terms in Qn will have been eliminated. 

Next by a farther transfomation 

Pi — Pi, Qi — (fi+Gis ('/ == m) 


we can similarly eliminate tlie third degree term in Qi, 
Proceding thus indefinitely we airive at a variational form 


where 




Pjg'j + *-2i] 


dt = 0 


Pi = 2h + P/2 "!“••• ('/ — 1 j • • • ) 1 


which can evidently be given Hamiltonian form in the manner 
indicated. 

In case some of the paii’S of vaiiables pi, qi are conjugate 
imaginaries we may first perform the simple linear trans- 
formations to corresponding real variables 


Pi = 1 )/l''' 2 , qi = ivi — qiV — ] )/l' 2 

so that the term j/j is replaced by pi Qt except for an exact 
differential. Thus the normal form for Ft, Qi is maintained 
for these real variables. Operating with them as indicated 
we can reach the same conclusion in this case also. 

By a suitable tranrformation of the formal group, say 

JJi = SP<(pi, •••, qi = ' •, 'qm) (.i = l,-”,m), 

the general Pfaffian egtiilibriv/m problem may he made tO' 
assume Hamiltionian form. 

13. Generalization of the Pfaffian problem. Under 
the above circumstances it is natural to expect that Pfaffian 
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(Kluations containing the time t, with generalized equilibrium 
point at the origin, admit of formal reduction to Hamiltonian 
form. It is not difficult to establish the tmth of this con- 
jecture on the basis of ceiiain slight modifications of the 
above diacus.sion. 

In tlu^ ca-se of .sucli equilibrium the equations are defined by 

(14) I — 

• ’h) ' J 

with A'/. (/ 1, •••, '2 m), and Z periodic in t, that is by 

dJCj\ cUj , dXi __ 9^ ^ 
d.i-il df dt 'dxi 
(i - 

Ill (he first place it is obviou.s that the multipliers are in 
general distinct by consideration of the same special case 
as was lakiMi up in the ordinary equilibrium problem. 

bhirdiennorc*, the equations of variation may again be 
normalized by a linear transformation in which the coefficients 
involved an* pmiodii! analytic functions of f of period r, so 
as to hav(' the solutions 

!Ji d/;,-/** (/ J,--.,2ia) 

for /i- 1, • • •. 2m. It follows that the multipliers h occur 

in pairs, each one of a pair being the negative of tlie other, 
by essentially th(' same argument as was used in the 
equilibrium problem. 

Moreover the. same argument shows that the linear terms 
in Fi, Qi lead to certain exact differentials and terms which 
may be ab.st)rbed in 1i, so that the same normal form for 
the firat order terms in Fi, Qi and for the second order terms 
in M is- obtained as before. 

Finally as in section 11 we write 

jPi == Pi) + ^<2 (* ==.!,•■•,?») 


(1.5) 


V/8A-, _ 
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where now Om has coefficients which are periodic in t of 
period 

Then by an obvious modification of the argument there 
made, we can make — 0 for * — 1, • > and then in 
succession Qa~0, 

By a suitable transformation of the formal (p-mp thegemfrcd- 
iged Pfcffian problem of periodic motion may he made to 
amme Hamiltonian form. Hence the nortnal ./bm in the 
Hamiltonian case smies also in the Pfaffian case. 
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S'l’ABILiri' OF PERIODIC MOTIONS 

X. On the reduction to generalized equilibrium. 
For motion near equilibrium of a Hamiltonian or, more gene- 
rally, of a Pfaftlan system, the stable case is naturally defined 
as that in which the multipliers A,, . . are pure imagina- 
ries, at least provided that there are no linear commen- 
surability relations between these multipliers. 

Ill this (diai)ter, however, we sliall limit attention to the 
analogous but somewhat more complicated question of stability 
for motion near a iieriodic motion of such a system.* The 
method employed involves a reduction to the case of generalized 
eiluilibriiini. In the more geiuu'al Pfaffian case this can be 
accom)»lish('d by a change of variables 

■n + (? l,---.2m), 

in wliich the periodic functions <y',(0 of period r are the co- 
(irdinates of the given jieriodic motion. By this means the 
functions A’,. • • • , AV,,,, Z are modified (see (12), page 89), since 
they are no longcu- independent of t but periodic of period r; and 
th(! given motion now corresponds to generalized equilibrium 
at the origin in the new ;r,, • • •, craw space. Hence we are 
led to consider the question of motion near such a point of 
generalized equilibrium. 

There, is, however, a difficulty associated with this reduction 
to generalized equilibrium which was first signalized by 
l^oincard for Hamiltonian systems, and which it is desirable 
to explain briefly. 

Following the analogy with the case of ordinary equilibrium, 
the stable case is defined as that in which the multipliers 
A], • • •> A« are pure imaginaries, at least provided that there 

* Of. my aeaole SiaUliitiy ani tkt E^uationa of Dynamic*, Amer. Joum. 
Math., Tol. 49 (1997) for a teeatment of the equilihrimn problem- 
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are no linear eoi mnen aurability relations between these multi- 
pliers and ^nV—Xlt. I£ such, relations exist the questions 
to be considered become more complicated in character. 

Unfortunately, for a point of generalized equilibrium ob- 
tained by the above method of reduction, the multipliers will 
not satisfy this condition; more specifically, there will always 
he a multiplier 0, which is double of course. This may be 
readily seen. The Pfafflan system admits of the integi-nl 
const, in the original variables, and therefore admits 
the integral 

.^(®i yi , • • ■ , T 2 m “I" SPam) = const. 


in the modified variables. By differentiation with respect to 
the 2ffi arbitrary constants in the general solution ;r,, 
it appears that the linear relation 


dZ , , dZ 

— yarn 

dXx BXim, 


const. 


subsists for 2m linearly independent solutions y^, • • •, y^m of 
the equations of variation, and so for the most general 
solution; it is understood that dZidxi, (i — 1, • • •, 2m), have 
9i> • ■ •, 92 ot as arguments. Now if the 2m multipliers 
db^, ±^m are distinct, a complete set of 2m solutions 

yi — Put (i — !.•••, 2m) 

for = 1, • . 2m exists = — ^i), in which iJ/j are of 
period T ini. Since BZ/dXi are also periodic, substitution of 
these solutions in the linear integral relations in the yt’s leads 
immediately to the conclusion that the constants on the right- 
hand side must vanish, at least for Aj. 4= 0. But if these 
constants vanished for such a complete set of solutions, the 
constants would vanish for every solution yi, • • •, This 
cannot be the case since yi , . • •, y^m can be taken arbitrarily 
for any particular value of t* 

* It is not possible ioT^Z|^x^ to vanish simnltaneonsly for i = 1 , • ■ 2m 
along tile original motion, since the Pfafflan equations then yield 
dxJdtsziO, (i = 1, ..., 2m) which is impossible, the case of ordinary 
eqnilibtiom being excluded. 
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There is then a pair of solutions of the equations of 
variation which belong to the multiplier 0. Now 

oci — + — g>i (t) (i = 1, • • •, 2m) 

for any k defines a solution of the given equations after the 
reduction, so that by differentiation with respect to k, one 
solution of the equations of variation 

jyi 5P] ? • ■ • 1 ^/2m !P2m 

is obtained. This has periodic components and so belongs 
to the multiplier 0. On the other hand the periodic motion 
with which we start is not isolated, but varies analytically 
with the constant c in the known integral (i. e., with the 
energy constant in the Hamiltonian case). This yields the 
.second periodic solution 

“ dr. ' 

belonging to the multiplier 0. In general there will be 
no others. 

The difficulty may be turned in the following manner. 
The variable ^ may be taken as one of the dependent vari- 
ables xi, • • •, X 2 m, say as X 2 m, in the original Xi, ■ ■ X 2 m, 
space. Furthermore the variable 6 = ccam-i may be selected 
as the single angular coordinate, which increases by 2 tt when 
a circuit of the curve of periodic motion is made. The 
remaining coordinates xi, • ■ ■, X 2 m —2 may be made to vanish 
along this curve. Now let us restrict attention to those 
motions near the given periodic motion for which 

Z = c 

has the same value as along this motion. With this under- 
standing, the Pfaffian system becomes of order 2m — 1 in 
jEi, • • •, 6, and may be written in the variational form 
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•' • /*»»— 2 \ 

,.<j, ,( Xj 4 + AWi 6']dt== 0, 


to which set of equations must he added the last equation 
of the first set. But the integrand is positively homogeneous 
of dimensions unity in aii, • • •, a 4 m- 2 , so that 6 may he 
taken as parameter instead of t. Then the variational 
principle takes the form 

<J £ Xj 4 + d © == 0. 


Hence we obtain a Pfafflan system of even order 2m —2 
only instead of 2 m, in which the coefficients are periodic 
in a variable © of period 2n, and the known periodic motion 
corresponds to the origin in cci, a: 2«-2 space. 

By this second method of reduction to a generalized equi- 
librium problem, the formal difficulties referred to above are 
avoided. 

Por these reasons, in dealing with the applications we can 
restrict attention to the case of generalized equilibrium of 
stable type as above defined. 

2 . Stability of Pfafflan systems. Our starting point 
is furnished by the equations of motion, normalized to terms 
of an arbitrary degree a by means of an appropriate trans- 
formation defined by convergent series, according to the 
method of the preceding chapter. The equations are thus 
given the form 


( 1 ) 


d'pi _ dS 

dt STTi + 

dqi dJS 

dt ~ dTti + 


(i =],.'• m) 


where we may write 

. m 

S — hpjQJ Si • • ’ Ss 


(? = « or 1), 
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lOl 

in .whieh, Hk intolves only the products . sri of 

total degree kl2 in ?r<, while Li,s+i, are 

convergent power series in jji, . . whfch commence with 
terms of degree not lower than s + l, the -coefficients being 
of course analytic and periodic in t of period t. ^ 

Suppose that we write 

,(2 =.-. '^pjgj, 

J=i 

Evidently u can be appropriately regarded as measuring the 
distance of a point from equilibrium at any instant f; for, 
in term.s of the original real variables .a, ^-sm, the 

function vj* is given by a real power series in x,, •••, a^m 
which begins with a. positive definite quadratic form in these 
variables, 

2f/f. 

"■ 'O'frW “O' -f- •• •• 

for all /. whenc(‘ 

2 71I< 2 

^ ^ < II' ■ A' Z A' ' - A 0, 

J 1 J=1 

in a certain neighb(trliood of the origin. 

It is obvious then that we can choo.se .V so large that 

■ /w,« 1 1 i , I M ! ■ ; * (y 1 . • ■ • . m) 


within a sufficiently small distance of the origin. 

Multiplying the first of the partially normalized equations (1) 
by (ji, the second by pi, and adding, we conclude 


dm 

(it 


2Nn^+- 


From the definition of u, the ineqiuility 





(/ - 1 . • • • . m). 


then follows, so that 
— mN 


— >/*+! 


x- IT. 

-rr ^ 
at — 
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Jbtegrating from ^ to t, we deduce from this last inequality 


mJ tt* 


^ msN 1 1 — < 0 1 . 


Now let us ask in how short an interval of time n can 
exceed 2tto. At the corresponding t we obtain 



1 

K 

2»m« 


< msA'l t — t 


■Q |j 


whence obviously since s ^ 1 , this cannot happen for 

1 


( 2 ) 




2m8N ‘ 


Hence the minimum time interval which must elapse before 
the initial distance «o can double in magnitude is of tin* 
5-th order in the reciprocal distance. 

In this same interval of time we obtain 


drii 


dt 


whence by integration 

(3) k^-7t0j ^ (./ 1.. 

Also since ff and its partial derivatives are polynomials, 
we have 

' w 

^ — 2«+'» m 1 f — j 

(/ - 

for TTi, 7r» small. On the other hand from the normalized 
differential equations we find in this interval 


dE 

_ dE^ 

dni 

d,7Ci 


dpi , dE 
dt 


dji 

dE 

dt ' 

0 jr< 




< 2»+ijVm«+i 

(» = 1 , • • . , w) , 
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Oombining these inequalities -with the preceding set, there 
results 


dt ^ 
< 


an® 


dni 


■Pi , 


dqi 

dt 


Tti 


2»+i jv'mJ-m + 2»+< 5niVPtfJ+8 It — tg] 


tor i — !,•••, III. These are essentially the same as the 
following inequalities 




dt 




^ 2 H -1 iVaJ+i + 2*+'* m NPiip'^ I it — I 


where yt — are pure imaginary constants. The 

fact here made use of, namely that H and its partial deri- 
vatives as to 7ri are pure imaginaries, can easily be verified: 
if IH, qu (/ — 1, ■ • «i), be interchanged and B be changed 

to its conjugate in (1), these equations are not altered; but 
this means that the conjugate of Jff coincides witli its negative, 
i. e. that if is a pure imaginary function. By integration 
the above inequalities give 


(4) 


in—pte ' — "I 

2*+’ .iVng+i M — fo I + 2'^'" m B » | f I 


for i — !,•••, III. 

Now if we return to the convergent power series expressing 
if'i , • • • , .« 2 »i in terms of pi , and if we replace pi ,-“,qm by 


Pie % 


D 

(Jm 




respectively, the series obtained agree with the formal series 
solutions up to terms of the (s -1- l)-th order in the 2 w 
arbitrary constants pj, • ■ qj,. But the error committed in 
so doing is of the order of the differences appearing in (4). 
Hence if we express aii, • • •, by means of the formal 
series solutions derived from the normal form, broken off 
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afto the terms of degree « in the 2m arbitrary coiistante 
Pv •• •} committed will not exceed in nnmoricnl 

value an expression 

+ £ Wj+' U - ^0 I + I ^ - ^0 r 


during the inteiwal (2), where ^4, B, C are suitably c.hosc'u 
positive constants. 

On account of the fact that s is an arbitrary i)()sitiv(v 
integer in the above inequalities, these can be given a. still 
more simple form. Suppose that \t — /« | is even more severely 
restricted than in (2), namely to be of the order at most 
(s/3) + l in the reciprocal distance. Then the coiustitutents 
of the sum above are clearly of order exceeding .•.•/Jl in llie 
distance ito itself. Consequently if all the terms of tlu' formal 
series solutions of degree exceeding .9/3 are discarcb’d, lli(‘ 
order of the error will exceed s/3. But .9/3 is aihitiairy, wIk'ikv' 
the conclusion: 

Jf this formed seties solution of tlio i/enonil/scd Ifufliuii 
equilibrium problem of stable type is written to terms of mi 
arbitrary degree s in the initial values of the 

arbitrary constants, the 2 m trigonometric sums so ohtiiiueif 
mil have coefficients of at most the first order in u,,, mid iritl 
represent the codrdinates xx, ..., with an error of order 
at most during a time, interval of at least the recitiroeiil 
order. Here Uo reps'esents the distance tn the origin for t t„ 
in xi, Xim space. 

When written out explicitly these trigonometne sums for 
cc-i, • • • , have the real form 


-lo {Aj cos ljt-\-Bj sin Ij t) 

where 




n- 


dHO 


dni 


' ’ • -hifn 


dHO 

8 Ttff.. 


m 


vl > 


in which ii, ..., i^ are integers, and where A 4 , Bi are 
polynomials in pj, ■ . whose terms are of degree at least 
A and not more than 5 . 
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3. Instability of Pfaffian systems. In the case when 
some of the multipliers Aj are real, the situation, is entirely 
altered. If we assume that there ai’e positive and negative 
multipliers db ±4, there will be a real A-dimensional,. 

analytic manifold of curves of motion approaching the curve 
of periodic motion. Points on these curves near to the periodic 
motion leave its vicinity in a relatively short interval of time. 
More exactly, the distance will exceed 


if ito denotes tlic initial distance fi’om the motion at t — to 
and A is a positive constant less than the least positive 
multiplier. Similai'ly if t decreases the distance Uo may 
increase in a. like manner along a. second real analytic 
manifold of (uirves. 

Kvidently .such a situation is entirely different from that 
found in the stable case and is properly termed unstable. 

We shall not enter upon a d(u’ivat.ion of results of this 
sort, the Krst of which were obtained by Poincare.* 

4. Complete stability. The work of section 2 makes 
it clear that Pfaffian and Hamiltonian systems possess a 
species of completej:orma] or trigonometric stability, in case 
Ai, • • •, A„i, ‘Jtt |/— 1/t are pure imaginary quantities Avithout 
linear relations of commensurability. .Tjet us elaborate this 
concept of ‘complete stability'. 

Consider a differential system of even order 2 in, 

(5) dfCCil dt , ■“*, a,!,,,,, jf) (?* 1 , 

for which the origin is a point of generalized equilibrium. 
Suppose that for t = the point a;® is at a distance s from 
the origin. Let T be any fixed time interval, / any positive 
integer, and Pa {xi, • • •, xzm, t) any polynomial with terms of 
lowest degree s in the coOwlinates and with coefficients 
analytic and of period r in f. If then it is possible always 

"■For some of the fundamental results see Picard, Traiti d' Analyse, 
toL 3, chap. 1. ~ 
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to approximate to Pg for \t — <o| ^ T 'with an error less 
numerically than 

Jf «/+»+! 

ty a trigonometric sum of order N 

N 

2(AjC6sljt-\-Bj^ljt) (|// — Zy|>Z>0), 

;=o 

vhere M, N, I depend only on f and Pa, and where lo = 0, 
the equations (6) will be said to be ‘completely stable’. 

As a very simple example consider the pair of equations 

dxjdt — JcXi, dxjdt —■ — It-xi, 
of which the general solution is 

. aji = AcosZct + ^sin/ci, a;* — — Asinkt-\-BcQfikt, 

so that the coordinates xi, Xa are represented by trigono- 
metric sums of the first order. Any polynomial Pa of degree 
^ s can also be exactly represented by a sum of order A' 
not exceeding 2’’*'^^. Hence the conditions of the definition 
are satisfied. 

The results of section 2 shoiv that in the case of Hamiltonian 
or Pfaffian systems, there will he complete staUlity if there is 
ordinary stability as defined earlier. 

This is obvious since the diflerences h — Ij which enter 
in the trigonometric sums of section 2 are nearly given by 
a certain limited number ^ integral lin ear c ombinations of 
the jw + l quantities — i, • • •, Xm/V — 1, 2nh, and no 
such combination vanishes. 

. In case of complete stability, the solutions of the normalized 
equations of variation (chapter HI, section 6) are limits of 
trigonometric sums of the specified type, and are trigonometiic 
by the lemma on .trigonometric sums of sections 6,6. Hence 
the multipliers are pure imaginaries. 

It is important to establish, that this definition of com- 
plete stability is independent of the particular coordinates 
• • • , selected. In fact, suppose that the given system 



IV. STABILITY OF, FEHIODIC MOTIONS 


is completely stable. Let us make the admissible change of 
variables 

Xi = ^ , xzn, i) («■ = 1, • ••, 2»j) 

in which are analytic in »!,•••, jcam, t, vanish at the 
origin, and are such that the determinant \d 9 ildxj\ is not 0 
there, while the coefficients in yi are analytic periodic func- 
tions of t of period T. Then the two variables 

and 

evidently serve equally well to measure the distance from 
the origin at t U, since we have 

0^d<7h<I) 

in the neighborhood of the origin. 

Now consider any polynomial P» (5i, • • •. oc-im, t) whicli can 
obviously be written 

0 " 1 “ (-^‘1 1 • • ' » 0 

where F* is a polynomial in a"i , • • • , .raw with teims of lowest 
degree s while Q is given by a power seiies commencing 
with terms of degree at least /+ s + !• It is clear that the 
polynomial P* can be represented by a trigonometric sum of 
the specified type with an error of order /+sH-l in s, by 
the condition for complete stability, while it is clear further- 
more that Q is of order Hence it is plain that 

P«(»i, • ■ ie'zm) can be represented by the same trigonometric 
sum in the desired manner. This establishes the complete 
stability in the new variables. 

The mere fact that the multipliers of the system of 2 m 
equations of the first order fall into pure imaginary pairs by 
so 'means ensures complete sta]iility in the above sense. 
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A sufficient^: ample: example is furnished by the pair of 
equations 

d'xiAt ='ky-)rx{,x^-\-y^), dyldt — ~hx-\-y{a?-]ri/)t 


in i which & is ppsitiye, and the fundamental period is taken 
as 2 nr.! The mnltipliers are then pure imaginaries, namely 
1. But if the first of these equations be multi- 
plied by 2a:, the second by 2y, arid the two equations so 
modified be added, there results 

dnhlt = 2 it* 0? — 

whence, by a further integration 

_ Mo 

1 — 2M.o(t — /o) ' 

But, if there were complete stability, it would be possible 
to find a fixed integer N so large that, for some constant K, 
the inequality 


held, in which represents a trigonometric expression of 
order N of the specified type ; this follows from the fact that u 
is a homogeneous polynomial of the second degree in x and y, 
while iio is the squared distance f*. This inequality may be 
written 


•« — Vg Sn —• Uo 

M'o 


^ Kih. 


Now let approach 0. It is obvious that 


lim 

ttj = 0 


U — Wo 


«; 


2 


We infer then that 


lim 

«,=o 


Slf Mo 

< 


2it-to). 

= t — to. 


But the expression on the left is a trigonometric- sum of 
order at most JV of the sperified form, and approaches its 
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limit uniformly. Consequently by the lemma on trigonometric 
sums considered in sections 5, 6 , the limit of this sum is 
necessarily a sum of the same type. However it is impossible 
that 2 (< — to) should be so represented. Hence in this case 
there is uot complete stability. 

The condition that the multipliers be pure imaginaries has 
been seen to be necessaiy for complete stability even if not 
sufficient. Henceforth we shall assume that, if the m pairs of 
pure imaginary multipliers be denoted by 
there are no linear coramensurability relations between 
Ai, . . .', Z.„i and 2/r Of course by so doing 

certain exceptional cases are excluded which require further 
study. 

For complete stability an infinite number of conditions 
besides that of pure imaginary multipliers will be found to 
be requisite. 

5 . Normal form for completely stable systems. 
We have already seen that Pfaffian and Hamiltonian systems 
of equations possess the property of complete stability, in 
case the characteristic numbers are pure imaginaries. It 
becomes a very interesting question to determine the most 
general case in which there is complete stability and to find 
the characteristics of motion near generalized equilibrium in 
this case. This we shall do by establishing a suitable normal 
form for equations of completely stable type. 

Since the multipliers ^ 1 , are of the stated type, we 

may transform the variables xi, Xam to pt, •••, g™ by 
a linear transformation so that the transformed system is 

4pildt~ — hpi-\-Pi, dq^it dt = (i=l, •••,»») 

with Pi, conjugate, and P<, Qi beginning with terms of at 
least the second degree. 

Now change the variables once more by writing 

+ = ® + (« = 1 , •••> «»)• 
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It ia readily, fouad that the equations preserve their form, 
■with the new Pi,Qi having homogeneous quadratic terms 












respectively. On inspectiag these terms and making use of 
the incommensurability of the multipliers, it appears at once 
that these new expressions can be made to vanish in one ' 
and only one way. In fact let 

P(<)p“> («! = 2 

be such a term in P< while the corresponding term in fit 
has a coefficient f{t). By comparison there is obtained the 
differential equation for f 

-P(t) + (“J— A/ — y + == 0, 

which can be satisfied by a periodic function f of period c 
unless the coefficient of y is an integral multiple of 
27rV — 1/t. This is not possible because of the hypothesis 
of incommensurability. Moreover the periodic solution is 
unique (cf. chapter HI, section 9). 

Thus all of the second degree terms in Pi, Qi may be 
removed. 

By a precisely similar method aU of the third degree terms 
in Pi, Qi may be removed by a further transformation 

Pi = Pi-h fiB} 2< == 2< + ^<8 (i = 1 , • • •, ?w) 
except when the analogous coefficients 

m . ' m 
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vanish. Such exceptional terms mil have the form 
Pii)PiPJQj, QH)QiPjqj 0 ' = 1 , 

But even in these terms the functions sp, ip may be so selected 
as to make the new coefficients, namely 

PiO+% «(0+^, 

reduce to constants (cf. chapter III, section 9). Hence we 
may normalize Pi, Qi so that 

Pi = Pi ica Pi qi-\ h Cm Pm ffm) + • • • , 

Qi = qi (dii Pi qi-\ h Pm qnd 

where the complete terms Pa, Qa of the third degree appear 
explicitly written in the right-hand members. 

Our next step will be to show that in the event of com- 
plete stability we must have the further relations 

qi Pm “ 1 ” pi Qii 0 1 , ■ * *, 

i. e., dij = 0, (i,j = 1, • • •, to). In order to establish 
this fact we employ the following lemma which is almost 
self-evident: 

Lemma on trigonometric sums. If a sequence of trigono- 
metric sums of the type 

N 

2 Uj (iosljt-\-Bj sinZ; 0 (U< — i!j| >Z>0), 

J=o 

with N, I fixed while A 4 , Bi, U vary except that = 0 , 
approaches a limit 91 (f) uniformly in some interval, then y (f) 
is itself a trigonometric sum of order at most N in this 
interval. 

The proof of this simple lemma is deferred to the follow- 
ing section. 

; I C/onsider the quadratic polynomials pi qi in the coordinates. 
We find from the given equations i 
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m 


d(piqi)/dt = qiPa-hpiQia-\ , ('/ — 1 , •••, m), 

where the terms not explicitly indicated are at least of the 
fifth degree, and where the terms written explicitly are 

Pi qi [(c<i + di^ ffl + • • • 4“ (fiim 4" din^ Pm qip\ 

{i = 1, ■ . m). 

We desire to prove that these terns vanish identically. 

Now the dijfferential equations above lead at once to the 
inequalities 

\dTCil(lt \ ^ Kini-\ {ni—-piqi) 

for * = 1, 2, . • • , m , where ui, are, of course positive 

or 0. Erom these last inequalities it follows that we hav(' 

|rf «/V7ii!| < niKu^ iu -- ^ nn, 

\ Jr- 1 / 

and thence 

j « — Mo i ^ 4 »n Kti^ 1 ^ — /o I 2 m K Tu^ 


for any given interval of time 1 1 ! — | ^ T, provided that ?/,, 
is sufficiently small. This follows by the methods of section 2. 
Hence — «o is of the second order in mo throughout this 
interval, while tlie inequalities for dniJclt show that 
is also. Thus 

qiP&-\-piQn, 


which is a quadratic polynomial in ni, ■■■, itm, differs from 
its value at t = <o by terms of the third order in uo, and 
the differential equations above give 


d/cj 

dt 




< Liif 


By integration there results 


(i = 1, m). 


in 


I — 71® — (gO PO -I- j)“ <4) (t — I , ^ P Tuf 


the interval under consideration. 



m) 
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Suppose DOW that we wiite 

ft =■-"- “/«) g? = (i = 1, . . • , m), 

being m arbitrary pairs of conjugate imaginaries, 
and suppose that the positive quantity e approaches 0. The 
inequality last written in which tio is to be regarded as 
a constant multiple of shows that we have 

where the limit is approached uniformly in the interval under 
consideration. On the other hand can be approximated 
to by a trigonometric sum of the specified type to terms of 
order e® in this interval, and consequently (/r^- — 7 r®)/«* can 
be. approximated to terms of order e. Thus the left-hand 
member is the uniform limit of a trigonometric sum having 
the properiies specified in the lemma, and must therefore 
itself be trigonometric. This can only be true if the sums 
cy + fiy vanish for all values of i and y, as we desired to 
prove. 

Thus we have to terms of the third order for i = !,•••, m, 


dpiltl t • 

—pi 2 i-iJlV fJj\ + 


L j=i J 


r » ] 

dqi/dt ----- 

pi '‘‘j S’; j + 


Evidently we have begun a process which enables us to 
remove terns of higher and higher degree in Pi, Qt except 
for terms with factors pi, qi respectively, and coefficients which 
are polynomials in the m products pi qi, one being precisely 
the negative of the other. 

Any completdy stable system of equations (5) may he reduced 
formally to the normal form 

(6) d tit dt~ — Mi dqijdt = MiHi (i = 1, • • • , m), 


8 
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where Mi, • • •, Mm are pure imaginary potver series in the m 
variables hi Vi, *• e-, 

m. 

Mi = Xi — • • • (?■ --■ 1, • • •, in), 

and h, Vi conjugate pairs of variables. 

Conversely, if any set of equations have this normal' form, 
the argument qf section 2 is available to show that there is 
complete stabUity. 

6. Proof of the lemma of section 5. Let us consider 
a sequence of trigonometric sums ip (f) of the type prescribed 
in the lemma to be proved. For such a sum we have 

where D indicates ordinary differentiation with respect to t in 
the symbolic differential operator on the left. Direct integi-ation 
2 iV+l times gives 

where P(t) is a polynomial of degi’ee at most 2iV. 

Now aU of the k exceed I in absolute value, for by 
hypothesis 

It is clear then that, by suitable choice of a sub-sequence 
ipit), the reciprocals mi—lHi, which are less numerically 
than Ml, will approach limits with |w|'| ^ 1 /i. Any 
two of the quantities will be distinct unless both are 0 
of course. Now divide both members of the above integral 
equation by the product ^ • 2?^, and pass to the limit. 

Since rp approaches y uniformly, we obtain at once 

(jnmfjy-H... +£-.-J%if)d£^=Q(.t), 
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where Q{t), being the uniformly approached limit of a 
sequence of pol 3 Tiomials P(<) of degree not exceeding 2N, is 
itself such a polynomial. This leads at once to the conclusion 
that 5 P satiafles the linear differential equation with constant 
coefficients 

i;* 4- 1) • ■ • Kv P* + 1)] = 0 , 

with general solution a trigonometric sum 

X' 

Vg + ^ [Cj COS (t/mp + J)j sin (f/nij')] 

Avhere the sum is only extended over those values of j for 
which mj is not 0. Hence y is of the stated ‘type. 

7 - Reversibility and complete stability. It would 
he possible to show further how intimately the variational 
l)rincii)le and the requirement of complete stability are inter- 
related.t In.stead 1 prefer to follow another direction of 
thought in order to show that the requirement of complete 
stability is also very intimately connected with that of re- 
versibility in time of the given differential system, provided that 
the ordinary definition of reversibility is suitably generalized. 

We shall say that a system (5) with generalized equilibrium 
l)oint at the origin is 'reversible’ if when t is changed to 
— t the system then obtained is equivalent to (5J under the 
formal group. 

By this change of sign of t, the multipliers A/ are changed 
to their negatives — A,-. Hence it is obvious at the outset 
that in the reversible case of even order, these multipliers 
are grouped in pairs, each member of a pair being the negative 
of the other. We are primarily interested in the case when 
these multipliers are furthermore pure imaginaries and with- 
out linear commensurability relations. For this reason we 
shall assume that these conditions for first order stability are 
satisfied. 

t See my paper, Stability and 'the Equations of Dynamics, loo. dt. 

8 * 
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It is clear that this definition of reversibility is independent 
of the dependent variables employed. Hence if we have 
a completely stable system to begin with, we may take it 
in the normal form (6). The change of # to — t gives 
a modified system, 

flSi/dt = Mi ^i, dfiildt = — Mifji (■/ = !,•••, tii) 

where we introduce the dashes to avoid confusion. But it 
is possible to pass from one set of equations to the other 
by the aid of the transformation of the formal group 

‘^i = Vi — (i — 1,' • ••,' w). 

Therefore 'if there is stability of the first m'der, a netiessary 
condiUon for complete stabiliti/ is that (5) is reversiUe in the 
sense of the aibove definition. 

It remains to prove that this simple necessai'y condition 
of reversibility, together with the requirement that the 
multipliers are of the prescribed type, is also sufficient. 

The same process of normalization used in section 5 lead-s 
us to the nomal form of more general type 

(7) d^i/dt ~ TJi^i, dvi! dt = ViVi {i = 1, 

where U{, Vi are functions of the m products hvti ■ SmVm- 
with initial tenns ii, — If respectively. This may be obtained 
without the hypothesis of complete stability. 

Now if we change t to — t these normalized equations 
become 

(8) d^dt —UiSi, dvi/dt = —ViVi (i = l,---,m). 

These are to be equivalent, by hypothesis, to the original 
equations (7). It is to be observed that the equations (8) 
are the same in form as (7) save that the roles of and Vi 
are interchanged, while — Ui, — Vi take the place of Vi, JJi 
respectively. 

But it is readily proved that the most general transformation 
preserving this normal form (7) is of the type 
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(9) ^ifij Qi 1? * * 'j ^)) 

where fi and //j are arbitrary power series in the iw products 
?i Vi> • • •> lacking constant terns, and with co- 

efficients independent of f. 

The fact that these ti’ansformations do preserve the normal 
form is obvious upon direct substitution. In the first place, 
we note that the inverse relations are of the same type 



i! 

II 


• , 111) 

with 






Ji hi 

(jih == 1 

(i = 1 , • • 

• , m). 

Hence we find 






d ^iUlt 

- u-. 'h 



where 






hiUi+ 

J 1 

! (f6-+ »v) '^j ^j\ 

(Ui = 


t()^2:etlier witli like expressions i 

twdrii/dt andy/. 

, for i ■--- 1, 

•••• Hi. 

111 oi'dor to 

establish the 

fact that this 

group of 

trails- 


fonuatioiis is the most general preserving the normal form, 
W(i shall lu'oc.c'od step by step. 

doiisider tin; terms of the first degree in any such series 
for ?/, tji. These may be written 

a'§i-\-hi]i, eh-}- till 


respectively, so that we must have, for instance, 




} 


if the normal form is to be preserved to terms of the first 
degree only. Hence we infer that 6 vanishes and a is a con- 
stant. Similarly c vanishes and is a constant, conjugate 
to a. 



118 


DYNAMICAL SYSTEMS 


Of course this means that the transformations from 
to h, are of the specified form as far as the first degree 
terms are concerned. 

Hence the most general transformation which preserves 
the normal form may be obtained by the composition of the 
special linear transformation of the group 

ah, — dtji ('/ — m), 

and a transfomation of the form 

?« = ?< + M, IJi — 

in which Fi, &i begins with terms of at least the second 
degree. 

Denote the quadratic terms in Ft and &i by Ffi and On 
respectively. Thus we have to consider 


+ , IJi — ■ (v - 1. • • «/) 

with inverse transformation 

h = h — Fi2-{- • • Vi = — Gfi-\- • ■ • (■/ -- 1 . — Mi), 


in which Fiz^Ois are merely Ftz, On respectively with h, V/ 
replaced by h, ^li respectively. We are to determine what 
is the most general form of Fn, On which can preserve the 
normal form. Now we have 



= Uih 


Mk-f- ... 

dt 


for i = 1, ..., m, whence by comparison of second degree 
terms 




\ I 8^0 


dt 


— 0 (i = l, ...,«i). 


The constituent terms which may occur in Fn ean be dis- 
cussed by the methods of section 6, and this leads to the 
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conclusion that Fa must vanish. Likewise Ga is found to 
vanish. Thus the transfoimation has the stated form to terms 
of the second dcgi’ee inclusive, and it is necessary to con- 
sider next a transformation 


ii ii-\-Ffy-{- • • •, fji • • • (? — 1, • • •, m) 

with inverse transformation 

h — i^/8 + • • • ) Vi “ VI — ■ (i = 1, • • . , m). 


Here we are led to m equations 


-XiFi»+Z^J 


^Fi-\ 


dFjn 

-Vj .- — 

^VJ 


^Fi» 

O: ^ 


AVi2 

m), 


where A Un denotes the difference between the second degree 
components of V-, and Ut, when hv\^ replace 

•••, iviVm ^^i- ^ ^ linear function of 

these Hi products with constant coefficients. But the method 
of section 5 shows tlien that Fin contains a factor ?/ in every 
term, these terms being of the form 

m 

('ij “ 1 > * * ' > ^)* 

J 1 

Of course (Jm has a corresponding similar form in which rji 
appears as a factor. 

It follows that the transformation has the stated form to 
terns of the third degree inclusive. But then the most 
general transformation can be expressed as one of the specified 
group followed by a further transformation 


h “ “1“ Fu H“ • • • » 4" ■ • ■ ii — Ij • ■ • j Wl), 

and we can continue the above method of treatment to the 
terms of fourth degree and of all higher degrees. Thus we 
arrive at the conclusion desired that the most general type 
of formal transformation preserving the normal form is given 
by (9). 
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It remains to consider in what cases it is possible to pass 
from (7) to (8) by a transformation of the type (9), whore 
now we shall introduce dashes so _as to distinguish the two 
sets of variables and If we write 

Ui — ~ Vi I Wi — XJi-\- Vi, we obtain the two 

associated sets of equations in wi, and 

( 10 ) duildt — TTf (tti, • • • , iim)ui (i — !,•••, iii)> 

(11) duildt — — Wi(Mi, • • •, (i = 1 , •••, wi), 

while we have the relations 


(12) Ui — ztiAi(tti,.--,M»)7t/;(?«i, = m^7/(m.i, •••, ?/,») 

(i = 1, m). 


Furthermore the constant term in h is Qi, a real positive 
constant, for reasons given above. It is very easy to slutw 
that it is impossible that (10) and (11) are related by (12) 
unless Tfi = 0. 

To begin with, we recall that XJi and Yi have constant 
terms which are the negatives of one another. In consequence 
Wi starts off with terms of positive degree r in ui, ■ ■■, 
the aggregate of which we designate by Wir. If we perform 
the indicated change of variables, we obtain the identities 


duj 

dt 


— Qi Wir^Ql • • •> (fm il»i) Ui-f" • • • 

= Wir (ui , • • • , itm) Hi " 4 " • • • , 


in which only the terms of lowest degree ?’ + 1 are explicitly 
indicated. Hence we obtain by comparison 


Wiriltlf • • •, Wm) WirifixUi, • ■ QmUn^ — 0. 


But consider some term of Wir, say 


CiUl 

This identity yields 

Ci(l -|- ?!**’ 




(aiH t-«m = r). 


a = 0 
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which is impossible for a 4 0. Hence every term of Wir 
must vanish, which is contraiy to assumption. In consequence, 
we must have Wi - 0 , (i 1 , . . • , m) . In other words the 
requirement of reversibility necessitates that the normal form 
(8) has the special property characteristic of the ease of 
complete stability. 

Jf there in stahility of the first arder, reuei'sibiUty is a 
siifju^ient condition fur complete stahility in the yeneralked 
equilibrium prohhm. 

Tlie case of ordinary (apiilibrium is of course still simpler 
than that of generalized equilibrium, and the results are 
(mtiroly analogous. 

8. Other types of stability. We have already defined 
stability of the first order, and complete or trigonometric 
stability. It wsis proved in section 2 that, for the equations 
of dynamics (taken as of Hamiltonian or Pfaffian type), first 
order stability necessitatc'd complete stability. Other types 
of stability also possess interest. 

In the first place as of the greatest theoretic importance 
may be mentioned ‘iiermanent stability’, for which small 
dis])hicements from ecpiilibriuni or periodic motion remain 
small for all time. This is the kind of stability of ordinary 
eciuilibrium when the ]iotential energy is a minimum. The 
. equations of dynamics are of the type for which this stability 
mmj obtain, although in general the problem of determining 
whether or not it does obtain is one of extraordinaiy diffi- 
culty, and constitutes the so-called ‘problem of stability’. 
Thus far the problem has only been solved when a known 
convergent integral guarantees such actual stability of per- 
manent type. 

Another type of stability is that in which these displace- 
*ments remain small for a very long interval of increasing 
and decreasing time. A sufficient condition for such ‘semi- 
permanent stability’ is the existence of a formal series integral 
starting off with a homogeneous polynomial of least degree 
constituting a definite form in the dependent variables. It 
seems likely that a slight extension of this sufficient condition 
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will turn out to be necessary. Complete stability necessitates 
semi-permanent stability of course. 

Finally a type of ‘unilateral stability’ in which the dis- 
placements remain small for t>0, and in general tend to 
vanish as t increases indefinitely, has been considered by 
Liapounoff and others.* It is easy to demonstrate that if 
the m multipliers possess negative real parts, this kind of 
stability will obtain. Furthermore it is necessary for this kind 
of stability that none of these real parts are positive. In the 
ease of the equations of dynamics, however, the real parts 
of the multipliers can not all be negative, since with every 
multiplier is associated its negative. Thus the only possi- 
bility of unilateral stability in dynamics is seen to arise 
when the multipliers are pure imaginaries. In this case th(‘ 
proof of unilateral stability would lead to the proof of per- 
manent stability. 

Thus for the problems of dynamics the important types 
of stability are complete or trigonometric stability, and the 
permanent stability mentioned above. We shall recur Ihter 
(chapter VIII) to the important problem of stability concerned 
with the interrelation of these two types. 

See, tor instance, Picard, TraiU d’Analyse, vol. 8, chap. 8. 


CHAPTER V 

EXISTENCE OF PERIODIC MOTIONS 

I. Role of the periodic motions. The periodic motions, 
inclusive of equilibrium, form a very important class of 
motions of dynamical systems. It will be onr principal aim 
in this chapter to consider various general methods by which 
the existence of periodic motions may be established. In 
the next chapter a deeper insight into the distribution of 
the periodic motions is obtained for dynamical systems with 
two degi'ees of freedom. Such systems are of the simplest 
non-integi‘able type. 

The ease of a single equation of the first order presents 
no interest. If the equation is 

da-ldt 

there will clearly be equilibrium for roots of A — 0, while 
for all other motions there will either be asymptotic approach 
to one of the equilibrium positions or indefinite increase of 
|.r|. Here the equilibrium positions play the central role. 

For the case next in order of simplicity there are a pair 
of equations of the first order. Here the geometric methods 
of Poincar^* yield the qualitative characteristics of all possible 
motions, and it is found that the equilibrium positions and 
periodic motions play the central role. The next following 
section will be devoted to an example of this type. 

When we restrict attention, however, to a pair of equations 
’“of Hamiltonian or Pfafflan type (corresponding to a single 
degree of freedom), there is the special circumstance of an 
energy integral. Here we assume that the time t does not 

* Sea hia paper 8\tr Itt cowieg denies par une iguation dyffiSreniiellef 
Journal de MathSmati^ues, erer. 8, -vol. 7 (1881), vel. 8(1882), ser. 4, yoI.1 
(1886), vol. 2 (1886). 
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explicitly appear in the equations; the case when t is in- 
volved as a periodic variable is propei’ly to be regarded as 
of the same 'degree of generality as that of two degrees of 
freedom. If we represent the two variables p, qhy points 
in the plane,* the curves of motion will pass one through 
each point and can only form closed curves or branches 
open toward infinity in both senses. The corresponding 
families of periodic motions and unstable motions constitute 
the totality of motions, except that certain of these curves 
may contain one or more equilibrium points, in which case 
there is asymptotic approach to equilibrium in one or both 
senses. 

In the case of dynamical systems of more complicated type 
it is not clear that the periodic motions take an equally im- 
portant part'. For dynamical systems with only two degrees 
of freedom, such as are considered in the next chapter, it 
is, however, almost certain that they continue to play a do- 
minant role. In more complicated cases of still more degrees 
of freedom, the recurrent motions, introduced in chapter VJI, 
are perhaps to be regarded as the appropriate generalization 
of the periodic motions, and so likely to become of considerable 
theoretic importance. 

2 . An example. The example aUuded to in the preceding 
section is concerned with the rectilinear motion of a particle 
in a field of force of general type. 

More exactly stated, we consider the motion of a particle F 
of unit mass which moves in a line subject to a force f{x, v) 
dependent on its space coordinate x and its velocity u.t For 
the sake of definiteness we shah assume that there is one 
and only one possible position of equihbrium in the line of 
motion, and that the motion under consideration is stable in 
the sense that, for i > 0, a; and v remain limited in absolute 
magnitude. 

"‘It iB conceiTahle that are codidinates on a more oomplioated 
surface, tut we will refer only to the simpleBt case here. 

fFor an outline of the treatment here giyen see my paper, StabiUiA 
ePeriodiciti nella Dmgmiea, Periodioo di Matemaidohe, ser.A, toL B (1926). 
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The usual form for the equation of motion is the single 
equation 

d-.rldt'^ = f{x, dxldt), 

where f is a known function which we shall assume to be 
analytic in the two variables involved. On taking the point 
of equilibrium at x = 0 we have fm-thei- 

/((),0) = 0; /(a;,0) iO if 

Write dxJdt ■---■■ tj and replace the above equation of the 
second order by the equivalent pair of equations of the first 
order 

dxldt = !j, dyhli = 

These are clearly a pair of equations of the type to which 
the existence and uniqueness theorems apply. 

If we take x, y as the rectangular coordinates of a point Q 
in th(i i)lane, the possible motions of the particle correspond 
to analytic, integral curves, filling the x, y i)lane, for which 

dyhlx --- ./■(•'/', ;'/)/y- 

The only i)oint curve is the origin 0 which corresponds 
to equilibrium. The other curves have everywhere a con- 
tinuously turning tangent, since not both dxjdt and dy/dt 
vanish except at the origin. Moreover it is only along the 
X axis that the slope is 
infinite. 

Consider now the parti- 
cular integral cui’ve coire- 
sponding to the given 
stable motion. Let Qo (see 
figure) be the point of this 
curve which corresponds 
to # = 0. For definiteness 
we assume Qo to lie in 
the upper half -plane; the 
modifications in our statements necessary to make them apply 
if the point Qo lies in the lower half-plane are obvious. Since 
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dxidt — y \& positive as long as the point Q on the integral 
curve fails to cross the as axis, Q moves continually towards 
the right as i increases from 0. 

But by hypothesis the point Q lies in a square of sides 
2Jlf with center at 0 and sides parallel to the axes. 

Hence, while t increases but remains less than any time 
corresponding to a crossing of the x axis, x, which is also 
increasing and bounded, must approach a limit x. 

If i approaches a finite limit t SiS x approaches x, then 
by the existence theorem the motion can be continued further, 
but of course not with y>Q according to the definition of i. 
Hence in this case y must be 0, and the curve crosses the 
X axis at (®, 0). It is to be noted that x cannot be zero. 
Else we should have two solutions, namely the given solution 
3^(0} siQd also X — Q, y = 0, both of whmh satisfy 
the initial conditions a: = 0, = 0 at f = f, and this 

would contradict the uniqueness theorem. 

If # approaches an infinite limit as x approaches x, we 
may show that {x, y) approaches (0, 0). If possible suppose 
the contrary to be true. It is apparent that, inasmuch as ,/■ 
continually increases but remains less than M in absolute 
value while y also remains less than M in absolute value, 
the point (.r, y') either approaches a point {x, y), or a 
strip (^, y) where yQ^y< yt. 

But this second possibility would clearly require indefinitely 
large curvature * of the integral curve near yo) and 
{X, yi), given by 

“ . 

(where Jx, fy denote partial derivatives), and an indefinitely 
small value of This necessitates of course that 

VoiVi vanish, contrary to hypothesis. 

Hence y must approach a value as f approaches infinity. 

Now clearly the arc length 
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will become inflnite with t unless {x, y) approaches (0, 0), 
and indefinitely large arc length would also imply indefinitely 
large curvature. 

It follows then that either Q approaches the origin 0 lirom 
the left as t becomes infinite, or that Q crosses the axis at 
some point Qi = (xi, 0). 

In this second case it is obvious that the point Q, on 
crossing the ./■ axis at Qi, starts to move to the left. By 
the argument employed above, will either continue to move 
to the left and approaeli 0 as t. becomes infinite, or it must 
cross the x axis again at Qi = 0) for the second time. 

The point Qi must, however, lie on the opposite side of 0 
from Q[ in this case; otlierwise f(xi, 0) and fix^, 0) have 
the same sign, and the ])oint Q would move downwards 
at Qi as well as at Q,. It is seen tlien that Qi falls to the. 
right of 0, and Qi to the left of 0. 

In fac.t it follows always that Q^ is to the right of 0, for 
if Q lies to the left of (), the particle cannot approach 0 
att(ir passing since it then moves to the left. Thus a 
l)oint (^a would fall on the same side of 0 as Qi. 

By repeating this argument indefinitely, we either airive 
at a finite number of crossings Qi, Qi, ■ • Qn, alternately 
to right and left of <), after the last of which Q appro- 
aches 0, or we find an indefinite set of points Qi, Qi, 

Prom the nnalym situji of the figure it is apparent that 
the integi’al curve must either expand away from 0 towards 
a limiting oval about 0; or must form such an oval; or 
must conti’act towards such an oval (like that indicated in 
the figure) ; or contract towards the point 0 itself. Of course 
the curve cannot touch or cross itself, by the elementary 
existence and uniqueness theorems. 

Hence we have the following types as the only possible 
ones for a stable rectilinear motion of a particle in a force 
field with single equilibrium position; 

(a) The particle oscillates indefinitely often back and forth 
past the equilibrium position with expanding amplitude, and 
approaches a periodic motion asymptotically. 
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(b) The particle oscillates periodically about the equilibrium 
position. 

(c) The particle oscillates indefinitely often back and forth 
with decreasing amplitude and approaches a periodic motion. 

(d) The particle oscillates back and forth a finite or an 
infinite number of times and approaches the equilibrium 
position. 

(e) The particle is in the equilibrium position. 

A very clear idea of aU the possible motions of the jiarticle 
under an arbitrary law of force of this type is readily ob- 
tained, on the basis of the above discussion. 

Let us consider the ordered set of distinct closed curves 
in the x, y plane corresponding to the periodic motions. All 
of these must evidently enclose the origin which can i)ropei'l.v 
be regarded as the innermost curve of the set. 

Any other curve of motion may lie between a pair of 
the periodic curves in which case it will continue between 
them always and so be stable. The particle then approac.lu's 
one of these enclosing periodic motions asymptotically as / 
increases indefinitely and the other as t decreases indefinitely. 

In the only alternative ease the curve will lie outside of 
the outermost curve of the set of periodic motions, and will 
clearly be stable in one and only one sense of time t and 
will approach the con’esponding periodic motion a.symptoti- 
cally in this sense. 

3. The minimiun method. Suppose now that we have 
a Lagi-angian dynamical problem, 

(51 = 5 V^Ldt = 0 , 

where L is a function of the space coordinates q^, ..., 
and of the velocities q[, qin, being quadratic in these 
last variables. There is an integral of energy, namely 

Li — Lo = const. 

By adding an appropriate constant to Lq, we may assume 
that the arbitrary constant vanishes for the given motion. 
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AVe propose to simplify the given problem by making use 
of the integral of energy which may then be written 

Li — La = 0 . 

As has already been seen, it is possible to give an alter- 
native variational formulation of the problem 

d (It -- 0 

(see chapter II, section 3), in which the integrand is pos- 
itively homogeneous of dimensions unity, so that the value 
of the integral is independent of tlu' parameter t employed 
along the path of integration. 

Now the underlying variables herci are tfu •••. (/«,. But it 
is not important vvliich particular set of variables is employed, 
sinc(i an arbiti-ary one-to-one, analytic transformation does 
iKtt alfect the validity of the variational i)rinciple. It is 
important, how(n’(n'. to r(‘quire that the sots of coordinate 
\'alues f/,. •••. f/«,. Form a certain analytic manifold M of 
known c.ounec.tivity. .Acc.ortlingly we assume that the co- 
(‘t'licients in L are analytic in th, •••, t],,,. over this manifold 
when 7 ,, •••, 7 , 11 . are properly chosen. Let us fuithermore 
assume that A La L^ — Ia, which is a homogeneous quadratic 
i'onn in tlui velocities, is a positive definite form. The 
c.xpr(wsion Lq /j^ df may be considered as the clement 

oF arc on tlu^ ‘characteristic surface’ M. 

Led. / denote any closed curve in M which cannot be con- 
tinuously defonned to a point. Here M is taken to be 
multiply connected in the sense of linear connectivity. 

Suppose further that under such defomation the integral 1 
taken around the curve I increases indefinitely if I does not 
remain wholly on the finite part of the manifold, and also 
that 1 exceeds a certain positive constant Jo for any choice 
of 1. There will then be a positive lower bound for J along 
these curves. 

It is intuitively apparent that this bound will be attained, 
and will yield a closed curve corresponding to a periodic 


9 
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motion. We shall not attempt here to enter any of the 
logical details but merely to state the result.* 

GHvm a Lagrangian dynamical problem of this type ivith 

L = Lo ”h "f" ? 

and such a circfuit I not deformable to a point on the charac- 
teristic surface, then, for the prescribed value c of the energy 
constant, i. e., of 

Li — Lq ==■ c , 

there exists aperiodic motion of the same type as I for which 

/ = X(21/(5T c) Li “ 1 “ ii) d t 
is an alsohite minimum. 

If Lx = 0, so that {he problem is reversible, the intof/ral 1 
becomes the arc le/ngUt s on the characteristic surface, and the. 
periodic motion corresponds to a closed geodesic of the ghxni 
type. 

In the case of two degrees of freedom {m — 2), this ininimuni 
method jdelds only those periodic motions of unstable type 
for which the two non-vanishing multipliers are real.t Doubt- 
less analogous results hold for any number of degrees of 
freedom, and can be obtained by means of classical methods 
in the calculus of variations. 

If the energy constant c varies, it is almost obvious that 
these periodic motions of minimum type vary analytically. 
Here is an instance then of the analytic continuation of a 
periodic motion with variation of a parameter (see section 9 ). 

4 . Application to symmetric case. There is one case 
in which the direct application of the minimum method fails, 
namely that in which there is no circuit I on the characteristic 

* Of. my paper, Dynamical Systems with Two Degrees of Freedom, 
Trans. Amer. Math, Soc., vol. 18 (1917), where the minimum method is 
developed more fully, and the important antecedent papers by Hadamard, 
Whittaker, Hilbert and Signoriui are referred to. 

t Of. my paper (loc. oit), section 14. 
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sm-face not reducible to a point. It is interesting to observe 
that even here a slight modification of the minimum method 
may be applicable. This wiU be possible in those cases when 
the dynamical problem is ‘symmetric’, in the sense that the 
points of the characteristic surface may be grouped in distinct 
symmetric pairs, such that I has the same value along any 
carve and along its symmetric image. When this property 
is satisfied and the coordinates ft, • • ■ , g«i of each point of 
a pair ai’e tiiken to be locally the same, then Lo, Li, Li are 
also the same at symmetric points. 

To illustrate the idea involved, let the surface M be thought 
of as lying in ordinary space, and symmetric in the origin 
(but not passing through it), so that if x, y, z are the co- 
ordinates of a point of M then —x, — y, — z are the coordi- 
nates of the symmetric point of M, Of course M is taken 
to be connected and as having the properties previously 
specified; in particular, M may be a convex surface symme- 
ti’ical in the origin. The integral I may be thought of as 
ordinary ai’c length along a curve in the surface M. 

Now .sup})Ose any closed curve ABCDA is drawn in 
such that ABV is tlie image of CD A, with A and C as 
symmetrical points. Let this curve I be continuously deformed 
in any manner, but with the condition that it is always to 
be composed of two symmetrical arcs ABC, CD A. 

The integral I along I will then possess an absolute 
minimtim which will be attained along some curve of this 
type. In fact we need only regard symmetric points as iden- 
tical aud consider 1 along the closed curve ABC on the 
modified manifold M' so defined. 

Jf a Jjagrnnyian proNein of this type admits of symmetry in 
the smse speeijied, and if I is any symmetric drmit on the 
characteristic surface M, ttiere mil exist a symmetric periodic 
motion of the same type as I, for which I over any I is an 
absolute minimum. 

In particular let there be a closed m-dirnensional analytic 
surface with the connectivity of a hypersphere, which lies 
in (jra-t-l)-dimensional space and is symmetric in the origin. 


i* 
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The result above is at once applicable and indicates the 
existence of at least one closed geodesic without multiple 
points. 

More gen&'dlly, if the Lagrangian problem of this type 
admits of an analytic transformation T into itself, ivhose k-th 
iterate is the identical transformation, and if I is a circuit 
invariant under T and not deformable to a point on M, there 
mil exist a periodic motion of the same type as 1. 

5 . Whittaker’s criterion and analogous results. 
Hitherto we have dealt "with Lagrangian dynamical problems 
possessing characteristic surfaces M without any boundary 
save at infinity. It is, however, very simple to extend our 
results to the case when M has one or more analytic (to — 1 )- 
dimensional boundaries, provided that the unique short geo- 
desic arc joining any ordered pair of nearly points within M 
also lies within M. A boundary will be termed ‘convex’ in 
case it has this property. 

In fact the minimizing curve in M is then either a closed 
extremal, in which case it is obviously not tangent to any 
of these boundaries and so lies within M, or it is conqnised 
of a finite or infinite number of extremal arcs whose veitices 
must lie on these boundaries of course. But, by the very 
definition of the convex boundary, boundary vertices cannot 
occur on the minimizing curve. In fact a short arc .1171 of 
such a minimizing curve with vertex at Y can be replaced by 
the shorter single extremal are AB, which must lie wholly 
within M. This , is absiu-d. 

The surface M, defined in the preceding section, may be 
assumed to possess any number of finite convea' boundaries in 
addition to the possible boundaries at infinity, mthout affecting 
the existence theorems there obtained. 

The original criterion of Whittaker refeired to the re- 
versible case of two degrees of freedom when M was a 
ring. Here the result obtained is that there is a periodci 
motion of minimum type which makes a single circuit of 
the ring.* , 

* Of. my paper, loo. oit., seotionfl 10-18. 
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6. The minimax method. Bji means of the ‘minimax’ 
method it is possible to establish the existence of still further 
periodic motions. 

Perhaps the simplest illustration of the method is obtained 
through the consideration of the geodesics on a 'torus-shaped 
surface in ordinary three-dimensional space. Evidently the 
minimum method explained above yields at least one closed 
geodesic having the type of any closed curve on the torus 
not deformable to a point. Now let a closed cm’ve I be 
moved in any way from this minimizing geodesic back to the 
same position, while at least one of the two angular coordinates 
increases by 2Zr/r. It will be necessary certainly to increase 
the length of I during this movement of I, and there will 
be a least upper bound of length /*, necessary in order that 
the movement b(^ possible. At some intermediate stage then 
the varying curve will actually he of this length and will 
be taut. This position of I corresponds to a closed geodesic. 
Clearly it is not possible to defoim all nearby c.iirves of 
length leas than V* into one another or would not bo the* 
minimax specified. This property is characteristic of geodesics 
of minimax type. 

The above treatment is intuitive. Howcwor a rigorous 
treatment can be given.f 

More generally we are led to the following conclusion: 

A Lagranffi (in j}r()hl(im restrirA(‘.(l m in aection 4 (ind irifh 
k > 1 periodic motions of miniinnrn tgpc imociated loith a 
dosed curve I, will necessarily possess at least k — 1 fiirtlier 
periodic motions of minimax type (mocia.to.d tmth tius same 
circuit. 

If we omit consideration of all exceptional cases and use 
an intuitive form of reasoning, this more general principle 
may be made plausible as follows. Let f, be the 

values of the integral I along the It periodic motions of 
minimum type which ai’e known to exist, and let 1* be so 
large that it is possible to deform a curve I from any one of 

t Of. my paper, loc. cit., seotionB 16-19, for a development of the 
minimax method in the case of two degrees of freedom. 
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the corresponding curves h, • • •» & into any other without I 
■becoming as large as I*. For definiteness let us suppose 
that Ii, Ik axe in increasing order of magnitude. 

Let M be a variable parameter and consider the closed 
curves I of the given type for which J<«. For u < Ji (the 
absolute minimum) there are no curves but, as ii increases 
through lu closed curves not differing much from the curve 
for Ix are admitted, and the more u increases the more 
extensive the variation of I about the curve for Ix may be 
with Ku. Similarly as u increases through Jg a new 
isolated set of curves I in the neighborhood of the curve 
for Ii come into existence, for which K%i. And as n 
increases finally through Ik a last fc-th set of curves comes 
into existence about the curve for J*. 

Now as u increases some two of these k sets of curves 
may unite, i. e. it becomes possible to deform a cm-ve I from 
the curve for one la into a curve for 1^. There will then 
be a least value of u for which this is possible, and a corres- 
ponding periodic motion of minimax type. Each time that 
such a union takes place the number of sets of curves / 
with /<M is diminishes by 1. 

But when u — I* there is only one common group, so 
that k — 1 unions have taken place. This is what we desired 
to prove. 

It is not difficult to show that, unless the periodic motion 
of mihimax type is multiple, only two sets of curves can 
coalesce at one of these critical values of u. 

When the characteristic surface admits of discrete trans- 
formations into itself, an exceptional case arises in which 
the periodic motions of minimum type are to be counted 
more than once. This is the case of the torus alluded to above. 

It is also of interest to observe that when a curve I is 
regarded as described k times, ^ 1 , the motions of minimium 

type remain so, but the motions of TTn‘TiiTnfl.T type associated 
with them will not be the same as in the case k = l, but 
will be distinct from these. 

The general situation here requires further study. 
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7 . Application to exceptional case. The case of the 
m- dimensional Lagrangian problem when the characteristic 
surface can be set into one-to-one analytic correspondence 
with the hypersphere is of exceptional interest, but the mi- 
nimax method outlined above is not directly applicable since 
there are no closed cums I, not deformable to a point, 
fi'om which to start. Nevertheless the existence of a periodic 
motion of minimax type may be established. 

In order to make the reasoning as concrete as possible we shall 
direct attention to the reversible geodesic problem, although it 
is clear that the reasoning applies equally well for a Lagrangian 
problem of the kind treated in the preceding sections, with 
characteristic surface homeomorphic with the hypersphere. 

Our iirst step will be to define what is meant by a ‘covering’ 
of the surface. In the case of a two-dimensional surface let 
the surface of the sphere be set into one-to-one analytic 
correspondence with the given surface. The small circles 
oil the sphere in planes perpendicular to some axis arc 
evidently canied into a set of closed analytic curves covering 
the given surface, two of these being point-ciu'ves. Thus 
we may conceive of the spherical surface as being distorted 
analytically to foi'm a covering of the given surface M by 
ineaiis of this set of closed curves. The points of the covering 
can then be specified by two angular coordinate functions 6, f 
on the surface where 8 and <j‘ represent colatitude with respect 
to the given axis and longitude respectively. The given 
closed curves correspond to 0 const., while g> varies from 
0 to 2^. The coordinate 8 ranges from 0 to tt only, with 
the two extreme values corresponding to the point curves. 

Now conceive of this covering as continuously deformed. 
Iliis means that each point of the covering is carried by 
continuous variation into nearby points, while the curves of 
the covering go over into new curves. It is obvious that 
such a covering will always actually cover each point at 
least once and cannot reduce to a point.* 

* The suggestion for a proof may be found in a footnote, p. 246 of my 
article, loc. cit., and this proof extends readily to the in-dimensional case. 
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Similarly for the m-dimensional ease, we introduce a system 
of small circles on the hypersphere 

(xi, rectangular coordinates) with equations 

®8 ~ *8 > ' ' ^ “ I ” ^ I 1 ■ 

Here the null circles of the set are in one-to-one, continuous 
correspondence with an (m — l)-dimensional hypersphere. 

The image of this system of circles leads to an analytic 
corering of the given characteristic surface M. The points 
of the covering can then be specified by suitable coordinates, 
and we may conceive of the covering as continuously varied. 
It is obvious that such a covering will always cover each 
point of M at least once. 

Now there is a maximum length Z* for any image of 
a circle, and there can be selected a distance d such that 
two points at geodesic distance not greater than d from each 
other in M are connected by a unique minimizing geodesic 
of length 6 <.d. Let n be the positive integer such that 

n — n — 1 

On the image of any circle select the point Pi as the point 
which corresponds to 90 = 0 and divide the curve into n arcs 

Pi P3, Pa Ps, • • • , Pft Pi, 

of equal length <d. Let a point Qi move from P< to Pm-i 
(P»+ i = Pi) on each such arc in such wise that each arc 
is constantly divided proportionately. Consider the short 
geodesic arc P< Qi and the arc Qi Pi+i of P*- Pj+i during this 
process. At the outset the combined arc is PiPirVi. while 
at the conclusion it has been varied continuously to the 
geodesic arc P< P<+i. 
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In this way we see that it is possible by continuous 
valuation to replace the covering with the given images of the 
circles by a covering of closed curves made up of geodesic arcs 
Pi • • . P,i. Pi , Furthermore it is clear that the maximum length 
of any curve of the new covering cannot exceed L*, while the 
maximum lengtli of any component geodesic arc is less than d. 

This constitutes our first step in a sequence of continuous 
variations of the given covering. The second step is to 
divide each curve of geodesic arcs in n equal parts starting 
with the midpoint of PiPt. Thus points Qi,---,Qii are 
obtained, and a second modified covering made up of geodesic 
arcs QiQi, •••, QnQx, each of length less than d, while the 
closed curves are of length less than i*. The modification 
can he affected by essentially the same device as before. 

The process of successive n-seetiou and variation thus com- 
menced can be indefinitely continued. At each stage the 
individual arcs are of length less than d, and the total length 
of each curve is less than J/\ Furthermore tlie effect of 
eac.li stej) is to diminisli (or at least not to increase) the 
length of the curve. 

It is conceivable that some of the intermediate curves 
reduce to points during the process, but this would in no 
way invalidate tlie reasoning here made. However it is not 
possible that ,tlie maximum length of every curve becomes 
less than d. This may be seen readily. In the contrary 
case the curves Pi - P,,. P\ of geodesic arcs of the corres- 

ponding covering can all be reduced to point-curves as 
follows; let each point Q, move toward Pi along the unique 
short geodesic joining it to P, , in such wise that proportional 
parts of this distance are simultaneously described by every 
l)oint P. In this way the m-dimensional covering becomes 
(m — l)-dimensional at most, and so cannot pass through all 
points of M, which is absurd. 

In connection with this last step it should be noted that 
the process adopted leaves the set of points Pt an analytic 
(m — l)-dimensional manifold at each stage, so that no difficult 
point-set questions connected with dimensionality arise. 
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We infer that the maximiun length Lp at the jv-th stage 
diminishes as jp increases, and approaches a positive lower 
limit 

It is now easy to prove that any corresponding sequence 
of geodesic arcs 

for which the length is this maximum Lp will contain a closed 
limiting geodesic of length L, In fact we shall be able to 
establish this fact at once on the basis of the following lemma; 

Lemma. If any closed curve of n equal arcs Pi P 2 , • • • , P« Pi 
each of length < d, and of total length ^ d, is modified to 
the curve of geodesic arcs Pi • • • P„ Pi, and then to the 
series of geodesic arcs Qi • • • QaQi joining the midpoint 
Qi of Pi Fa with the points Q2, •••, Qn of n-section, and if 
the exterior angle between the geodesics PiPi+i at some 
vertex exceeds d>0, then the difference between the length 
of the initial and final curve exceeds a specifiable positive 
constant dependent only on d. 

In the first place we note that the two steps each decrease 
total length. Hence the proposition will certainly be true 
unless the first step changes the total length only very 
slightly. Since n is fixed one for all, this means that each 
geodesic arc P<Pi+i is substantially the same in length as 
the original arc Ft Pi+i. By Osgood’s theorem in the calculus 
of variations, the original arc must be very near to the 
modified geodesic arc, and these latter ares are nearly equal 
also. Hence the points of Qt of ^-section of the geodesic 
arcs fall very neai' to the points half way between the points 
Pi of «-section on the original curve. In consequence it 
appears that if the exterior angle at any Pi+i exceeds a 
specified d the sum of the geodesic arcs Qt Pi+i and P^+i 
will exceed the geodesic arc Q{ Q{+i by a specifiable positive 
quantity. This would lead to the desired conclusion. 

Thus an outhne of the proof has been given. Obviously 
the proof is of such a character that a full statement of all 
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the questions of uniformity involved would be lengthy, 
although the outline. sufficiently indicates the general direction 
of procedure. 

On the basis of the lemma our discussion is at once 
completed. In fact the lengths of the sucessive curves 
specified would decrease indefinitely often by a specifiable 
amount unless the exterior angles at the vertices of the 
geodesic arcs approach 0 imiformly. Hence these exterior 
angles approach 0. But the points Pf have at least one 
limit point P, and the directions of the geodesics have a 
limiting direction, so that there is a limiting geodesic which 
is chsarly closed and of length L precisely. 

If the m-dimemional cJiaracteristic surface M is hmneomm'phic 
with the. vi-dimcnsional hypersidiere, fhei'e exists at least one 
periodic motion ohtnined hy the jwocess specified above. 

It is natural to expect that such a motion is of minimax type, 
but we shall not a’ttempt to establish this conjecture here. 
In the simplest case of two degi'ees of freedom this conjecture 
holds true. 

8. The extensions by Morse. The methods of minimum 
and minimax suffice only to give certain of the periodic motions. 
Itemarkable recent work by Morse* indicates with a high 
degree of probability that all of the types of periodic motions 
can be discovered by suitable extension of these methods, 
based on a deeper use of the principles of analysis situs. 
Moreover the number of periodic motions of the various types 
(the minimum and minimax types being the simplest of a 
s(U'ies) arc characterized by certain interrelations discovered 
by Morse, although so far only explicitly developed by him 
as to apply to dynamical systems with two degi’ees of free- 
dom in the neighborhood of a periodic motion. 

9 . The method of analylic continuation. The method 
of analytic continuation of Hill and Poincard starts with a 

* See his paper Relations Between the Critical Points of a Function 
ofn Ind^endent Variahlea, Trans. Amer. Math. Soc., Tol. 27 (1925), and a 
{orthoomiag paper, A Theory of the Ordinary Problem of the Calculus 
of YariaUona in the Large. 



140 


DYNAMICAL SYSTEMS 


known periodic motion and then obtains an analytic continu- 
ation of it with variation of a parameter c. 

For the sake of definiteness we consider a system of 
Hamiltonian equations 

dpi dS doi dH . . 

in which H is analytic in jji, • • •, t, c, and periodic in t 
of period 2iT. Furthermore we suppose that the origin is 
a point of generalized equilibrium for c = 0. 

By proper preliminary linear change of variables of the 
type made in chapter HI, section 6, we may take H in the 
normal form 

m 

J=i 

for c 0^ in case * * *» are distinct* 

Now the general solution of the given system may be 
written 

Pi = Pi iPv ■ ■ ■> <0, Qi = <i,- (pj, • • •, gl„ t, c) 

for i= 1, . m, where p\, denote the values of 

Pi, respectively at t = 0. 

' The condition for periodicity is then contained in the system 
of 2 m simultaneous equations 

Pi (pI, • • • , qI, 2 TT, c) =p0, qi (p 0, * . . , ql^, 2 tt, c) = q'} 

(«■ = 1, • *•, ni). 

Here all the variables are involved analytically as was 
established in chapter I. But this system of equations admits 
of the solution 

Pi = ••• = Ql = 0 

for c = 0, by hypothesis. Hence there will be a unique 
solution pj, • • • , analytic in c, provided that the functional- 
determinant 
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. Sj’i 1 
dpo 

8 Pi 

dpi 

’ 8pl' 

do° 

am 

9 qm 

9 qm 

9(Zm 

dpO’ 

dpl’ •••’ 



1 


does not vanish for t — 2 tc, <•. =- 0. But the 2m functions 

Spi 9 IJm 

8pf 


a 1, • • •, «j) form m solutions of the equations of variation, 
ns do also 

9 Pi 9 c/rti 

9 /^” "Sgf 


(/ 1 , • • • , m). In addition these reduce to 0 at t - ■ 0, 

exce])t for dp-ldp^ and which are 1 for / 1, • • •, »;. 

The known nature of tlie terms in H for r. 0 yields as 
e(|uations of variation 

dijihlt • dsildt — Xj i'i (/ ■ 


where i/i, zi correspond to p,-, q,. Hence the solutions abo^•e 
are of the following explicit forms 


Lt 

U, .. 

0 , 

0, 

. . 

u 

0, 

0, •• 

■ , r 


where the only non-zero elements are the diagonal terms, 
namely 


Consequently the determinant written above reduces to 

m 

n(«^^^-l)(e-^^^-l), 
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and cann ot vanish unless some is an integral multiple 
QtV^. 

Under these circumstances then we have an analytic family 
of solutions 

Pi (.^1 Qm if} 

periodic of period 27t ia. t, as we desired to prove. 

These restrictions may he notably lightened. In the first 
place, when not all the multipliers Ai, are distinct, 
a similar normal form of solution exists. For example, take 
Xi = A 2 , while taking Ag, ...,A„i distinct from each other 
and Ai. In general the first and second solutions now have 
the forms 

0 , 0 , . . ., 0 , 

0, .,r,0, 

and the (m+l)-th and (}n-f-2)-th solutions likewise 

0 , 0 , ..., 0 , 

0 , • • •, 0 

respectively. If the first and second rows are interchanged 
as well as the (w + l)-th and (m + 2)-th rows, it appears 
that the final determinant will have vanishing elements on 
the lower aide of the diagonal and will n ot it self vanish 
unless some A* is an integral multiple of — 1 . 

This is an entirely general result, namely that analytic 
continuation is possible so long as there is not a multiplier h 
which is an integi’al multiple of V — 1 . 

But such a multiplier indicates neither more nor less than 
the presence of a solution of the equations of variation with 
the period 2^ of the given motion. 

Let us define the generalized equilibrium point as ‘simple’ 
when there is no solution of the equations of variation with 
the period of the generalized equilibrium point, and other- 
wise as ‘multiple’. 

Analytic continuation of the generalieed eguilibrivm is possible 
so long the equilibrium is simple. 
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By a change of variables 

Pi == pi (t, <•) + Pi, qt — iji it, <•) + Qi {i = 1, • • •, n>), 
we obtain modified Hamiltonian equations 


where 


dPi 
' dt 


dS* dQi ^ dH* 

dgt ^ dt dpi 


H* = H+ Z(pjQj-qjPj)- 


= 1 , Ml) 


These are of the same type as before, but have a generalized 
eciuilibrium point at the origin for all small values of c. We 
liave written p'l, gi for the time derivatives of piit,c), qiit,c) 
respectively. 

The formal series solutions of a system of this type will 
of course also involve the parameter v.. It is formal series 
of this type which are often useful in the ajjplications; and 
the vanishing of the parameters such as c may correspond 
to a special integrable case of the dynamical problem when 
the iieriodic motion from which we staiT admits of explicit 
determination. 

lo. The transformation method of Poincard. Some- 
times a dynamical problem can be given a striking change 
of form. In fact the solutions of n differential equations of 
the first order, with right-hand members independent of the 
time t, can be represented by the steady motion of an 7i-dimen- 
sional fluid, of which a moving point has the dependent 
variables as coordinates. Now suppose that a closed, (n — 1)- 
dimensional, analytic surface S can be constructed in this 
‘manifold of states of motion’, such that every stream line 
cuts S at least once within any fixed interval of time r, 
sufficiently large, and always in the same sense. Then S may 
be called a ‘surface of section’. If a point P of be followed 
along the stream line through P in the sense of increasing 
time, it intersects 8 again at a fii'St subsequent point Pi. 
Thus there is defined a one-to-one, direct, analytic trans- 
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formation of the surface of section into itself, namely the 
transformatioii T which takes each point P into the point Pj . 

In this manner it may be possible to associate the given 
dynamical problem with a discrete transformation Pof a closed 
(n — l)-dimensional surface into itself. Properties of the 
motions are then mirrored in properties of T. For example, 
the periodicity of a motion represented by n closed curve 
in the manifold of states of motion meeting A’ in P, P|, •••, P/c-i 
is reflected in 'the symbolic equations 

Px = r(P), p, = T(Px), p - T(n-i), 

so that P, Pj , . . . , Pfe are all invariant points of jS' under 
the ifc-th iterate of T. Conversely, if P is so invariant, there 
is a corresponding periodic motion, represented by a closed 
curve meeting S in the Jc points P, T(P), • ■ (/’)• 

A surface of section in this sense will only exist if there 
is an angular variable y in the manifold of states of motion 
which may be so defined as to constantly increase along 
each stream line. The necessity of this condition may be 
seen as follows. If a surface of section S exists, let </ be 
defined as 0 on this surface and as 2nt/T at any other 
point P, where r is the complete time interviU necessary to 
pass from S to P along the stream line on which P lies. 
Evidently y is an analytic function of position which increases 
along every stream line by exactly 2n between successive 
intersections with S, Hence an angular variable (f exists. 
Conversely if such a variable y exists, then ff — 0 will 
yield a surface of section. 

A necessary and saffixAmt condition for a closed surface 
of section is Ike existence <f an angular variaUe in the 
manifold of states of motion which constantly increases along 
every stream line. 

More explicitly stated, there must exist a differential 
inequality 
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in which satisfy integrability conditions, 

dxj ■ 8.f/” 


1 , • • • , n) j 


and A\, • • ■ , X„ denote the light-hnnd members of the differ- 
ential equations as usual. 

An extremely interesting typo of surface of section possessing 
boundaries can be found in certain dynamical problems. Here 
the boundaries of S are closed analytic (n — 2)-dimensional 
manifolds of stream lines, and every stream line not on these 
boundaries of A' cuts the interior of S at least once within 
any interval of time r, sufficiently large, and always in the 
same sense. 

Ill the case n -- 3, the surface of section is two-diiuensional, 
and its boundaries may then be the closed curves corres- 
ponding to a single periodic motion. Now in the case of 
a Hamiltonian or Pfaftian dynamical problem with two dogi'ees 
of freedom, the use of the energy integral reduces the order 
to 11 - 3. For such problems there seem in general to exist 

surfaces of section, as will appear in the next chapter.* 
The example of the next section illustrates the possibility 
of such a surface of section when there are more than two 
degrees of freedom, In such a case, howevc'v, it is necessary 
to make use of an (ji— 2j-dimensionul, analytic, closed surface 
made up of stream lines, such as do not appear in gmieral 
to exist. 

.Another case of very decided interest is that of an open 
analj'tic surface of section such as Koopmant has obtained 
in the exterior case of the restricted problem of three bodies. 

Il is nmtlimt ill all of these cases that hy the rechwtion to 
a trunsfornintion pi^oUem, the determination of the periodic 
motion is made to hinge upon that of the invariant points 
of a surface of section A' under a transformation T and its 
itsi'ates. 

* Of. my paper, loc. oit, sections 22-25). 

tO» Ee.jeeiion to Infinity and Exterior Motion in the Restricted 
Problem of Three Bodies, Trans. Amer. Math. Soo., xol. 29 (1927). 
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II. An example. An example showing that such surfaces 
of section may exist for Hamiltonian problems of more than 
two degrees of freedom is afforded by the following dynamical 
problem: 

A particle P in a conservative- field of force in space 
moves in such wise that the force has always a positive 
component towards a fixed plane lor points outside of that 
plane. 

Here the equations of motion form a system of the sixth 
order and may be written 

dx/dt = otf, dy/dt = y', dz/dt — s', 

dx'/dt= — dUjdx, dj/ldt — — dXJ/dy, diUdt-- — dU/ot, 

where x, y, z are the rectangular coordinates of P in space, 
and where z = 0 may be taken as the fixed plane. Also 
dUldz has the same sign as z, so that 

dU/dz = Xz 

where 1. is a positive analytic function of x, y, z. The inte- 
gral of energy may be written 

0 , 

provided that we absorb a suitable constant into U. Thus 
we restrict attention to the totality of motions satisfying 
this last relation, thereby reducing the system from the 
sixth to the fifth order. We shall consider only the case 
in which the surface 17 = 0 in space constitutes a closed 
simply-connected surface intersecting = 0 in an oval, with 
17 < 0 within the surface. The particle is then necessarily 
restricted to lie in the region 17 < 0. 

The five-dimensional manifold M of states of motion con- 
sists of the sets x, y, z, x', y', z', subject to the integral 
relation. The selected surface of section S will then be 
the four-dimensional part of M for which z vanishes with 
z' = dz/dt > 0. The three-dimensional boundary ^ = z' — 0 
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of S is evidently made up of stream lines, since a point 
z = e' ~ 0 for any value 4 of t remains always of this 
type. 

Now the differential equation 


shows at once that z vanishes at least once in an interval 
of time T sufficiently large, but cannot vanish twice in an 
arbitrarily small interval of time. Hence a point of 8 followed 
along its stream line in the manifold of states of motion •nill 
cut S' again within an interval 2 t of time, and always in 
the same sense, since for 5 -- 0 we have Az! rZi! > 0 within S. 

Evidently there is thus set up a one-to-one, analytic trans- 
formation of points within S into themselves. Fnrthennorp 
for », g' small, we have nearly 

% +iC'-y>o) - 0- 

where x, y are the coordinates of the motion in the plane 
near the given motion. But the particular solution of this 
equation for which 2 -- 0 at .r — a?o, y ~ 2 / 0 ? -‘'o • 

y ■ 2 / 0 ', with 

"I" Uoi 0) 0 

t)f course, vanishes at xi, yi, A, 2/1, with 


\ 2 / 1 , 0 ) - 0 , 


where j‘if ijxi 2 /l sire evid 0 iitly analytic in yo, ocq, t / o * 

It is thus seen that the transformation T of into itself 
can be regarded as one-to-one and continuous even along 
the boundary of S, provided we define T as taking the 


point 


yo, 0? yo, 0 


10* 
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of S into the point 

■r-u yu 0, 0. 

We propose to show by means of this reduction to a ti’ans- 
formation problem that there always exists a periodic motion 
intersecting the plane z =0 twice, unless there is a multiple 
periodic motion lying in the plane z~Q. 

In order to do tliis, let us consider the connectivity of the 
surface of section S. Evidently we may change the variables 
X, y iX) x,y so that the oval 0 = 0, [7^0 becomes the circle 

+ = 1 - 

If then we wiite 

U = jj(a, y) + — 1) 


with p > 0 within this circle, and if we write further 
a' = Ypx', y' — Yj)y', / — Vyz', 
the equation for 8 takes the form 

which may be written 

Hence the interior and boundary of 8 are in one-to-one, 
continuous correspondence with the interior and boundary 
of the four-dimensional hypersphere 

x^ + y^+x'^^y'^ = 1 , 

The transformation T defines a one-to-one, continuous, 
direct transformation of this hypersphere into itself. 

But, by a well-known theorem due to Brouwer, such a trans- 
formation leaves some point invariant. In the problem at 
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hand, we conclude that a periodic motion exists which inter- 
sects g — 0 twice, (case of an interior invariant point), or 
else a periodic motion s — 0 exists (case of an invariant 
boundary point). But this last case is that in which the 
equations a‘i — - .ro, yi ya, -A — x'o, y'l = y'o obtain. This 
clearly means that the equations of variation possess a periodic 
solution along this plane periodic motion in which the 
i' component is not 0. Hence the periodic motion is multiple, 
and, in a certain sense there is still a periodic motion in the 
infinitesimal vicinity of s 0, intersecting ,? = 0 twice. It 
seems highly probable that an actual periodic motion inter- 
secting £ 0 twice must exist in all cases. 



CHAPTER VI 


APPLIOATION OF POINOAE^J’S GEOMETRIC THEOREM 

I, Periodic motions near generalize'd equilibrium 
(mi = 1). Poincare’s last geometric theorem and modifications 
thereof”' yield an additional instrument for establishing the 
existence of periodic motions. Up to the present time no 
proper generalization of this theorem to higher dimensions 
has been found, so that its application remains limited to 
dynamical systems -with two degrees of freedom. It is our 
aim in this chapter to give some of the fundamental ideas 
involved in the theoremi and its application. 

It will be remembered that motion near to a periodic 
motion of a Hamiltonian or Pfaffian system, with m degrees 
of freedom and not involving the time explicitly, can be 
reduced to that of a similar system with only m — 1 degrees 
of freedom but with an independent variable involved of 
period Here the periodic motion itself appears as general- 
ized equilibrium. This reduction is accomplished by means 
of an analytic device (chapter IV, section 1). 

In the present section we shall take up the question of 
the existence of motions with period near the position 
of generalized equilibrium for a single degree of freedom. 
We shall prove the existence of infinitely many such nearby 
periodic motions in the' general stable case by a process of 
reasoning which, While not employing Poincard’s geometric, 
theorem explicitly, is precisely that which establishes the 
theorem in cetiain simple cases. Later (section 3) these 
results are interpreted with reference to the original dynamical 
problem with two degrees of freedom. 

* See my paper, An Eietenaion of PoincarS’s Last Geometric Theorem, 
Acta Mathematica, toI. 47 (1936). 
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Let the single pair of variables be p, q, so that .the 
Hamiltonian function H involves p, Q, t> being periodic in t 
of period 2 -/r, and vanishes at the origin p~q = 0, together 
with its first partial derivatives, for all values of t. 

If then (po, ?o) is any point near to the origin,- there is a 
unique solution 

P fiPa, q(>,t), <1 ffiPo, go, t) 

which for i 0 takes on the values po, qo, and which is 
analytic in jjo, go, t for t arbitrarily large and po, Qo suffi- 
ciently small. Let p,, qi denote the values of p, q after a 
complete period 27r. Evidently we have 

pi fipo, go, 2^), 7i ■ g(po, go, 

wlierc f and q are analytic in po, go, and vanish with these 
variables. 

In this way a transformation T is defined, of the same 
nature as the transfomation of the suiface of section obtained 
in the preceding chapter (section 10). For if we write r = t, 
the pail' of Hamiltonian equations may be replaced by the 
equivalent set 

(Ip d H (Iq d jS (1)^ 

dt ~ dq ’ fit dp ' dt ~ . 

in which H is a function of p, q, r of period 27 t in r. Here 
the manifold of states of motion is the three-dimensional 
p, q, r space in which the r axis represents a periodic motion, 
namely that con’esponding to generalized equilibrium; it must 
not be forgotten that r is an angular variable. Now gi = y = 0 
will serve as a surface of section according to our earlier 
work, although here we are limited to a certain neighborhood. 
A point (po, g'o, 0) in this surface of section is taken along 
its stream line to (pi, gi, 2;r), i. e., to (pi, gi, 0). Thus the 
transformation written above is indeed a transformation T 
of a surface of section 8 which is, however, only locally 
defined. Such ‘local surfaces of section’ can of course be 



152 


DYNAMICAL SYSTEMS 


constructed near a periodic motion in any dynamical problem 
by merely taMng an element of surface which intersects 
but is not tangent to the corresponding stream line in the 
manifold of states of motion. 

Now the- fluid motion defined by the above thi-ee equations 
is that of an incompressible fluid, since the divergence of 
the light-hand members is 0. Consequently if we follow any 
tube of fluid made of sections of stream lines between the 
parallel planes r = 0 and r = 27t, which will move constantly 
with unit velocity in the r direction, we infer that tlie loss 
of volume at one base in time is nearly a^At (fo, inoa 
of first base), while the equal gain at the other is nearly 
(Ti At (tfi, area of second base). By allowing At to approach 0 
we infer that Co = ffi. 

Since ffo is an arbitraiy area in r = 0, it is clear that T 
must be an area-preserving transformation of the variables 
Po,qo- This important property of T corresponds to a general 
property of the surface transformations associated with 
dynamical problems. 

It is necessary now to state the conditions to bo imposed 
upon the generalized equilibrium, with the aid of which tlu^ 
conclusion stated may be established. 

We assume in the first place that the generalized equilibrium 
is _ of general stable tjrpe, and therefore completely stable. 
The significance of the normal form (chapter III, section 9) 
is that the solution may be written 

p ~ q ■-= gip !// 

in properly chosen conjugate variables p, q. Here CP, w are 
given as convergent power series in pa, go with initial terms 
of arbitrarily high degree 2/* + l, and with all coefficients 
analytic functions of t\ these series converge absolutely and 
uniformly for any fixed range of values for t, such as 1 1| < 2 tt, 
when po, go are small. The function M can be takOT as 
a polynomial of degree not more than /a in the product 
Po go, with pure imaginary constant coefficients, of the form 
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with y. the multiplier. By the hypothesis of stability y.jV ' — 1 
is not rational, and in particular is not 0. 

Our second assumption is that I is not 0. In case I vanishes 
but some other coefficient in M is not 0, essentially the same 
argument would apply. Thus the only case of failui'e is that 
in which the formal scries M in the complete normal form 
reduces to a mere constant 1. This is a highly degenerate 
case, and actual exaniples can be constructed to show that 
an analogous conclusion cannot then be drawn. 

The normal form gives a means of studying the trans- 
formation T, The proiievty of the transformation T necessary 
for our i)resent imiposes is embodied in the following lemma 
whose proof is dcfeiTod to the next section: 

Lemma, h’oi' I ^l' 0, upon suitable choice of the variables 
p, (/, tlu' iHisitive quantity e may be taken arbitrarily small, 
and then tin* integer ii. so largo tliat any transformation T'' 
{v < u) takes the circle r s about the invariant point 
r U into a region within the circle of radius 2e, whUe 

the angular rotation effected by increases from ni/K — I 

with r along any radial line for r < e, being at least 2.r 
greater foi‘ /■ e than for r ~ 0. 

Let r, 0 be polar coordinates and let {r„, f)„) denote the 
iterate of (■/•, O) under T", where the rectangular coOi’dinates 
p,q, the radius f, and the integer n are selected as in the 
lemma. For any fixed do the difference On — Oo "'ill then 
increase from nA/k' — 1 at r — 0 to a quantity at least 
2 nr greater at r ■- <?. Hence there will be a unique solution 
of the equation 

On Oq — 21i7t 

along a fixed radius vector, wher e 2'k n is the least integral 
multiple of 271 exceeding — 1. Hence the analytic 
curve C given by this equation is met once and only once 
by each radius sector. 

Now let us consider the image Ci* of this curve under the 
transformation 2”*; the curve Cn intersects C at some point Q, 
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since if <7» is wholly within C or outside C, T” would not 
he area-preserving in the original variables. The point Q ia 
obtained from some point P, also on C, by the transformation P”. 
Moreover P and Q have the same 6, by definition of C. Thus 
P and Q must coincide, and P is invariant under P”. Since 
s is arbitrarily small, we obtain the result stated: 

In live case of gen&rotUgei equilibrivm of general stable type 
for a Hamiltonian problem with one degree of freedom (Z =1^ 0), 
there exist infiniMy many periodic motions in the vicinity. 

2 . Proof of the lemma of section i. Let ns define' 
P(«) by the equation 

luF\u) = 

It is clear that F{u) is the square root of a real polynomial 
of degree y — 1 and constant term 1. If then we write further 

p = F(p q)p, q == F{p q)q, 

it is found that the above normal form for P is further 
simplified and may be written 

so that all of the terms of M except the first two disappem-. 
When the associated real variables are introduced, and 
we let ff and s denote the real constants 27tl/V — 1 and 
2nllV~—l respectively, we obtain formulas defining P, 

Pi = Po cos ip + s » o) — ffo sin (ff + s r“) + P (rg pi + ryg), 
= Po sin (o' + s rgl.-l-ff, cos (o'+srg) -I- Q, 

where P, Q are real power series in po, qo with initial terms 
of degree at least. It is apparent then that with 

these variables P is an ordinary rotation through a variable 
angle ff+sr®, except for terms of order 2/*-|-l in the distance 
from the origin. It is such a choice of variables that will 
be adopted. If Z ^ 0, we may take a as positive. 



VI. POINCARE'S GEOMETRIC THEOREM 155 

Hence we have; in some fixed neighborhood of the origin 
and for a fixed K. 

( 2 ) ^ 

Prom the above formulas we find at once 

(3) n = ro + P, 

where the series B begins with terms of at least the degre'e 
2;!/ +2. This gives, for the increment iro = rl — n, 

(4) 

where L is a fixed constant. 

Prom (4) it is seen that r% increases less rapidly upon 
successive iteration than if 

drl/du - 

Hut this yields 

t'n - I'o I (1 — 


Hence r„ can only increase to twice the initial value >0 
after n ^ v iterations, where 

Lfiv -= (1— 2"^^)/nf, 

that is for n of at least the order of Likewise ?•„ can 

only decrease to half the initial value for n of the same 
order. These results may be combined in the form 

(6) Is rJn < 2 (« S 

This is our first important conclusion. 

Likewise since we have from (1) 

giPo— jJigo _ (go + Bin (tf4- srS) +g o Q— go 

PtPo H" Q.1 2o (f** + s Vo) + ffo Q ^”^0 P 
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it follows that we have 

(6) di — So “h ■4“ 5^0 "H 

where 0 is a power series in ro beginning with terms of 
degree 2jto at least, with coefficients of simple trigonometric 
type in So. Moreover 0 is uniformly and absolutely con- 
vergent for ro sufficiently small, and its partial derivatives 
are given by derived series of a similar sort. This formula 
shows that for ro = 0, we have S» — So4-«o', wlule for 
ro > 0, the difference S„— So — ntf can be made arbitrarily 
large by taking n sufficiently large but in the range (5). 

By the aid of (3) and (6) we obtain 


m 


dec 

9S, 


< 


8 Si 


9 So 
9 Si 


9 So 


< 


where we have written ^ = r*, and where A is a suitably 
chosen positive constant. 

But the identities 


9g» _ 9gB gpn-i I 8 git 9 S)t-i 

9 go 9g„_i 8 go 9Srt_i 0go ’ 

9 S,t 9 0n 9 gn — 1 I 9 S/t 9 S,i_i 

9 go 9gn — 1 9 go 9 Sjt-i 9 go ’ 

may be vTitten 

Wn = (1 + 

V„ = (s -I- ^s) tin-1 -h (l+fijVn-l, 

in which we put 

till 9gB/9go, Vfi ~ 


while, by (5) and (7), for n ^ 

i*il ^ 2'UC kal < 2^+^AgS^^ 1^,1 ^ 2^^Agr 

Ki<rM- . .. 
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These equations (8) enable us to determine vn in suc- 
cession for n -- 1, 2. • ■ with the initial conditions Mo = 1, 
(.0 = 0. 

Suppose now for a moment that the small terms be neglected 
in these equations (8). Tliey then take the form 

II, I ll-n- l, Vn 

Avhence, by elimination of ii, wc obtain 

A^Vn — 0. 

It is easily vcrilied that tlie complete result of elimination 
yields similarly 

(9) I'n ^0 V,i -j- ^(1 C/i . 
in whicb wc have 

(10) ic,. c„! 

within a small region about tlui origin. Kurthennore, the 
initial conditions may be. written 

(U) e„ 0. Ar, .^•-1-^!;. 

whore <•',{ denotes the value, of when are replaced 

by (>(i, Oq vi'S])ectivcly. 

It is obvious that e, ■’’' + ^3 i« positive and thence, by 
use of (tV), n. are also ))ositive for n - 1,2, ■ until 

II becomes large if qo is sniall enough, the approximate value of 
vii. being «s. We desire to obtain a more definite idea of the 
range of values for ^0 and n for which Vn remains positive. 
During this range the angular variable 6„. increases with ro, 
for a fixed angle flo- 

Now the equation (9) is a homogeneous linear difference 
equation of the second order in Vn, and we are considering the 
particular solution satisfying (11). Evidently vn vvill remain 
positive so long as continues positive. A first question 
is then to determine the range of values of n throughout 
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which both vn and Avn necessarily remain positive; But the 
linear difference equation yields 

•4* ^ 4 1 + 1 |] , 

so that clearly vn and Avn diminish less rapidly than if 

= —■Se^^[Av„ + vJ, 

while Vn and Avn remain positive. Thus v„ and Avn will 
remain positive for w = 1, 2, • • at least as long as for the 
solution of the linear difference equation of the second order 
with constant coefficients 


^»+2 - (2 — = 0 
satis^ng the initial conditions (11). But this solution is 


( 12 ) 


= («+^) 


K.n 

e ^ — e * 

«, «o 

e ^ — e * 


where «!, are defined by the equation 

(t - 1,2). 

But Vn and Avn as thus determined will certainly remain 
positive until dvnidn vanishes, i, e. 

Since the leading term in «]. — wj is clearly 

while the leading term in aj/«i is —1, this relationship 
shows that n must be of the reciprocal order 
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Hence ■y^e infer that so long as n < (compare 

with (5)), the angle 6n will increase with tq for fixed do in 
the prescribed neighborhood. 

The nature of the inequalities derived above makes it clear 
that we can select a value of tq so small, and then of n 
so large, that the conditions laid down in the lemma are 
satisfied. 

3 . Periodic motions near a periodic motion, {m = 2). 
We have already seen (chapter IV, section 1 ) how the general 
Pfaffian system in which the time t does not appear explicitly 
admits of a reduction to a similar system with one less degree 
of freedom, provided that we are considering motions near 
a given periodic motion. In the reduced equations, however, 
an angular variable of period 2 n appears in the differential 
equations, and the given periodic motion takes the form of 
generalized equilibrium. 

In this section we propose to consider the periodic motions 
near a given periodic motion for the special Hamiltonian 
case {m — 21 


(13) 


dpi SH difi 0 /f 

(It difi ' dt dpi 


in which U is an analytic function of pi, tp, pi, <is, not 
involving t. However such a periodic motion admits of 
analytic continuation with variation of the energy constant 
H --- h (chapter V, section 9), and so is not isolated. Our 
aim then will be to consider only those nearly periodic motions 
which belong to the same value of h as the given periodic 
motion; this value may be taken to be h — 0. 

The possibility of reduction to a Pfaf&an case m — 1 , 
combined with the results of the preceding section renders 

it highly probable at -the outset that there will in general 

be infinitely many nearby periodic motions of long period, 

provided that the given periodic motion is of stable type. 

In considering this question, we shall make the farther 
assumption that the given Hamiltonian problem is associated 
with an ordinary Lagrangion problem whose principal function L 
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is quadratic ia the velocities. If gi, ga are the coordinates 
in this Lagrangian problem, the equations 


IH = 


dL 

Qg’t 


(■/ - 1,2) 


serve of course to define the variables pi, pa . 

Let gi = gi(t), ga = ga(i) be the equations yielding this 
periodic motion of period t, and consider the corresponding 
analytic curve in the ^i, ga plane. 

Evidently we can introduce a modified system of coOrdinate.s 
tji, ga such that ^2 vanishes along the motion, while gi in- 
creases by 2 71 as a point makes a circuit of the motion. For 
instance, if the curve of motion is without double points, it 
may be deformed into a circle concentric with the origin, 
in which case gi and ga may be taken as angle and radial 
displacement respectively. It is clear indeed that we may take 
= 27r</r along the periodic motion. Of course snch 
a change of variables from gi, ga to qi, ^2 does not affect the 
Lagrangian character of the dynamical problem, although the 
new principal function L is periodic of period 27 r in the 
variable gi. 

The coiTesponding Hamiltonian problem will have the 
form (13) in which H is periodic of period 2 n in g, , while for 
the periodic motion under consideration we have gi 2nllT, 
gj = 0. From the Hamiltonian equations in these variables, 
we have also along the periodic motion 


2 nix = dH/dpi, 0 = dH/dpa. 

It is obvious then that we may solve the equation H =- h 
for Pi in the fbrm 

(14) Pt-\-^{qt,pt, gt, h) — 0 

where is a real, single-valued, analytic function of its 
four arguments, periodic in gi of period 27r. Furthermore 
we may regard A, gi, p*, g* as tiie dependent variables instead 
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of Vt> Hit Pi > "we observe that (14) may be solved exp 
for h, siEce from the relation H = h, we derive 

dl£ 8jJi . 

9^1 dh 

so that dpi/dh t 0 along the motion. When these variables 
are used instead of Pi, qi, ps, Qa, the variational principle 
(chapter II, section 10) takes the form 

(15) d r * (- Kqi + p.i qi — fi)dt = 0, 

tjtg 

which leads to the four equations 

dK dqi I , M I dK dpa , dK clqa « 

dh (It ' ’ dll it dxh dt dq^ dt ’ 

(Ills dK dqi (Ipa , dqi _ ^ 

df dpji (If, ’ (It dqi dt 

From these equations we infer directly h - const., which 
we know to be true of course. 

Now it is evident that near the given periodic motion cqi 
can serve as independent variable as well a.s t. If we 
eliminate t in the above equations, we find 

' dqi 9 (/s’ dqi dp^' 

Here we are to set h ~ 0 in the function K, and K is 
periodic of period 2n in qi. The given periodic motion 
corresponds to 

Pa ^ 9’(3i)> ga = 0 

where y> is periodic of period 2 nr in qx. These equations are 
clearly in Hamiltonian form (w = 1), 'with a generalized 
equilibrium point at the oiigin, at least after the simple 
modification 

Pi = Pa — y (gi), gj == g» > 


u. 
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in which we may take 


X.: 

Conversely, if we have a solution of (Hi). \v(> cim deter- 
mine t from the equation 

clt d K 

dgi ' 

and obtain a solution of the oviftiniil systcuu wluui t is taken 
as independent variable. Thus(l.*J) and (Ki) aie e(|uivale.iii,.''‘ 
Periodic motions near the given peihidie, iiKitioii for (lit) 
correspond to motions near the origin of i)eriod 'll;n for (Kii. 

For a Hamiltonian prohlnm ( 13 ) irhirli rrilinrs In n i/riir- 
raliged equilibrium problem (Hi) of stnh/r- hjiw (./ | ()), Ihrir 
uiill exist infinitdy many pmodir viotiom in Uw ririnihj of 
the given periodic motion, •inah'nn in yrnmil 11111111/ rirniils 
of that motion before re-entering. 

This result is of course obtained as the direel, application 
of section 1 for the reduced probU'm. 

4. Some remarks. The general conclusion which appears 
in consequence of the preceding sections is that, for a givini 
value of the energy constant, there, exist in general p(‘riodic 
motions in the vicinity of aperiodic motion of •stable type, at 
least when the dynamical system has two degr(n's <tf freedom 
and is of ordinary type. The fact that there, may (^xist isolated 
periodic motions of stable type, evini for dynamical syst(mis 
with two degrees of freedom, may be brought out by means 
of the following elementary example. 

Let us write 

where the quantities h,l are incommensurable with one an- 
other, of which the general solution is 

*Por the reduction employed, ol. Whittaker, Analytical Dynamm, 
chap. 12. 
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Ih = A COS sin kt, Qx — — A sin kt-\-B cos kt, 

Pi — C cos ii + Z)sm It, qi ~ — <7 sin Zi + Dcos It. 

The energy constant h is defined by the relation 

H ^ y7^*(A* + 5^) + yZHC7’ + D') = h. 

The only periodic solutions are the two analytic families 

Ih = = 0 and Pi = <ii = 0, 

all of which are of stable type. For an assigned value of 
the energy constant, there are only two such periodic motions; 
thus all periodic motions of the second family with assigned 
A*+jy* represent the same closed cimve in the three-dimensional 
manifold JT in four-dimensional 72 space. If 

the transformation T be set up for this case as in the pre- 
ceding section 2, it is found to be essentially a rotation 
through an angle incommensurable with 2?r, and so to corres- 
pond i)reciscly to the highly degenerate case there excluded 
from consideration. 

A fii’st question as to a possible generalization of the above' 
results in the case m =-■■■ 2 is the following: Suppose the origin 
is a point of generalized equilibrium of general stable type 
for a given differential system which is, in addition, completely 
stable; if the constant I is not 0, does it follow that there 
will always exist infinitely many periodic motions in the 
vicinity of the originV 

It seems to me very doubtful that the answer is in the • 
affirmative. In the preceding argument the area-preserving 
property played a vital part. For this more general com- 
pletely stable type, there is no reason to believe that this 
property continues to hold, even in the Pfafflan- case. 

The example can be generalized so as to indicate a pre- 
liminary necessary requirement if the conclusion that there 
are infinitely many periodic motions near a given stable 
periodic motion is to hold for Hamiltonian systems with 
more than two degrees Of freedom. 


11* 
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Id fact, consider the case of a dynamical system 


dt 


dE dqi dS 

dqi ’ dt dpi 


(« = 1 , • • • , ni) 


in which i? is a function of the m products piqi, i>mqm 
with Pi, qi conjugate imaginary variables, namely 

m Y m 

S = 2^ cjpj qj-\--^ 2 djhpj qjpk qic- 

J=1 ^ J,h=-l 

Here the coefficients Ci, dn are periodic of period t in 
The origin is a point of generalized equilibrium with multipliers 

k == Ci(t) dt {i — 1, ■■■, in), 

so that i t wil l be of general stable type if these m quantities 
and 27tV — i/r have no linear commensurability relations. 
If for the sake of brevity we write 

the general solution is at once found to be 


Pi = Pi e ii = (*■ = 1, • • • . w). 

Moreover if we write 

r f*T 

Ci d/t^ ^ dij dtj 

the condition that the solution is periodic of period 7c t is 

p) gj* = V—llh (i = i, . . m), 

where h, ■ • km axe integers. But these form m hneaf, non- 
homogeneous, aJg^aie equations in gj, (* =;= 1, . . m), 
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which can be solved if the determinant | | is not 0. More- 

over by making the ratios hik small, the periodic motion 
can be taken near the origin. On the other hand if |Z>y| — 0, 
such a determination will be impossible in general. 

In the particular case when the Ci’s and <?y’s are constants, 
the system appears in complete normal form, and the c<’s 
are the multipliers, while the tiy’s are invariants analogous 
to I in the case m = 1 . 

Hence at least the condition |<iy| 4= 0 must be imposed in 
the case mj > 1 , as analogous to the condition Z 4 " 0 iii fli® 
case m — 1 , if an infinitude of nearly periodic motions is to 
be anticipated in all cases. 

Any generalization must of course take proper account of 
the uniform analytic integrals (such as the energy integral) 
which exist. In fact, if there are h of these integrals which 
are independent, the given stable periodic motion will admit 
of Mold analytic continuation. Evidently it is not such 
periodic motions of the same analytic family as the given 
motion which interest us, but rather nearby periodic motions 
for the same values of the constants of integration as the given 
periodic motion, and making many circuits of it in a period. 

5 . The geometric theorem of Poincard.'" Poincare 
showed that the existence of an infinite number of periodic 
orbits in the restricted problem of three bodies and other 
dynamical problems would follow at once from a (’.ertaiu 
geometric theorem to which the lemma of section 1 is inti- 
mately related. 

For convenience we shall first state: 

PoiNCARfi’s Theorem. Given a ring 0 < a ^ r ^ in the 
r, 9 plane (r, 9 being polar coordinates), and a one-to-one, 
continuous, area-preserving ti’ansformation T of the ring into 
itself, which advances points on r — a and regresses points 
on r ~ h. Then there will exist at least two points of the 
ring invariant under T. 

* This section is essentially the same as section 34 of my paper. 
Dynamical Systems mth Txvo Degrees of Freedom, Trans. Amer. Math. 
Soo,, Tol. 18 (1917). 
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We will indicate briefly the proof of this theorem. 

Let Tia .take x= 6, y = r^ as the rectangular coordinates 
of a point in the x, y plane. The ring then appears as a 
strip a* <y < 6”. The transformation T of this strip ad- 
vances points of the boundary y — to the right, and 
moves points on y = l>* to the left. Moreover T is area- 
preserving in the x, y plane (for we have 2rdrd6 = dxdy), 
and displaces any two points which have the same ordinate 
and whose abscissas differ by a multiple of 2 n in the same way. 

Let us combine T with a further transformation which 
effects a translation of the x, y plane in the direction of 
the y axis through a distance e > 0. The ti'ansformatiou T 
followed by Tg yields an area-preserving transformation l^Tg 
which shifts the given strip into the strip a® -f *■ ?/ < h* -j- 1 . 

Suppose if possible that there exists no invariant point 
of I. There exists then a positive quantity d such that all 
points are displaced at least a distance d by the transfor- 
mation T. Choose e less than d. 

Consider now the narrow strip a® ^ a® + By the. 
transformation TTg the lower edge of this strip is earned 
into the upper edge and the strip is carried into a second 
strip lying wholly above the first one save along the common 
edge. By a repetition of the transformation TTg the second 
strip goes into a third, and so on. 

By a continuation of this process, a series of strips is ob- 
tained forming consecutive strata. Each of these strata is 
unaltered by a shift of 27r to the right. This follows from 
the fact that T and Tg ai-e single-valued over the ring. 

The images of these strata on the ring are a set of closed 
strata about the ring, all having equal area of course since 
TTe is an area-preserving transfoimation in the r, d as well 
as in the x, y plane. Consequently some one of the strata on 
the infinite strip, say the Hc-th, must overlap the upper edge 
y = h*. 

In the X, y plane let Q be a point of the upper edge of 
the k-th stratum for which y is a maximum. Let P be the 
point of = a* from which Q is derived by Mold repe? 
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tition of TTs, and let P', P", P^^‘^ = Q denote the 

successive images of P under the iteration of TTa. Draw 
the striiight line PP' which will obviously lie on the first 
stratum. The successive images of this line, PP', P'P", •••, 
p(fc-i)p(;e) jjg successive strata, and will have no 

points in common except that successive arcs have an end- 
point in common. Thus we get a single arc PQ, made up 
of all these lines, which is without double points. 

Consider now a vector LL' drawn from a point L to its 
image L' under TTe, of which the initial point moves from 



P to pV‘-i> along the line PC,). The angle which this vector 
makes witli the positive direction of the x axis at the outset 
may be, taken to be a positive acute angle, since the image 
/" of P lies to the right of and above P. When L has 
varied to its final position pV'^-D, the same angle lies in the 
second or third quadrant, since Pt)‘) lies to the left, of 
/xfc-i), tijg hypothesis of the theorem. 

Our construction of the successive arcs PP', P'P", •••, 
renders it apparent that as L moves from P to its 

image L' moves along the same curve from P' to Q. 
Therefore we see at once from the figure that LL' has 
rotated through the least positive angle from the first direction 
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to the second. If L' be moved further in a vertical direction 
from Q up to i/ = + e the same statement will still hold 

of the standard curve described by L provided that e is 
small, since Q lies at most e above y = 

Suppose now that L moves in any manner from a point 
of = a* to a point ot y = I* in the given strip. The 
transfomation TTe leaves no points of this region in- 
variant, so that the point L will never coincide with L'. 
In the initial position for L on y = a* the angle made by 
LL' lies in the frst quadrant. In the final position it lies 
in the second or third quadrant. But the total variation of 
angle during the variation of L has been seen to be through 
the least positive angle in a special case. Since any one 
path of L from y = to y — 1* can be varied continuously 
into any other, the same must be true always. 

Now let e approach zero. As e becomes smaller the vector 
LL' continues to have a definite direction, since no invariant 
points under TTe are present. By a limiting process we 
infer that, for the transformation T, the angular variation 
of LL' is through the least positive angle consistent with 
its initial and final directions. It should be obseiwed that 
for ir on 2 / = a® the direction of LL' is that of the posi- 
tive X axis, while on y = h* the direction is that of the 
negative x axis. 

Consider now the inverse transformation T-' which is of 
the same type as T although it moves points on «/ = a* to 
the left, and points on y == V to the right. By an entirely 
analogous argument to that given above we are led to infer 
that if a vector LL'--^ with end-point = T-^{L) has 
its initial point L varied from a point of = u* to a point 
ot y = J®, the total angular variation will be the least 
negative angle consistent with its initial and final positions. 

But the total rotation of LL^~^'> is precisely the same as 
that of the oppositely directed vector L which joins 
a point of y = a* to its image L under T. 

Hence by our earlier result the total angular variation of 
L must also be the least positive angle consistent with 
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the two positions. Thus we have been led to a contra- 
diction, so that there must exist at least one invariant point. 

To prove that there are at least two invariant points we 
may adopt the method used by Poincard. 

Let the point L describe the fundamental rectangle 

0 ^ ^ Stt, a* ^ y ^ 5*, 

in the ,/•, y plane, in a positive sense. It is obvious that 
the total rotation of the vector LL' is 0 .over this circuit, 
since there is no rotation along y — or y = b*, and the 
rotations along x = 0 and x — 2n are the negatives of one 
another. But around a simple invariant point the rotation 
is ±27r. Hence, according to obvious reasoning, there will 
either be at least two simple invariant points with rotations 
-1-2 )t and — ’2n, or there will be at least one multiple 
invariant point. As a matter of fact, there will alway.s be 
at least two geometrically distinct invariant points.* 

6. The billiard ball problem.t In order to see how tin; 
theorem of Poincare and its generalization can be applied, 
we will consider first a special but highly typical .system 
of this sort, namely that afforded by the motion of a billiard 
ball upon a convex billiard table. This system is very illu- 
minating for the following reason: Any Lagrangian system 
with two degrees of freedom is isomorphic with the motion 
of a particle on a smooth surface rotating uniformly about 
a fixed axis and carrying a conservative field of force Avith it.t 
In particular if the surface is not rotating and if the field 
of force is lacking, the paths of tlie particle will be geo- 
desies. If the surface is now flattened to the form of a 
plane convex curve C, the ‘billiard ball problem’ results. 

^ See my paper, An Extension of Foincar^’s Last Geometric Theorem, 
Acta Mathematica, vol. 47 (1926). 

t The sectione 6-9 are taken from my paper On the Feriodic Motions 
of Dynamical Systems, about to appear in the Acta Mathematica. 

t See my papei', Dynamical Systems with Two Degrees of Freedom, 
Trans. Ainer. Math. Soc., vol. 18 (1917), section 7. It is assumed that the 
Lagrangian principal function is quadratic in the velocities. 
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But iu this problem the formal side, iisually so formidable 
in dynamics, almost completely disappears, and onl.y the 
interesting qualitative questions need to be considered. If (' 
is an ellipse an integrable problem results, namely the limiting 
case of an ellipsoid treated by Jacobi. 

In the billiard ball problem one can arrive at the existence 
of certain periodic motions by du’ect maximum-minimum 
methods. As of interest in itself I wish to show how this 
can be done. Eesults which are being obtained by Morst* 
(see chapter V, section 8) indicate that the scope of these 
methods, already developed to some extent by Poincare, 
Hadamard, Whittaker and myself, can be further extended. 
Thus the power of such maximum-minimum considerations 
in the billiard ball problem is likely to prove typical of the 
general case. 

The longest chord of the boundaiy C of the billiard table, 
when traversed in both directions, evidently yields one of 
the simplest periodic motions. The billiard ball moving along 
this chord strikes the cmved boundary at right angles and 
recoils along it in the opposite direction. If we seek to vary 
this chord continuously, while diminishing its length as little 
as possible, so as finally to interchange its two ends, tliei'c 
wiU be an intermediate position of least length, which will 
be the chord crossing C where C is of least breadth. Detailed 
computation of the slightly perturbed motions indicates that 
the first of these two periodic motions is unstable, while 
the second may be stable, or unstable. 

Next we ask for the triangle of maximum length inscribed 
in C. Evidently at least one such triangle will exist, and 
can have no degenerate side of length 0. At each of its 
vertices the tangent will of course make equal angles with 
the two sides passing through the vertex. Hence a 'harmonic 
triangle’ is obtained which will con’espond to two distinct 
motions, one for each of the two possible senses of description. 

Moreover, if we seek to vary this triangle continuously, 
not changing the order of its vertices and diminisliing the 
perimeter as little as possible, so as finally to advance the 
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vertices cyclically, we discover a second harmonic triangle, 
also coiTcsponding to two periodic motions. 

In this way the existence of two harmonic n- sided poly- 
gons which make lc<n/2 circuits of the curve C (Jc prime 
to n) can be proved. Tho two periodic motions corresponding 
to the polygon of maximum type will be unstable, while the 
othens of minimax type may be stable or unstable. 

In the case of a circular boundary the totality of regular 
inscribed polygons (simple or cross) form the harmonic polygons. 

7 . The correspon^ng transformation T. We propose 
next to sot up a ring transformation T associated with the 
billiard ball problem, and to show hoAv the geometric theorem 
of Poincare in its first form leads to the conclusion deduced 
above. The reduction to a ring transformation is of funda- 
mental theoretic importance, quitch aside from the relation to 
the question of periodic, motions. It should be noted also 
that, in the cases of most interest like the restricted problem 
of three bodies, the method of reduction to a ling trans- 
formation and ai)plication of the geometric theorem of Poin- 
care is available for the treatment of the i)eriodic motions, 
while the maximum -minimum method has not as yet been 
.shown to be applicable. 

To begin with we suppose the length of C to be 2n and 
to be measured from a fixed point to a variable point 7' 
by an angular coordinate f. 

At i-', taken as the point of projection of the billiard ball, 
let 0 denote the angle between the positive direction of the 
tangent and the direction of projection. The variable 6 varies 
between 0 and n only. These cofirdinates 0, f suffice to 
represent all possible states of projection unambiguously. 
If be taken as an angular coordinate in the plane, while B, 
augmented by a constant, say n, be taken as a radial co- 
ordinate, the set of values {0, (/) is represented on a ring 
bounded by concentric circles of radii n and 27r respectively, 
namely the circles B = Q and 6 = tt. 

Consider now a definite state of projection at P with 
given 6, g>. The billiard ball leaves the table at P, to strike 
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it again at Pi, there to be projected in a state (di, sPi), say, 
and so forth indefinitely. If O is an analytic curve, as we 
assume it to be, the correspondence between 6, y> and Oi, fi 
is evidently one-to-one and analytic within the ring. When 
e is nearly O.or tc, the ball is projected at a slight angle 
to the edge, .and strikes it again at a nearby point with 6 
nearly 0 or tt as the case may be. Hence the points on 
the bounding circles correspond to themselves with di = f), 
9i = 9- 

One further remark needs to be made about the corres- 
pondence along the two boundaries of the ring. If we think 
of each point {d, y) as being carried into (fli, f/i) by a trans- 
formation or deformation of the ring, this transformation T 
will effect a certain number of complete rotations of the 
inner circle, and also of the outer circle, since the points 
of these boundaries are invariant as just seen. We may 
arbitrarily regard the inner circle as having undergone no 
rotation, but the same will not then be true of the outer 
circle, which can at once be shown to have undergone a single 
complete revolution in the positive sense. For let the pro- 
jection angle 6, for a given point P and corresponding fixed «/<, 
vary from 0 to n. It is obvious that then e, will increase 
from 0 to TT while increases by 27r since the point J\ 
makes a complete circuit of P in a positive sense. In other 
words, the transformation T takes radial segments across the 
ring into curves starting at the same point of the inner 
circle, but winding around the ring just once while crossing it. 
Hence the outer boundary has undei’gone a single positive 
revolution under the transformation T. 

Suppose now that we have a periodic motion, for example 
that corresponding to one of the harmonic triangles taken 
in a positive sense. It is evident that the transformation T 
of the ring takes the point of the ring representing the state 
of projection .at ^e first vertex into that at the second; and 
likewise takes the state for the second vertex .into that for 
the third, and that for the third vertex into the first. Thus 
when T is applied, the triple of points on • the ring, is 
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cyclically advanced, and each, point of the triple is un- 
altered by the application of the third iterate T* of T. Con- 
versely, to any triple with this property, or to any point in- 
variant under T®, together with its images under T and T®, 
corresponds a motion belonging to a harmonic triangle. Evi- 
dently then, from considerations advanced earlier, there are 
at least foim such triples. It is obvious that there can be 
no invariant points under T itself because y is increased but 
by less than 2n. 

In this way the search for harmonic polygons and the 
allied periodic motions in the billiard ball problem resolves 
itself into the detemination of sets of distinct points 
Pi, •••, Pn cyclically advanced by T, so that in general 
T‘*(Pi) — Pf. More generally, each and every interesting 
property of the motion of the billiard ball is mirrored in 
a corresponding property of the transformation T. Thus the 
dynamical problem is effectively reduced to that of a parti- 
ciibu' transfonnation of a circular ring into itself. 

8. Area-preserving property of T, There is a further 
property of the transfonnation 


which plays a fundamental pari in applying the geometric 


theorem of Poincare: the double 


integi’al 


sin OtZOdy taken 


over any area a of the ring has the same value as over 
the image of a under T and its iterates. This is essentially 
an area-preserving property in modified coordinates. 

Before passing to the entirely elementary proof of this 
fact, one immediate application may be cited in justification 
of the earlier statement as to the fundamental theoretic im- 
portance of the ring transformation. Since the integral 
evaluated over Ci, tfg . . ., has the same value, and since its 
value over the entire ring is finite, being 4 nr, some two of 
the images and (fj overlap. Employing the inverse trans- 
formation we infer that tfi-i and <rj_i also overlap, and thus 
finally that ci-; and ob overlap (i >y). But, interpreted for 
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the billiard' ball problem, this means that the ball can be 
projected very nearly with arbitrary position and direction 
to return subsequently to nearly the same position and 
direction. As elaborated by Poincard,* this chain of reaso- 
ning leads to the conclusion that the ‘probability’ is unity 
that an arbitrary motion returns' infinitely often to the neigh- 
borhood of its initial state. He called this property of the 
dynamical system ‘stability in the sense of Poisson’. 

The proof that the double integral is invariant depends 
oh an explicit evaluation of the determinant 


j ^ ddi d(pi 

de dg> 


In fact, if f)d6d^ 


B di dg>i 

9 5P d 8 ‘ 

is invariant we have 


= J jM{d,g>) dddf 


where the variables di, yi range over the region c,, just as 
d, go do over ce. But according to the fundamental theorem 
for change of variables, the change of variables T gives 
the integral on the left the form 

J* J* M{9i, ^i)J dd df. 

Comparing this expression’ and the integral on the right, 
which are both integrals over the same arbitrary region ff, 
we deduce the functional relation 


as the necessary and also sufficient condition for invariance. 

Hence to establish that sin d dd iigp is invariant, we need 
only prove 

J = sin d/sin d,. 

Let 

= Fis), y = Qiv) 

* See his M6thode$ nouvelles de la MSeanigue ctleste, toI. 8, cliap. 26. 
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be the equations of C in rectangular coordinates, so that, 
if n denotes the angle between the positive x axis and the 
positive tangential direction at a point of C, we have 


T 


— tan“^ 




Similarly let fi denote the like angle at the transformed 
point, which will be given by the same expression save 
that f is replaced by jp,. Finally let « designate the angle 
between thepositively 
directed axis and the 
direction of initial pro- 
jection (iigure). 

It is evident that 
the following two re- 
lations Avill hold 

0 t:-. a — r, 

0i --- r,— «. 

Substituting in the 
above value for t and 
the analogous value 

for and also substituting in for « the value 



tan"^ 


g(y.)-g (y) 


f 


evident by inspection, we obtain the explicit formulas 


T: 


e 

Oi 


J’CsPi)— F(sp) F {y>) 

g'(yt) _ tnr,-! 

F'(.Vi) Fin)-Fi9) 


Lis, yO) 

Mi% gPi). 


These two equations define the transformation T from (d, 9 p) 
to (di, gpi). Taking differentials, we find 
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d6 = L(p dyi Lq,^ dfi, ddi= Mqidgt -\-M(p^d^i, 
whence at once 

(201= —y — d8-{-iMqi Y )(2<j(), 

■L|p^ \ / 

dy>L = -jr — do ^^dg>. 

■Lq,^ Liq)^ 

This gives 

[■F(yi)--p^(y)]<?'(y)-[g(yi)-6‘(y)]J^ (y) 

But J^(spi) — J’Csp), — (?( 5 P) are proportional to cos «, 
sin a respectively, while also 

•F'( 5 p) = cos r, ff'(gp) = sin T, = costi, ©'(yi)^ sinTj, 

so that finally we obtain 

j sin(« — t) sin0 

sin(Ti — a) sin 01 

as was stated. 

g. Applications to billiard ball problem. As has 
been seen, there are no points of the ring which are invariant 
under T. On the other hand consider T* followed by a rotation 
of the 0, ga plane through an angle — ‘in, which we desig- 
nate by R-x. The resultant transformation of the ring admits 
the same area integral as T of course, but advances the 
points of the outer circle by an angle 2 n, and those of the 
inner circle by an angle — 2 tt of opposite sign. These are 
the two conditions essential for the application of Poincard’s 
geometric theorem. Hence (the compound trans- 

formation) possesses two invariant points. This means that 
T* has two geometrically distinct invariant points of oppositely 
signed indices,* although these correspond to an increase of 
2jr for gp. 

* See my paper An Extension of Poinoari's Last Geometrio Theorem, 
Acta Mathematiea, vol. 47 (1926). By the index of an invariant point is 
meihri the number of positive rotations of a line joining a point P to 
its image Pi, when P makes a small positive oironit of the invariant point. 
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If P is such an invariant point, so is T{P) of coui’se but 
with the same index. Thus we get two pairs of points, say 

p, P(P), q, T{q), 

all four distinct. These evidently correspond to. the two 
fundamental periodic motions. 

b^or the application of the theorem of Poincard to the 
Iteriodic. motions of more complicated type, it is necessary 
to take a(tconnt of the fact that every such motion is asso- 
ciated with a distinct second such motion, obtained by reversing 
tin* direction of description, although these motions have the 
same imh'x. However one of these motions increases y> by 
the other increases it by — l)7r. By only con- 
sid(n‘ing invariant jioints of T" for which f increases by 
•i/.M, (./• ■ nhl), we clearly obtain each harmonic ?/-sided 
pidygou only once. It may be noted in passing that this 
l>airing of motions in IIk' billiard ball ])rol)lem is fully reflected 
in the hud that, 7' is a product of two involntory transform- 
ations; it was tin' same sp('c.ial i)roi)erty of the ring trans- 
formation in th(‘ restricted problem of three bodies which 
cnabh'd me to jirove the I'xisteiice of infinitely many symmetric- 
periodic orbits.” 

Now turn to tin' invai’iant itoints of the compound trans- 
formation 7'" A’ k where U-k denotes /.--fold rotation tbrongh 
the angle' — -a. ^rh(‘ rotations on tlu' outer and inm'r circles 
are clearly 

'•Jill k)n and 

which will be of opposit(' sign. Thus W(' can infci- the 
<-xi.st(‘nc(‘ of at, least two geometrically distinct series of ])oints 

/', 7’(/')..--. 7'“ '{/>), q, T{q),..;T>'-Hq) 

such that 7’''t/') f'. T" [Q) Q, while 9- has been in- 
<'r('ase<l by 'Jk.i\ it is assumed that k and n are relatively 
pi'ime. 

Sec iiiy painir The lieHtrieteil ProhUm of Three Dodies, Reiuliconti 
(li Palermo, vol. J19 tlSllBl, in particular, section 14. 
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To prove this assertion in detail, we may let P be one 
such invariant point, such that T"' increases f by 2/f7r. If 
the n points 

P, P(P), P«-MP) 

are not distinct, let T"^ (P) = P, {m <7i —1), and suppose 
that y) is increased by 2jn. By combination of tlie two 
symbolic equations T”^{P) = P, T’^{P) — P, we obtain 
= P where d 1 of com’se) is the greatest (‘oninion 
divisor of m and «. Thus P is invariant under 2’''. Suppose 
that under the y> of P increases by 2/iT. Prom the 
equation P” = P***, we see that T"' will tlien inevoase the f 
of P by 2 (jf /T, so that = qf. Thus 7c and n would possess 
a common factor ij, contrary to hypotltesis. 

Not only ai'o the n points distinct but they have the same 
index. Hence there will be a point y invariant under 7''‘ 
and with oppositely signed index. This, wuth its images under 
successive powers of P, will necessarily he distinct from tlie 
points of the set generated by P, and leads to a aoeoiid 
distinct series of it points. 

Hence we obtain for every n>2 and eveiy relatively 
prime 7c ^ i//2, tw'o geometrically di.stinct, hannonic ])olygoiis 
with n sides and making 7c circuits of the curve C. Corre- 
s])ondmg to these there will be of course four periodic motions. 
Wc shall not attempt to develop here the characteristics as 
to type of stability and instability, dependent ui)on the sign 
of the index. 

It is worthy of observation that the method of sections 2, 3 
is evidently applicable here to show that there exist infinitely 
many periodic motions lying in the vicinity of any periodic 
motion of general stable type if the constant I is not 0. 

We shall indicate in paiiaeular how this same method seems 
to apply to the limiting type of periodic motion in which the 
billiard hall is rolled around the table. 

For this purpose it is essential to examine the explicit 
formulas given for P in the case when 0 is small. A direct 
computation leads to the I’esult 
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9i—f = yfl — + 

wliere the function Zc(sp) denotes the cui’vature of C at the 
point ■with given y, and where the functions l,m, ■■■ depend 
on only. Proceeding entirely formally and replacing fli — 6 
and (j'l — 5p by A 6 and A y respectively, we obtain the 
aiiproxiniate differential equation 

cle _ l_k' 
df S k ’ 

whi(di gives by integration 

e = (f/0. 

Il(‘r(' 0„ is the value of 0 for a point of curvature unity. 
'Phis result indicates that, to a first approximation, the curve 
0 -- Oo A''^® (f/') near the innei' boundary 0 0 of the ring 

is nearly invariant under T, and can probably be modified 
by the inclusion of higher ordei’ tenns so as to be still more 
nearly invariant, hlvidently the limiting i)criodic motions 
formed by (’ are to be regarded as analogous to stable 
l»eriodic, motions on this account. 

Also if the variable a represents the number of iterations, 
we. have' the apina^ximate differential equation 

whence by integration 

n ------ j)i^i>'dy>k2eo. 

It follows that (f‘ will increase by more than 'in along the 
approximately invariant curve if exceeds where K 

denotes the maximum curvature of C. 

It thus appears as highly probable that the lemma of 
section 2 is applicable and that there exist infinitely many 
periodic motions uniformly near to C. 


la* 
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10. The geodesic problem. Construction of a trans- 
formation TT*. We turn our attention next to the problem 
afforded by the geodesics on an analytic surface. In order 
to obtain as concrete results as possible, we shall restrict 
the surface 8 to be closed and convex, although it is evi- 
dent that these limitations are not altogether essential for 
the argument which follows. 

We have already established the existence of at least one 
closed geodesic g of minimax type (chapter V, section (5), 
which we shall assume to be without double points. Our 
first assertion is that there exists a positive quantity L so 
great that any geodesic arc of length exceeding L intersects 
g at least once (or falls along g). In the contrary case 
there would exist a sequence of geodesic arcs f/,, of length 
Ln with lim in = -4- 00 , such that each art; gn does not 
meet g. This fact would require that for i„ laigc enough 
no part of gn is nearly coincident with g, since nearby geo- 
desics meet a closed geodesic of miuimax type in a siu;- 
cession of points separated by arcs of limited length; niort; 
precisely, it may be proved that if P is any point of g and 
P" is its second conjugate point in the sense of the c.alculns 
of variations, then the arc PP" constitutes at least one 
complete circuit of gA 

Hence if we let Pn be the mid-point of g,„ the sequence 
of points Pn will have a limiting point P not on g, and the 
geodesic qn will have at least one limiting direction at I\ 
such that the complete geodesic li through P in this direction 
fails to meet g and indeed nowhere approaches //. 

Consider now that part of the surface 8 (which is divided 
by 5 ^ in two parts) upon, which h lies, and in particular the 
part of 8 lying between g and Ji. One boundary of this 
• region s is g, of geodesic curvature 0 everywhere, while the 
other boundary y consists of part or all of h, and of its 
limit points. 

Let Ni, and Wg be two nearby accessible points of the 

t For a proof see my paper, Dynamical Systems with Two Degrees 
of Freedom, Trans. Amer. Math. Soo., toL 18 (1917), in partiotdar section 19. 
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boundary r so obtained, so that a short curvilinear are 
exists in the region s with all of its interior points 
not on the boundary. Consider also the short geodesic arc 
JS'iGNi. Then N,ANiGNi delimits a region a. 

It any interior i)oint of NiONi is part of the boundary 

all of A’lf'riVo must be i)art of it; otherwise the curve h 
would cut across NiGKi and so certainly intersect 
contrary to hypothesis. In this case iVj QNg is a paii; of 
tlie boundary y and tlie region n lies entirely in s. If there 
is no suc.li interior point, the geodesic arc NiONs lies inside 
of H except at A'l and xVj. Hence if we surround the boun- 
dary r by a cyclical (diain of nearby points 

A 1 , A j , ■ • • , A ,1 , 

tlie short distinct gi'odesic, arcs 

A] Aj, Aj A;i, • • • , A,i Ai 

lie inside of .s- or coincide with r- We assume that this chain 
encircles r in a iiositive angular sense: in tliis event, the 
part, toward y will lie everywhere to the left. 

Now in the geodesic polygon so formed, the angle in s at 
any vertex will be le.ss than or eipial to .t. For if the 
angle, at. A’,- 1 1 , say. exceeds /r and wo consider the short 
geodesic arc A’, A’,| 2 . it is aiiiiarent that y lies to the left 
of A'/A’/i-j also, so that A^i is completely encircled by points 
not on y which is impossible. 

But the integral curvature of the part of N bounded by 
this polygon will be precisely the sum of these n iiiteiior 
angles diminished by ('/t--2))T by a well known fonnula, 
and so will be less than 27t, which is impossible since the 
integral cuiwature of either part of A' bounded by g is ex- 
actly 2n by the same formula. 

Thus a contradiction has been obtained, so that the original 

assertion must be tme. 

We now introduce parameters as follows. Let an arbitrary 
directed geodesic / cut the directed geodesic in a point P. 
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The position of P may be measured by means of the arc 
length B from a fixed point Po of 5 '; if the total length of g 
be taken as 2 nr by an appropriate choice of a unit of length, 
the variable d is a periodic variable of period 2 n. Further- 
more let y denote the angle between the positive directions 
of g and / at the point P so that 0 < y < n-. 

The next crossing of g by h will be in the opposite sense, 
and the coiTesponding d* and yf will vary analytically with 0 
and y. Thus a transfonnation T is defined 

T: f* = /(y, e), 6* = g{% B), 

which takes the ring 

P: 0<^<Tr, 0<6<2 j7 

(50, 6 , polar coordinates) into itself. 

Similarly a crossing in the opposite sense at y*, 0 *, will 
be followed by a crossing yi, Bi, thus defining a second 
one-to-one, analytic transformation 

T*: B*), Bi = g*(f*, B*) 

of P into itself. 

Along and near the boundaries of P, T and T* are to 
be regarded as continuous. This fact may be seen as follows: 
If a geodesic / near to g intersects g at a small angle </< 
with given B, then of coimse / will intersect later at a small 
angle g>* with coordinate B* nearly that of the conjugate 
point to the first point of intersection, as was obseiwed above. 
Obviously this ensures the specified continuity. Furthermore, 
we know that three successive conjugate points correspond 
to an arc of more than one complete cycle of g. 

If we have sp = 0 or tt we have respectively gpj* == 0 or nr, 
while if y* = 0 or nr we have likewise yi = 0 or nr. Further- 
more as B or B* increases along a boundary so will B* or Bi ; 
in fact it has been noted that if d is the coordinate of P, 
then d? is the coordinate of the conjugate point P'. Hence 
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I and f are dire(*.t traiisfonnations leaving the outer and 
inner boundaries of Ji invariant. 

It is iioAV desirable to consider somewhat more in detail 
the nature of P and T* along the boundaries. These trans- 
foi’inations are evideutl}^ not determined up to a complete 
rotation, and it is desirable to make a convention which 
eliminates this arbitrary factor, and enables us to compare 
tlie transformations along the inner and outer boundaries. 
Let us consider any directed geodesic arc PoPi of /’between 
two suc(»('ssiv(' crossings P, and P^ of g by /, and let us 
detiiK' a (loubl(' ])oint Q of l\ as positive if a mooring point 
in describing the arc I\)l\ passes over the arc PqQ already 
de.s(*ribe(I at Q, from the left to tlie right side; and as negative 
in tin*, contrary case. 

Th(' ‘index’ of l\^ I\ may 
he defined as tlie dift'er- 
(’iic(' between tin' number 
of iH)sitiv(* and tin' nnm- 
l)('r of negative crossings 
witliin /i, I\, Let ns 
(l(‘lin(' till' value 0'^ of i) 
at l\ as that coiTe- 
siionding to llu' posi- 
tively taken arc I\J\ increased by irri where i is the index. 

W'l' can now sliow that, as thus defined, varies con- 
tinuously with 0, In fact as 0 and ij> change, no new crossings 
can h(‘ introduced within /o l\ inasmuch as a geodesic arc. 
cannot be tangimt to itself. It a iiositive crossing is intro- 
duced at /V evidi'Utly of increases through an exact multiple 
of 2.t as it should. If a negative crossing is inti’oduced, 
of dccri'ases similarly. Thus the convention is approimiate 
to all cases. 

Now it is also evident that it a geodesic arc PoPi near 
to g be continuously deformed near g while not maintaining 
its geodesic, cliaracter, with I\ and Pi fixed, and only simple 
interior tangeiicy allowed, then positive and negative crossings 
a])pear in or disappear in associated pairs. Thus if the 
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axcPoPi be deformed into a spiral so as to eliminate all 
negative crossings, it is plain that the index will equal the 
number of apparent circuits of r/ made by the spiral. In 
this case the increase in 6, namely dt — 6. will be measui-ed 
by the arc length along the ciiiwe g, according to our (?ou- 
vention. However if the positive crossings are eliminated, 
the bonvention gives 27ti («^0) increased by the angular 
value of the short positive arc Po Pi as the difference ot — 0. 
and hence this difference exceeds the arc length Po P by 2/t. 

Consequently it is seen that (9 * — B is measured in the 
sense of the convention by the actual increase in o along // 
for y = 0, while, for y = dt — 9 is measured by the 
algebraic increase along the arc (actually a decrease) aug- 
mented by 27 r since PnPi is to be taken positively. 

Now in going from a point P to its second conjugate 
point P" with y = 0, e increases by an amount a, 


2/.'7i •> «<2(/i’-t-l)7r, 


where is independent of the position of 1^\ in fact 

the one-to-one, direct transformation of the points of // from 
Pto P" defines a rotation Humbert which lies bctu'cen 2 /wt 
and 2 (fe -j- 1) ar with /(•>!, because of a property of the 
conjugate points along a geodesic of minimax type already 
specified. Hence Ave infer 

'ihn ^ ^(0, B) — fl<2(7.'+])7r. 

Similarly if we consider y = tt, then — 27r is diminislu'd 
by a like amount so that we find 

— '21cn < g{n,6) — B ^ — 2 (/.* — l)7r. 

It follows that the transformation T (or T*) advances points 
in opposite angular' directions along the two boundaries of P, 

t For definitioa and abort discussion of the PoinoarS rotation numbers, 
see my paper, Surface Transformations and their Dynamical Applications, 
Acta Mathematica, toI. 43 (1922), section 46. 
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at least if the exceptional ease of a second conjugate point 
coincident with the initial point after a single circuit be 
excluded. 

1 1 . Application of Poincar6’s theorem to problem. 
Th(^ geodesic, pi-oblem is of Hamiltonian fom of course, with 
principal function H given by the squared velocity. In the 
fonr-diincnsional manifold of states of motion, the quadruple 


integral 



d /)| d 7i d iJi d (js 


is an iin ariaiit iiit(igral. In a particular invariant sub-manifold 
H const, there must then bo an invariant volume integral, 


namely 


d III d Pi d 7s , 


la-ovidcd that // </i, jh, 'h ure taken as coordinates 

(section 'riic. rcsti’iction II const, merely fixes the 
constant v(>locity. 

The ring A’ of states of motion crossing fj i)ositively is 
evidently represented in this manifold by a ring 7i' bounded 
by the (wit closi'd curves rettresenting // traversed in the two 
possilih' .senses. 'I’he traiKsfonned ])oint 7'7”"(/') of a iioiiit /' of 
this I'ing ity 7' 7'” is obviously obtain(^d by following the 
corresponding stream line until it meets R a first time, 
h'urfhi'r consideration shows that the ring R so obtained is 
an analytic surface. 

Now if w(' considi'r a lube of stream lines with two bases 
of areas Jf/i, Jffs. in R, with ip as independent variable, and 
if «i, lu be tint angles whii’h the stream lines make with R at 
f.lu'sit two surface elements respectively, then the loss of 
■volume' at one base in time A<ii is nearly 

(sin «i 4 tfi) d 7i 

while the gain at the other is nearly 

(sin a* A <f») A 7 i . 
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Thus J sin a da yields the positive invariant area integi’al 
necessary for the application of Poincare’s geometric tlieoreai. 

Hence there exist two points of jS invariant under T7'*, 
and this gives immediately the following conclusion : 

Let there he given a comer analytic surface on which the 
closed geodesic of minimax tjfpe Jenown to exist is mthout double 
points, and suppose that the second cortgugata point of no point 
on this geodesic arises on precisely a single complete circuit. 
Then there will exist a second closed geodesic which i)i,tci'sccts 
the Imoum minimax geodesic only twice. 

Of course a single closed geodesic yields two invariant iioints. 

Under the same conditions there must he two distinct closed 
geodesics which meet the geodesic of minimax type only twice. 

To prove this we proceed as follows. We have foi- tiu' 
points of B 

T{e, sp) = {e*, f*) 

by definition. On the other hand the same geodesic may be 
taken in the opposite sense so that 


If then we define the ‘reflection’ U in such wise that 


Uie, 5P) = (fl, TT — fjT)), 

we obtain 

TU{e, f) = {e*, n — go*) 

and thence 

TUTU = I 

where I is the identity. Hence TU —Y i.s a tran-sf ormation 
of period 2, as is U, and tve find T = 7 i7, i. e. T is a product 
of two involutory transformations. Similarly we find T* = V* U 
where V* is also involutory. Hence we infer that T7'* 
has the form 7U7*U. Suppose now that there is an in- 
variant point P under TT* so that 


7U7*U(P) = P. 
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We obtain then, by invei-ting, 

[ry*liViP) = P, 

whence 

TT’^ViP) = V(P). 

Hence if P is an invariant ])()int under so is V{P 

Hut must be a geometrically distinct point from . 

itself. Otherwise Ave sliould have 

TU{P) =- P 

or. more exi)li(‘itly, for the coiTospondiug {0, f) 

n* a •■I' 

0\ 71 f/'l - y. 

Ihit tin's would mean that the first intersection of the gee 
(l(>si<‘ with 1h(i minimax geodesic <j crosses it at the sani 
point and in the opposite direction, which is manifest! 
imi)ossihl('. 

Now th(' indices of the invariant point P and of th 
associated invariant point V(^P) undoi- the transforraatio 
TT"' are equal. In fact make the change of vanables corn 
sponding to the symboli<* e<iuation 

Q. v(y>). 

by whicli any point P is taken into ViP). The modiiie 
transformation less is of course 

YTT* V -- (TT*) ' 

as is at once verified by substitution of the factored form ( 
7' 7’* dtu’ived tmrlier. Hence the transformation TT* i 
the iK'ighborhood of one invariant point is equivalent to tl 
inverse transformation in the neighborhood of the associate 
invariant point. But the index of an invariant point is ui 
altered by a change of variables, and is the same as for tt 
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inverse transformation. Consequently the indices of the two 
associated invariant points are necessarily equal in all case.s. 

It is obvious geometrically that the association of pairs 
of points arises from the circumstance that every geodesic 
may be traversed in two opposite senses. 

Since the extended theorem of Poincard allows us to infer 
the existence of two invariant points with oppo.sitel,v signed 
indices, we infer that there exist two geometrically distinct 
closed geodesics which intersect the closed geode.sic only 
twice. 

This completes the proof of the previous italicized 
statement. 

By applying the same theorem to higher ])owers of TT* 
the existence of other types of closed geodesics coidd he 
inferred. Moreover the methods of section 1 are ai)])licable 
and show that there will be in general infinitely many cio.sed 
geodesics in the immediate vicinity of a closed geodesic, of 
stable type. 

Thei'e are two further remarks concerning the geodesic, 
problem which I will make in conclusion. In the first iilace 
the conclusion that there will exist at least two other distinct 
closed geodesics meeting the geodesic of minimax type only 
twice is no doubt valid for surfaces of mucli more general 
type. 

Secondly, if the convex surface is symmetric in si)ac,(i about 
a plane containing a geodesic g, there will be various closc'd 
geodesics which intersect g twice at right angle.s. hfetliods 
for dealing with these symmetric closed geodesics can be 
u.sed analogous to those which I employed in dealing with 
certain symmetric periodic orbits in the restricted problem 
of three bodies (loc. cit.). In tact if g is of minimax type, the 
transformations T and T* become identical, and TT* appears 
as the square of a product of two involutory transformations, 
as is the case for the fundamental transformation in the 
restricted problem of three bodies. 



CHAPTKR VII 

(iKNKRAL THJ^nilY OK DYNAMICAL SYSTEMS 

I. Introductory remarks.*^ Tho final aim of the theory 
oi* the motions of a dynninical system must be directed toward 
the qnalit^lti^'(‘. determination of all possible tyi)es of motions 
and of the inhMTolation of these motions. 

Th(^ i)r('seiit eliapho’ represents an attem])t to fonnulate 
a tluM)ry of this kind. 

As has been scam in the prcM'ediiif’’ (diai)ters, for a very 
IxeiKn'al (dass of dynamical systems the totality of states of 
motion may be s(d into one-lo-one c()rresi)ondenee with the 
points. /\ of a c1os(m 1 //-dimensional manifold, il/, in such 
wise that lor siiitabl(‘ ('(inrdinatc's ./‘i, the dilferential 

('(jiiations of mol ion may ho written 

//./V tl I Xi (./‘i, • • - , ./■„) (/ 1 , - • 

in th(' vicinity of any pnini of ;]/, wher(j the A’/ aiv n real 
analytic functions and wli(*i'(‘ f d('notes the time. Tiio motions 
arc* tin'll iirc'sc'iited as (*m v(‘s lyin^ in M, (hie and only one 
such curve' of motion passes through each point /» of M, 
and tin* position of a point /Nm this cmrve varies analytically 
with tin* variation of I\) and tlie interval of time to pass 
from l\i to l\ As / chan^i^es, each iioint of 71/ moves along 
its ciirvi* of motion and there arises a steady fluid motion 
of il/ into itself. 

Jly thus (dimiiniting singularith^s and the infinite region, it 
is evidemt that, W(^ ar(‘, direc.ting attention to a. restricted class 
of dynamical prohh'ins, nanndy those of ‘non-singular’ type. 

SecitiuiiH l-t arc taken dirently from my paper tfher fjewme zenirale 
IkimfjHiitje.n dynmiMier G5ttiuger Naebriohten (1926). The 

remaimler is closely related to my paperfl, Quclques tMoremes aur lea 
mouvenienta dea ayatinnea dynamiquea^ Bull. Soc. Math. France, voL40 (1912), 
Surface Tranaformationa and Their Dynamical Ap^ilicationBi Acta Mathe- 
matica, voh 48 (1912), in particular sections 64rdS7. 
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However, most of the theorems for this class of problems admit 
of easy generalization to the sipgular case. The problem of 
three bodies, treated in chapter IX, is of singular type. 

The differential equations of classical dynamics are. move 
special, and in particular possess an invariant n-ditnensional 
integral over M. In consequence any small molecule, a, 
of M about a point Pq at time U, must subsequently overlap 
its first position oq. This fact may be deduced as follows: 
Suppose that at a time ti following r units after /o, the 
molecule is in an entirely distinct position, and consider its 
positions at times t, 2r, • ■ • after the initial instant fo. Those, 
positions cannot be entirely distinct from one another; for if v 
denotes the^value of the invariant integral over the molecule 
in its initial position, this value will be the. same, in sucli 
subsequent positions, and since tlie value of the invariant 
integral over M is finite, say the number of distinct 
positions cannot exceed Ylv. Hence some /-th and ,;-th mole- 
cules overlap But if these overlap, then in the corro- 

spbnding positions (j — i)v units of time earlier, they will 
still do so. It follows that the (J — -/)-th position of a over- 
laps ffo. By this argument and its natural extension, Poincari'"^ 
proved that in general the motions of such more special 
dynamical systems will recur infinitely often to the neighboi- 
hood of an initial state, and so will possess a. kind of stability 
‘in the sense of Poisson’. 

It will be our fii’st aim in this chapter to show tliat with 
an arbitrary dynamical system not so restricted, there is 
associated always a closed set of ‘central motions’ which do 
possess this property of regional recuiTcnce, towards which 
all other motions of the system in general tend asymptotically. 

2 . Wandering aind non-wandering motions. Considt'r 
an arbitrary point Po of the manifold M of states of motion. 
Let tf be an open continuum of small diametert e, containing 

* MSthodes rwuvelles de la Micanique cSleste, vol. 8, chap. 26. 

t It is evident that distance may be defined in an appropriate fashion 
in Jf. The diameter of a set of points is merely the upper limit of 
distances between pairs of points of the set. 
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7^. As the time / increases, this ‘molecule’ <f moves. It 
may happen that Fo represents a state of equilibrium; in 
that case the. molecule will always continue to overlap Po', 
we exclude this case for the moment. In any other case <t 
will move outside of itself if u,) is small enough, since the 
velocity (U)mponents (hrildf are aiiproximately the same as 
at Zo throughout the molecuh'. If it is possible to take e 
so small that f/ never again overlaps its first position, wo 
shall call /'o a ‘wandering point’, and the coiTcsponding motion 
a ‘wandering motion', in the contrary case F„ will be termed 
a non-wandering ])oiiit, and the corresponding motion a non- 
wandering motion. With this second class we natimally include 
c(|uilibrinm imints and the degenerate corresponding motions. 

There is an aiiparcnt asymmetry Ix'twee.n the increasing 
and decreasing directions of the time f, as far as these 
d('finiti()ns go. lint it is easily seem tliat there is no a.symmetry 
in actuality. In fact if tlu' image of <t intcu'sects itself after 
/ nnils of time, it docs / units of time earlier; for tlu' over- 
lapping moUamhis «• and <(r (i. e. taken / units afterward) 
oc.cuiiy tin*, positions o-.-t and o respectively, / units of time 
(‘.arliiM’, and lln^si* c(tn(iime to overlap. 

Thus tin* wandering iioint Zo is charactc'rized by the fact 
that the. <mi'responding moh'c.ule «• descril)('s an ^.-dimensional 
tube which nevei' oveifaps itself as / e.hange.s from — x* to 
1 X . Kor this reason tln^ characterization as ‘wandering' 
s(‘e.ms Icgitimale, since Zo mwer I'c'curs to the intinitesimal 
neighborhood of any points once passed. 

7’//c .sv'f II' of irdHilrriii;/ jiohitu <f iVZ in made up ofciinvi) 
(f iiiof/trn Jilfint/ oprii n-d’mmhtiionnl ronfinm. Thr set M[ 
of iioii-ii'itiidcrinf/ poinfn of M is niadr up of the roviplemonfiin/ 
dosed set if mroes of motion. 

Kor the roa.sons just ])resented all of this statement is 
obvious, except perhaps for the. assertion that W is open 
and conseiiuently Mi is closed. But if Po is a wandering 
))0int, so evidently are all the points of the molecule u 
including Pq. This shows at once that W is made up of 
open continua, and hence that Mi is closed. 
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If the set M-i. of non-wandering motions contains imints 
which are not limit points of the set W, these form a subset 
Mi of curves of motion filing up open n-dimensional eontimia 
and possessing the property of regional recurrence. 

It is clear that Mi is made up of a set of curves of motion, 
for since Q of Mi is not in the i m mediate neighborhood of 
any curve of motion of W the same will be true of all other 
points on the curve of motion containing Q. Also a sufficiently 
small molecule containing Q will be entirely in Mi so that 
Mi is made up of open n-dimensional continua of non- 
wandering points. Hence the property of regional rocnrrenco 
is obvious. 

Evidently the set Mi — Mi = Ml' is merely the .set of 
boundary points of the n-dimensional open continua 11', Mi. 
It is made up of a closed set of complete motions, of less 
than n dimensions. 

As time increases or decreases, every wandering point up- 
prroaches the set Mi of non-wandering nerves of motion. 

The proof of this fundamental property of wandering motions 
is not difficult. 

Consider any small open neighborhood of Jl/,, within wliic.h 
Ml lies, and the complementary closed set (' made up ex- 
clusively of the points W. About each point of 6’ can be 
constructed a small molecule a, such that tlie molecule never 
overlaps itself as time changes. Hence a finite set of these 
molecules can be found which cover O completely. A moving 
point can enter any one of these" molecules (held fixed) only 
once, and can stay within it only a short interval of time. 
It is thus obvious that after a finite time the moving point 
lies always inside of the arbitrary neighborhood of Mi. 
Hence any moving point must approach Mi, as stated. 

A more detailed study reveals certain further characteristics 
of the mode of approach of the wandering motions to the 
non-wandering motions. Since in the above discussion the 
moving point enters one of the fixed molecules covering O 
only once and stays in it for only a brief period of time, 
the following facts are obvious. 
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Any wamkn'my motion rmmhn^ oHisklc of a jyresrrihed neigli- 
horiujofl of il/i only n Jlnita thm^ T, and goes out of thi^ 
naiyithorhooil only a Jinifc ntwih-r {fthnosK^ ndiere N and T 
arr nnifonnly limiitul, ()}i(v the neiyhhorh.ood is chosm,'^ 

3, The sequence J/, AL, .... Having* arrived at the 
closed s('t of noii-waiidmiig' points d/,, between points of 
which (listiinct^ may l)e (hdint'.d as in JA we arc in a position 
to (leliiK* waiuh'ring’ and non-wandering ])oiuts relative to Af, 
(instead of .1/) as follows, Choose an arbitimy ])oint 7 ^ 
of d/i, and an open continuum a. of small diameter, con- 
taining /b and certain other points ot Setting aside the 
case wluni /b is an etiuilibrium point, and choosing the dia- 
met(‘r of o' small enough, we see that this molecular part 
of .1/1 will movi^ outside of itself away from its initial i)()sition. 
If tin* tliam(‘l(‘r can l)(‘ cliosen so small that th{> part of JA 
in tr lU'ver again o\’(Mia])s itsc^lf, W(‘ may say that /b is a 
wand(n*ing ])oinl of Mi (though of course non-wandering with 
ri'sp^'ct to . 1 / by (U'linilion of .lA). Other points, including 
(Mpiilibriuni points, in d/, may b(' termed non-wandering 
points of il/|. 

It is clear tliat tin' pai’allelism is ('omplote. dhie non- 
wand(*ring points .lA relative* to d/i form a closed set of 
motions toward which any point r of tln^ set of wandering 
points ll’i is asymptotic as tinu* increase's e)r elee*remses, and 
similar uniformity pre)pe‘rties relative* te) d/i holel. 

'Pile* same* pre)e‘e‘ss may ne)W be repeatenl with re*>spect to 
i/a as a basis, anel thus are eleline'.d i/j, and lib- (h)ntinuing 
in this manner we e)l)tain iA iA* iA, •••. Wo re'gard the 
pre)e‘ess as terminating if any iA|i is the same as iA, in 
vvhiedi emse' there' arc no i)e)ints W,- of (ie)urse. In case the 
pre)ce'ss de>es neit t-ermimite' in this way the seeiiience of distinert 
close'd seds i/, d/i, iAi-**i eiitih within its predecessors, 
doliues a uniciue limiting set itfai, which is evidently closed 

* To render the count of exits precise, it is elesirable to take each 
covering molecule ho as to have at most one segment cut off by any 
neighboring stream line, and then to consider the neighborhood outside 
of the covering molecules as the given neighborhood of Mi, 

18 



194 


DYNAMICAL SYSTEMS 


and composed of curves of motion. Fiu'ther application of the 
process yields jlfra+i, ilfn+a, • • •• Thus are defined successively 

M, Mu Mu 

Jlfcj j -ilfcu-l"! j j ' ’ * j 

J/so), Jlfiim+l. ilf2(U+2j • ■ 


in accordance with the well known theory of traii,sfinit(< 
ordinals given by Cantor. 

But these form an ordered set of distinct closed point .sets 
each with an immediate successor and contained in all of it.s 
predecessors. Such a set is certainly numerable. Hence tlie 
process does eventually terminate in some Mr. 

Thus there exists a ivell-ordereil, t0nninntm(j set of iltsliiirf 
doseA sets 

21, Ml, 2h, 21 , 0 . ■■■, 2fr, 

in which an element Mp^i immediately following 2Ip consists 
of the non-wandering motions rdaiive to Mp, while cm e/eiiicuf 
Mp without an immediate predecessor is the limit of its jn'e- 
(lecessors. The wandering points Wp of Mp tend (isgmptoti- 
cally toivard the non-wandering motions Mp+i in such wise 
that the total time outside of a given neighhorhood of Mp j i , 
ns well as the number of exits from this neighborhood, arc 
uniformly limited. 

The final set obtained, Mr, is the set of ‘central motions'. 
It is obvious that these have the property of regional re- 
currence since there are no wandering points Wr- From 
tliis property it may he inferred by the method of Poincare 
(loc. cit.) that in any ai’bitrary neighborhood of a point of 
2Ir there is a motion which enters this region infinitely often 
in past and future. 

In fact, if there is an isolated curve of motion of M,- in 
the region, the curve must be closed and this motion must 
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be itself periodic, since the motion is non-wandering. In 
this case the periodic motion itself has the desired property. 
If there is no isolated motion, we can select a neighborhood 
of the given point as small as we please which overlaps it 
ill Mr again at least once at some later time. Thus we get 
two points F, Q, on the same curve of motion of My, both 
in the. molecule about the given point, but not near together 
ill time. Next we choose a still smaller molecule about P, 
so .small that (wory iioint F' in this molecule continues to 
meet the original molecule at a point (/ near to (^. But by 
choosing /'' suitably, we can find a point P' before P' in time, 
lying ill the same molecule as F'. Q'. Thus we obtain an 
arc. M F' (/ of a. curve of motion of M,- such that the three 
imints 7i'', F' , (/ lie in the given molecule taken at the outset 
at three ditferent times. Next by choosing a still smaller 
molecule about /*' we are led to an arc Ji"F"Q"S'', then 
to 7'*'" P^'*' (/'".S’®, and so on. The limit of the points 

/’. •••. will be a i)oint of My in the given molecule, 

which traverses that molecule intiuitcly often in the pa.st and 
in the future. 

It is obvious that the pei'iodi(5 motions in the dynamical 
problem must lie* in the set of central motions. The motions 
delined later (section 7) as 'recurrent’ will also. 

4. Some properties of the central motions. It is 
easy to sei' that ('very iioint of .1/ approaches within an 
arbitrarily given mdghborhood of the central motions at least 
ouc.e within (wery sufliciently large; tixed interval of time, 
h’or such a laiint c.(;rta.inly approaches il/a in this manner 
inasmuch as every motion of Mt approaches Jl/a uniformly 
often, and tlumcfore every motion near JA does also. Con- 
tinuing in this maniu'.r we see that this uniformity inoyierty 
holds for Ml, dA, — If tho series continues to Mi„, the 
same property must be true for Mm. Indeed an il/n can then 
be found in any neighborhood of Mo, since Mm is the inner 
limiting set of tho closed seta !/«. Since a point approaches 
an arbitrarily given neighborhood of Mn uniformly often, it is 
therefore evident that it does the same for Mo , . By continuing 


18 * 
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indefinitely in this manner with M,o+i, • • •, Mm>, M,- we 
arrive at the stated conclusion. 

Now the motions of M were seen to approach those of J/t 
in a definite maimer, wMle in turn those of Mi approach 
similarly. By combining these results it would be possible to 
make certain statements as to the mode of approach of any 
point of If to Mi. This method of description might be 
carried onto Mi, ■ ■ Mo, • • But for the general purpose 
of this paper we shall merely establish a simpler result for 
all the sets Mp. 

Let us define the ‘probability’ that an arcPt^l lies in a 
given region 2 as the ratio of the time interval for the jiart 
that does lie in 2 to the total interval. 

The probaMlity that an arc of a curve of motion lies hmde 
of an arKtrary neigKborhooA of a set Mp, ami in particnlar 
the set of central motions Mr, approaches unity nnifarmly as 
the interval of time for such an arc imrcases indifnitdy. 

Prom Avhat was proved at the outset concerning M,. tlu; 
probability that any arc lies in a given neighborhood of il/| 
approaches unity unifonnly as the interval of time increases 
indefinitely. 

To prove a like result for Mi, we recall that any arbitrary 
motion of Jfi is represented by a curve which lies inside of 
a prescribed neighborhood of Mi except for a limited numbei' 
of arcs coiresponding to a limited total interval. Now any 
long arc sufficiently near to Jlifi will share the property of 
the motion of Mi, of being inside the prescribed neighborhood 
except for a limited number of arcs of limited total length, 
provided that first the length of the long arc is taken arbi- 
trarily large, and then the neighborhood of Mi within which 
it is to lie is chosen suitably. Furthermore if a point is near 
enough to Mi it will evidently lie on such a long arc of 
a curve of motion. 

Hence, since the probability that an arc of M lies witliin 
the prescribed neighborhood of Mi approaches unity as the 
time interval is taken longer and longer, and since every 
point in such a neighborhood of Jifi is part of a long arc 
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iKiai’ to il/s except for a finite number of pieces of limited total 
length, it is obvious that the probability that an arc in M 
lies within a given neighborhood of approaches unity 
iiuifomily as the time interval for the arc becomes larger 
and larger. 

';rhis same argument is evidently applicable for M^^, if*, ■ • 
J<\>r Mm we need only note that since Mu is the inner limiting 
set defined by M\, M^, ■ it will be approached as a limit 
by this s(>t in such a way that for a sufficiently large n 
every point of ilf„ Avill be within distance s of some point of 
Mw t’ine.e the probability that an arc of an arbitrary motion 
for a suffici('ntly long interval is within distance « of Mn is 
at b'ast 1 () where d is small, the probability that it is 

within distance 2*’ of il/,„ is at least 1 — d. 

Evidently this i-easouing admits of indefinite continuation 
and leads to the desired conclusion. 

5. Concerning the role of the central motions. It is 
obvious I ben that a first iiroblem concerning the i>roperties 
of dynamical systems is the determination of the central 
motions. 

h’or tlu'. e(inations of classical dynamics the central motions 
are obviously tln^ totality of motions, at least for the case 
without singularities to which we are now confining our 
nlt.eut.ion. in fact the iiroijcrty of stability in tlu'. sense of 
Ihussou iuvolV('s that of regional i'ecurrenc.('. characteristic 
of the; c(>ntral motions. 

Th('. supemior us(dnlnt‘.ss of the ctpiations of classical type 
may \ ery Avell be a. reflection of the fact that the central 
motions an' the most ])robabIe motions, rather than any eon- 
s(*<)ue.iic(' of the, laws of nature. 

6 . Groups of motions. Consider now any curve of 
motion in M Avith a point Pt moving on it. The points P/ 
constitute, the “point group’ of the given motion. 

Kvery limit point of the set Pt for lim < == + will 
be termed an a limit point of the motion, and every limit 
point of the set Ft for lim f = — 00 AVill be termed an « limit 
point. 
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la all eases the limit points of either class form a c1os(hI 
point set. 

The set of oo (a) Imit points of any niotkm Ptform a closed 
connected set of complete motions. The distance of Pt froiii 
this limit set approaches 0 for Urn ^ ( — °° )• 

In fact let P* he an « limit point which Pt approaches 
for lim f = + 00 , and let P** be a point of the curve of 
motion through P*, after an interval c. Evidently Pm c 
will appx’oach P** in the same sense. That is to say, 7’"”" 
is an w limit point if P* is. From this argument we infer 
that all points of the point group of P* are co limit points. 

To establish that the distance from Pj to this set ap- 
proaches 0 , we employ an indirect argument. If Pt did not 
approach the set of a limit points uniformly for lini t ■ -(- cc , 
it would be possible to select an infinite sot of incU'tlnitely 
increasing values of t, such that Pt would be distant from 
any w limit point by at least a definite positive quantity d. 
There would then be at least one limit point P\ of tlic 
set Pt, and this point would be at least d distant from 
any w limit point. By definition, however. Pi is an w limit 
point, so that a contradiction results. 

It is obvious that the w limit set is connected inasmuch 
as it is approached uniformly by the point Pt as t becoim's 
infinite, while Pt moves along its curve of motion continuously. 
• If we consider the groups of motions Mi, - ■ • which 
lead to the central motions Mr, it is obvious that thu « 
and « limit motions of a motion in Mp will foim part of i. 

7 . Recurrent motions. Consider now an arbitrary, closed, 
connected set IS of complete motions. It was observed above 
that the « or w limit motions of any motion form such a. 
set of motions. More generally, if we taie any connected 
set of complete motions and adjoin to it the limit points, 
we obtain an enlarged set 2. 

If a set 2 contains no proper sub-set S' of the same type 
we shall say that S is a 'minimal set of motions’. In this 
case if P is any point of 2, its a and w limit points form 
closed sets in 2, which must therefore coincide with 2, 
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Hy (leflnitiou any complete point gi'oup in a minimal set 
forms a recuiTBut point group and any motion in that group 
is called ‘recuiTent’. 

All rocuri'ent motions belong to the central motions. In 
fact the « and <>* limit points of any such motion in Mp fonn 
a set Ji' in which nmst coincide with the minimal set, 

so that no ])oint of the set can bo in Mp but not in Mp+i. 
Hciic.c the minimal set cnircspondhig to the recun-ent motion 
li(‘s in ,1/,.. 

In all cases but tlu^ sim])lost one, in which Ji’ consists of 
a single, closed curve, a minimal set 2 contains a non- 
(b'minu'vable perfect set of c.iirvos of motion. For suppose 
a minimal set to have an isolated curve of motion. A point Pi 
on this (Uirve has the points of the curve as its « or oi limit 
iminls. Hence this curve must be closed and constitutes the 
minimal ,s(>t -. 

/// itnlcr Hull II iiiiiiit !/riiiiii nmuraioil hjj ii motion Pt be 
n‘riinriit, it is iiircssiir!/ mill siif/icimt t/iiif for cmi/ imitive 
ijiiiiillitij (■. Iioii'i'rrr siiiiill. Ilii'iv r.rists ii iios/tivo i^iKintity T 
so liiri/r Hull nil!/ nrr Pt Pi i r of Hw nirrr. of motion has 
jioiiits irilfiiii ilishiinv r of rrrri/ jioiul of tin: riiirr of motion. 

'Phis condition is necessary. 

If not there is a recurrent point groujt 2’ generated by P 
and a positive c such that a sequence of arcs FtPrnT {T. 
arbitrarily large) can be found for each of which no point of 
the arc which comes with distance e of a corresponding 
point Q. of A. As T iintroases, the point i), has at least one 
limit point if , and thus it is clear that for a ])roperly taken 
subs(‘t of tin*. s<i<|uenc(i Pt Pn-yrj t'o point lies within distance 
(tf </', (Consider the sequence of middle points Ph r 
ol! such arcs, b'or n limiting i)osition P*. we infer that 
every point, of the c,(nnplete point gi’oup of P* is at distance 
at least */2 frrtm (<)*. Hence P* defines a closed set of point 
groups lying within the closed minimal set - defining the 
given recurrent motion, but forming only part of it, and in 
particular not containing Q*. This is absurd by the veiy 
definition of a minimal set. 
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To prove the condition sufficient, we note first that the 
sets of a and w limit points of a point group satisfying this 
condition must coincide. We need only take i — 0 in the 
arbitrary arc P* Pt+T to see the truth of this fact. Gall the 
set of these common « and « limit points, — . 

If the set JS is not minimal it would contain a pro])er 
subset 5' of the same sort to which some point of .2 would 
not belong. Now, when the point Pt approaches .sufficiently 
near to a point of 2', it will remain very near to this closed 
connected set of complete motions for an arbitrarily long 
interval of time and so will not approach all of 2 in this 
interval, as demanded. Thus the assumed condition would 
not be satisfied by the point gi’oup generated by Vt. 

Hence 2 is minimal, and the motion is recurrent. 

Clearly all recurrent, motions are central motions, but of 
course central motions need not be recuiTent. Indeed in the 
case of the differential equations of classical dynamics, all 
the motions are central, but need not be I’ecui’rent. 

8. Arbitrary motions and the recurrent motions. 
The importance of the motions of recuiTent type for the con- 
sideration of any arbitrary motion is evidenced by the follow- 
ing result: 

There exists at least one recurrent ijroup of motions in the 
w(a) limit motions of any given motion. 

Let 2 denote the closed set of « limit points of the 
given motion. We need to prove that the set 2 contains 
a minimal sub-set. 

Divide M into a large munber of small regions of maximum 
span not greater than s, an assigned positive constant. Among 
the motions of 2 there will be one which enters a least 
number of these small regions of M under indefinite increase 
and decrease of t. Let 2i be the corresponding closed set 
of complete limit motions. This set is part of 2 and lies 
wholly in the same small regions. Divide these small regions 
into regions of maximum span «/2. Among the motions of 2^ 
there will be one which enters a least set of these smaller 
regions of M under indefinite increase and decrease of t. 
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Dftlino 2’jj .as the corresponding closed set of limit motions, 
which will be part of 2,. 

Proceeding in this way we determine an infinite sequence 
2’, , . . . . of (dosed connected sets of complete motions, each 

set being c.outained in its predecessors. Now let P„ he any 
point whatevcM’ of 2,,, and let P* be a limit point of the 
set 'Plui point P* belongs to 2' of course since it is 

a limit point of points of i’. Furthennore since P„. is contained 
in 2',„. (m it), the limit ])oint P* lies in all of the regions 
2\2i,---. Likewise since the complete curve of motion 
through P„ is c.outained in 2 .,„. {m - n), the complete curve of 
motion Ihrougli P* lies in 2, 2j, ■ ■ Hence, in accordance 
with th(‘ pr(tp(‘vty by which these iv'gions were defined, the 
curve through P* must entc'.r all of the sub-regions at every 
stage, and hence its limit i)oints must consist of all the 
points -V common to 2', , .i'a, . ■ 

'^h(^ same argument, shows that any motion lying in -V has 
this comi)lel<' s(‘t. as its set of « or w limit points. In otluu' 
words the set 2,. rorms the dosiiaal minimal .set. 

d'h(' following further la'snlt shows that either a i)oint Pt 
gcMiio'ales a r('.curr('nt motion, or else that it suc.ces.sively 
aitliroaches and n-cech's from such vec.urrent motions nni- 
foi'inly ofU'ii; 

Fur mil/ f ■ 0 l/irrr c./vs/.s' iiu iiilrmti T no /an/r that aiii/ 
II rr Pi Pi \ r in •!/ roil In inn nl Ininl our. poiiil with in distiinrr t 
Ilf niiiiir iiriiiip of rrrurrrni iiiotionn. 

'Phe. proof is imm(alia,t('. 

If th(‘ tln'orem is not true it is po.ssibIe to obtain arcs 
PtPi -'iTi not coming within distance e of a. recurrent point 
groiii) for T arbitrarily large. Let then denote the 

middle, point of such an arc. If P’^ is a limit point of the 
points Pt\ T for lim / — -h<», evidently the c-omplete 
curve through P* has none of its points within distance e 
of any recurrent point group. But the set of « and « limit 
points of P* each contaiu a minimal set. Thus a contra- 
diction appears, since every motion in a minimal set is by 
definition recun’ent. 
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9. Density of the special central motions. It is 
evident that the structure o£ the set of central motions Mr 
is of vital theoretic importance. Now this closed set of 
motions has been seen to be characterized by the property 
of regional recurrence, and thus the existence of an ?2-dimen- 
sional invariant volume integral for the equations of classical 
dynamics insures that the totality Mr is M itself in this case. 

■We propose to establish some simple properties of the set 
of central motions. 

The set Mr is made up of one or more connected parts, 
each of wliich contains at least one minimal set of recurrent 
motions. 

Any central motion whose a or w limit points do not All 
up all of the connected part of Mr on wliich the motion lies 
will be termed a 'special’ central motion. A recurrent motion 
is special according to this deflnitiou unless the corresponding 
minimal set constitutes all of the connected part of Mr to 
which the recurrent motion belongs. 

In particular then for classical dynamics, the special motions 
are those which do not pass arbitrarily near all possibh' 
states of motion, either as time increases or (dso as tiniii 
decreases. 

Tlie spednl cmtral motions are eoory whore dense on amj 
connected part of the set Mr of cmitral motions, vnless that 
part is nuide up of a single minimal set of ovenrront motions. 

For the case of classical dynamics {Mr ■— M) the special 
motions are thus dense throughout M, unless M is made up 
of a single minimal set of recurrent motions. 

In establishing this result we shall take M,. as M itself, 
but it win be evident that the proof applies equally well 
to any connected part of Mr provided tliat by a region of 
Mr is understood any connected part of the set M-, no i)oint 
of which is a limit point of points not belonging to the region 
but in Mr. 

Suppose if possible that there is a closed region E no point 
of which belongs to a special motion. Now ithere exists at 
least one set of recurrent motions 2 in M, which are special 

P 
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motions in tlio cnse under consideration and so fall entirelj’ 
•witliin till' (‘.oinplemimtarv region F =■ M — E. 

ConsidiM' all of the points within a distance e of 2 where 
{■ is choscm so that, the e neighborhood of - lies entirely 
within F. 

As f inc.reasi's indefinitely, this « neighborhood moves, and 
two |»ossibilities arise: either (1) no points of the « neighbor- 
hood go outside' of F tor e sufficiently small or (2) at least 
one iniint of the neighborhood finally emerges fi'Oin F, no 
matter how small f is chosen. 

'I’he second altc'rnative is easily disi)osed of. Lot f a])proach() 
and consider a seiiuenc.e of arcs I‘Q of curves of motion in F 
such I hat /’ lies in the t neighborhood of i’, while Q lies on 
the boundary of F and corresi)onds to a later time f. 
Evidently the half curve of motion in the sense of den-eashuf 
time through any limiting position Q of Q for Urn « = 0, 
lies wholly in F, and conslitntes a sjjocial motion of the tyi)e 
whose existence was denied. Tims wc' may confine our 
attention to the lirsi alternative. 

Lilt in the first case choos(' t as large as i)ossible so that 
the set of motions passing through the f neighborhood of - 
continue to li<' wholly in F as / increases. It is apparent 
that the upiier limit of values f foi' which this is true is also 
a permissible value of t-. 'Phe points on these motions and 
limit motions constitute an augmented region A’ within which 
.i' lies. No motion of If when continued in the sense of 
deert'asing time can ('merge at a ])oint F on the boundary 
Ilf /■'. for till'll the niol.ion l.hrough for ■inrmis/iin time 
would be a siiecial motion leaving F at /’, and thereafter 
tying within F. Kor the same reason A’ must lie wholly 
within /•’. Hut now if we consider the points within the 
f' neighborhood of If, some of these must emerge at a later 
point from /*'; otherwise, the region li would not corres- 
liond to a maximum value of Thus there arises a limiting 
lioint Q, the motion through which is special of course, and 
remains in F with decreasing t. Thus a contradiction follows 
in all cases. 
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A slight extensian of this reasoning enables us to establish 
the fonowing more precise result: 

If a connected region of Mr contains a motion within if, 
there eodsts at least one special motion ijossing through a point 
of its boundary and lying within the region as t inn'cases 
(decreases). 

Suppose that we consider an e neighborhood of the com- 
plete motion within the region F. If t decreases indefinitely, 
this region moves and our earlier argument shows that the 
fact stated must be true unless no points of this ^neighboi'- 
hood ever go outside of F with decrease of time, for e small. 

If we consider the s neighborhood together with all of 
the part of F into which it moves as t decreases ive obtain 
an augmented region. This augmented region must lie in F 
when t increases as well as decreases, and it must b<^ in- 
variant. For if .a point of the augmented region niov('s 
outside of itself to a point Q as t increases, tlum a small 
enough molecule about Q would never ovei'lap Q again as t 
decreases, contrarj' to the property of regional I’ecuri’ence. 

If we take e as the upper limiting value, we obtain an 
invariant region E in F made up of comjjlete motions. Ily 
considering points in the «' neighborhood of Ji and letting t 
decrease, we find as before that some of the motions in this 
neighborhood must finally leave F at a point Q. lly allow- 
ing e' to approach 0 , a limit point Q is found through which 
passes a motion lying in F for increasing t, as desired. 

10. Recurrent motions and semi-asyrnptotic central 
motions. We shall say that a motion is positively (nega- 
tively) ‘semi-asymptotic’ to a minimal set of recurrent motions 
in case that set is the only minimal set among its w («) 
limit motions. With this definition in mind, wo can state 
the following conclusion: 

Either there are other recurrent motions in the immediate- 
vicinity of a recurrent motion, or there exist cmtral motions 
positively (negatively) s&ni-asymptotic to the recurrent motion. 

The proof is immediate. Choose a small neighborhood of 
the given minimal set of recurrent motions. By the precedmg 
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soctioii tlioro ivill be a iiiotioii entering this neighborhood 
at a ])oint /■’, and remaining within it subsequently. If this 
motion has other minimal sets besides the given minimal set 
in its sot of w limit i)oints for e arbitrarily small, the state- 
ment made is true. In tin*, contrary case the motion through 
P will be positively semi-asynqdotic to the given recurrent 
motion, also in accordance with the result stated. 

II. Transitivity and intransitivity. Let us consider 
a ‘11101001110’ about an arbitrary point in some connected 
jiart of the manifold of central motions, M, - As t increases, 
this molooulo moves in accordance with the differential 
oiiiiatioiis and will swoop out a tube in M which must ulti- 
iiialoly oi'orlap itself booanse of the property of regional 
n‘oniToiio(>. lad A’ dmiote the tiibnlar region so described 
together with its limit points. .\s t increases, the end of the 
tnlio Jt moves into the tube, and the region R is carried 
into all or part of itself. Hot. because of the. jiroperty of 
regional ri'cnrrence. tills region cannot move into imrt of 
itself, and so is carried iireci.sely into it.self, as f increases, 
or (lecreasi's. 'I’liiis (lie coiiipletc tube formed from the 
molecule by allowing / (0 vary in either direction yields the 
same region A’, iimde up of coniiilete motions. 

Now (wo possiliilities arise: I'itlier for every point /•’ of dA 
ami any iiiolec.nle about the iioiiit. a region R is obtained 
which coincides with . 1 /. or for somi' point /' and choice 
of an eiielosing niolecnle. If is only jiart of M. 

In the tirsl cas(‘ we shall call the connected part of the 
set of central luntimis M,- of ‘ (rails itive’ type, whereas in the 
second case it is of ‘intransitive' type. 

h’or the problem of classical dynamics, transitivity means 
that any small moleenle nltiniatcly sweeps out the entire 
manifold M of states of motion (except for nowhere dense 
motions), whereas this is not true in the intransitive case. 

.1 iii'ci'ssuyij (tint mij'jh'ient vondition for 'the mtra/tisiUwty 
Ilf a cmnected md of central nwUms is that tlm'e mats 
ail invariant closed region in the set, forming only ]gari 
of U. 
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The characteristic of the intransitive case of classical dynamics 
is thus that there exist invariant n- dimensional cmfinna of 
complete motions filling only part of M. 

Evidently the stated condition is necessaiy since such au 
invariant region is found in the region B described above. 
On the .other hand, if there is an invariant region Ji in jl/,-, 
a molecule lying within B must always continue to lie in B 
for increasing or decreasing t, so that the motions are 
intransitive. 

In the intransitive case all motions are special. Eor an 
arbitrary motion either lies in such an invariant sub-continuum, 
or in the complementary set of invariant sub-continna, or on 
the boundary of the given invariant sub-continuum. 

In case a connected part of the set of ventral motions M,- 
is transitive, there tvill exist motions -which, as t either increases 
or decreases, ultimatdy jjhss avhitrarily near all points of the 
manifold of states of motion. 

For definiteness we shall take M,- — M in our demonstration. 
Moreover we make the preliminary observation that every 
molecule must fiU M with increasing t\ else it would detint' 
au invariant partial region B of M of the type excluded in 
the transitive case. Hence there exist arcs of curves of 
motion which go ivith increasing t from the neighborhood 
of a given point P to that of a second given point Q. 

Let us begin by choosing a positive quantity d less than 1 , 
and any numerable set of points Pk, {k = 1, 2, •••), which 
is everywhere dense in M, It is clear that if a second set 
Pk, Q{ = 1. 2. - ■) is assigned such that Pk is distant at 
most d!‘ fi’om Pk for 7c = 1, 2, • • •, then the second set will 
also be everywhere dense in M. 

To obtain a motion which is not special we may jn’oceod 
in the following manner. Within the d neighborhood of /\, 
the point H and an arc Pi, Pi of a curve of motion can be 
found such that H lies in the d^ neighborhood of Pa. Mark 
now about Pi a smaller neighborhood, lying within the d 
neighborhood of Pi and such that if Pi' varies anj^here 
within it, the point PH of the curve of motion through P[' 
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still may be taken to vary continuously ivitliin the fZ® neigh- 
borhood of I\. This is obviously possible. 

Now within this smaller neighborhood of Pi a point Pi’ 
may be selected so that the point Qi' of the arc of a curve 
of motion (^2 lio« in the neighborhood of P^. Thus 
an arc of a curve of motion Qii P” Pi' is obtained, such that 
Q^' is within the' iP lUAighborhood of Z-’o while P{', Pi' are 
within the d and <P neighborhoods of Pi and respectively. 
Furthermore, we can take a neighborhood of Pi still in 
the. d neighborhood of Pu so small that as P{" varies con- 
tiinioiisly within this neighliovhood, both Pi" and Qi" of an 
arc f'i" vary <‘onliniioiisly within the d^ neighbor- 

hood of /’s. 

Ity anotlu'r similar step we may fix upon a /»" of an arc 
Q'J' Pi" P"' l‘i" so lliat. Pi" li(‘s within tlu^ </•'* neighborhood 
of /'i. Ity still anotlicr st{‘p we obtain an arc ■■■ Pn\ 

and so we may proceed indelinitely. In this way we con- 
struct at till' /.--th stage an arc of a curve of motion 


sucli tliat /*i/' and lie in the df' neighborhood of /’/,■. 

It is clear thal by a limiting iirocess we arrive at a curve 
of motion 

• • • Qt I't 1’^ / a • ■ • 

in which /V and Qi- lie within the d'' neighborhood of /'/,•. 
ConsciiiKuilly the sets Pi\ /’a’, and Qt, are 

everywhere, dmisc^ in .1/. llmicc! the (t limit and the w limit 
motions make u)) all of M, and the motion itself is not special. 

In the following chapter (section 11) an example of a non- 
sitiguhir gt'odesic. problem of transitive, typo is given. It 
s(‘t\ms iirobiible that, in general, after th<' obvious reductions 
by mentis of knowtt integrals are effected, the problems of 
classical dynamics arc of transitive type. 

Between the general transitive case and the highly 
specialized cases of completely integrable type, there is a 
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prodigious variety of intermediate possibilities, dependent on 
the particular properties of the differential equations. 

In the following chapter we consider the case of a system 
with two degrees of freedom. Unfortunately it does not simm 
to be the fact that the methods there employed admit of 
simple extension to the case of more degrees of fi’eedoni. 'I’lie 
problem of three bodies, treated in chapter IX, is extremely 
instructive as an instance of this more complicated case, 
although it is of singular type. 



CHAPTER Vm 


THK CASE OF TWO DEGKBES OF FREEDOM 

I. Formal classification of periodic motions. In 
<'liii])tor VI we studied dyiianucal systems of Hamiltonian 
type (ij/ = 2) ill a iireliniiiiaiy way, with paiticular reference 
to the periodic iiiotions. We propose now not only to obtain 
a more' complete idea as to the existence and distribution of 
these ])erio(lic motions, but also of the various other types 
of motion. 

For systems of this lyiie the, manifold of states of motion 
is four-diiiieiisioiial at, tlu' caitset, with coordinates pi, (ju 'ih, (/»• 
However, by siiecilicalioii of the constant of energy, H - li, 
a tlir(‘('-diniensional analytic sub-manifold is defined, and it 
is a particular such nnuiifold M which is the manifold of 
states of motion uiidi'r consideration. In other words, by 
use of the cMiergy integral the systmii of dilTe,rential equations 
is rediiciMl from tlic fourth to the third order. 

Ill ord(T to limit attention to a delinite type of case we 
assume that .1/ is non-singular, i. e. closed and analytic, and 
furthermore we exclude the imssibility of equilibrium in 
since equilibrium cannot arise for a general value of h. 

(Consider now a periodic, motion, which will be represented 
by a closed curve in il/. Imagiiie that curve to be cut by 
an analytic surface <S'. If a iioiiit /’ of (S' i.s followed along 
its corresponding curve of motion hi the sense of increasing 
time, it will inter.sect (S' again at a point Pi. We write 
l\ thereby defining a oue-to-onc, analytic trans- 

formation of 8 into itself, at least in the neighborhood of 
the given periodic motion. The transformation T leaves 
invariant the point corresponding to the periodic motion. 
For periodic motions near to the given periodic motion, but 
represented by curves making ft circuits before closing, there 

909 14 
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win be a corresponding set of h points, P, T{P), 

with T^(P) = P, where the meaning of the notation is 

manifest. 

There is a particular and important case in which we can 
specify the characteristic properties of the transfomation 
on the basis of our earlier work. This is the case in wliich 
the Handltonian problem is derived from a Lagrangian problem 
with principal function quadratic in the velocities (chapter VI, 
sections 1-3). 

Let us recall the precise method of selecting the coordinates- 
in this case. In the first place the Lagrangian coordinates 
ffi, g» are so selected that gi is an angular coordinate reducing* 
to 27ttlT (r, the period) along the periodic motion, while 
is 0 along it. Then, from the differential equations, dH/dp^ 
is not 0 along the periodic motion, and we can solve the 
equation S =h for pi in the form 

Pi + -S’(gi,P2, ffs, /») = 0, 

where K is analytic in its four arguments and is periodic 
of period 2n in Hence gi, p,, gj constitute a suitable 
set of coordinates for M in the torus-shaped vicinity of the 
given periodic motion. In these variables the equations of 
Hamiltonian type 

(1) <?gg __ dK 

' dqi dpi 

subsist. The equations (1) enable us to express the coordi- 
nates p*, 38 of any curve of motion in terms of the angular co- 
ordinate gi; and t may then be found by a simple integration. 

A final modification is to use — P 2 as coordinate instead 
of Pi. Here pi (f) is the expression for jjg along the given 
curve where t is thought of as replaced by its value qivt.2n 
along. the periodic motion. If at the same time we modify 
Zby adding a term qidpljdq,, the form (1) is preserved, 
and the periodic motion corresponds to pj = g, = o. 
Itohermore K remains periodic of period 27 r in g^. 
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In this way the nature of the coordinates employed in the 
I'eduetion to generalized equilibrium becomes apparent. These 
coordinates have the advantage that when the ‘plane’ = 0 
is taken as the surface of section S, the transfomation T 
becomes area-preserving. Fmihermore, if the periodic motion 
is of general stable type, so that the multiplier s ± 1 in (1) 
m’e pure imaginary and incommensurable with V , it was 
seen (loc. cit.) that T may be given the normal form 

= •«„cos(ff-t-s'/^)-v„ain(cr+sr2)-f-<D 
r. sin (<r-f srS) cos ^ 

ill suitably chosen variables n, v, where <l>, are given 
by convergent power series in kq, vq starting off with terms 
of arbit raril y high degi'ee, at least if a certain quantity 
I — \Hl2 ft does not vanish. 

It should be remarked tliat the choice of the surface 8 
(Iocs not affect the transfomation T obtained except by a 
change of variables. 

The detailed study of the transfomation T on the basis 
of the area -preserving property and the nomal form (2) 
enabled us to infer that infinitely many periodic motions 
exist in the immediate vicinity of the given periodic motion 
of stable type. 

In the case when the periodic motion is of general un- 
stable tyiie the multiplier X is either real, or 21 — V — 1 
may be taken real. The same method as was employed in 
the stable case (chapter 111, sections 6 — 9) leads to an 
analogous formal solution, and to a real nomal fom for T 

(3) U) — CP, v\ — — (/* i^±l), 

fi' 

in the case I 4 0, where (/), tf-' are of the same type as in (2). 

This general unstable case is very simple to treat analyti- 
cally.* There will be two invariant analytic curves through 

* Of. my paper, Surface Transformations and Their Dynamical Appli- 
cations, Acta Mathematioa, vol. 48 (1912), section 27, or the paper by 
Hadamard, Bur I'itiration et les solutions asymptotiques des iqaations 
diffh'entielles, Ball. Soc. Math. France, vol. 29 (19)01). 


14 * 
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the origin, which may be taken to be the m and v axes. 
Points along one of these invariant curves approach the 
origin upon successive iteration of T\ points on the other 
invariant curve leave the vicinity of the origin; while points not 
on these curves first approach and then recede from the origin. 

If then we interpret this situation in the manifold M near 
a periodic motion of unstable type, we find that there are 
two invariant analytic surfaces through the cuiwe of periodic 
motion, one of these corresponding to an analytic family of 
positively asymptotic motions, the other to an analytic family 
of negatively asymptotic motions. Other nearby motions first 
approach and then recede from the given periodic motion 
of unstable type. • 

It is clear that there can be no periodic motions what- 
soever lying wholly near to the periodic motion of unstable 
type, in contrast with the fact that there must be periodic 
motions near to any periodic motion of general stable type 

a+0). 

In this way it is seen how fundamentally the classes of 
periodic motions of stable and unstable type differ fi-om one 
another. 

We are now prepared to state to what extent the apparent 
limitations introduced are necessary. 

In the first place not aU the first partial derivatives of H 
can vanish at any point of the periodic motion, so that the 
manifold j? = 7i is a regular analytic three-dimensional 
manifold M along the periodic motion. If variables p,q, r, h 
are selected as coordinates instead of jpi, Qi, jpa, (ja, the 
invariant integral of ordinary four-dimensional volume takes 
the form 


mS' 


gp dp dq dr dh 


where gp >0 is aiialytic in q, r, h. Hence J dq dr 
is inyariant in M, 

It follows further that T will leave a double integral 
Sh du dv invariant, where' u, v are coordinates in 8, and 
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»/^>0 is analytic in u and v.. The argument is essentially 
that of chapter VI, section 1 . This fact alone suffices to 
lead to the normal forms (2), (3), and to the conclusions 
cited above.* 

Hence the Hamiltonian problem need not be restricted 
in this manner. 

In fact it is found that for the most general transformation T 


with such an invariant double 


integral 


dudv, there 


is alway.s a formally invariant function Si{ti,v) given by 
a foimal power series in it, v. We may define tlie case in 
Avhicb the equation ii =- 0 yields real formal invariant curves 
as of unstable type. In this case there are always asymptotic 
invaiiant analytic families of motions (or analytic families 
of periodic motions containing the given periodic motion). 
.•\11 other nearby motions approach and then recede from the 
given motion. Thus there are no nearby periodic motions, 
('xc.ei)t those that, belong to the same analytic family as the 
givim periodic motion, if there arc such. 

If S> = 0 yields no real fonnal invariant curve of this 
kind, the periodic motion may be called of stable type. In 
tln^ general stabh^ case treated above, Si is to terms of 
higher order. When <r is incommensurable with 2n, Avhile s, 
together with some but. not all of the set of analogous constants 
l»erhai»s, vanishes, no essential modification is required except 
that the term nr- in (2) is replaced by a term /’‘hf. If, 
howiu'er, all of tluise constants vanish, the normal form (2) 
holds with .S' 0, and for these irregular periodic motions 

it is no longin' possibh^ to apply the I'easoning by Avhich the 
existeiKie of infinitely many nearby periodic motions was 
established. 

On the other hand, no essential difficulty arises in the 
case of stable type when <r is 0 or or, more gener- 
ally, is commensurable with 2 n ; this is the case when the 
given periodic motion is multiple, at least when taken as 


* S66 my pupBr do®* cit.) for juBtilicfttion of tho fftct statod os well 
as of what follows. 
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described a certaia uinnber, k, of times. It is only necessary 
to consider in place of T, for which the number <r 
is also 0. Here the inyariant function Si stai’ts ofE with 
higher degree terms than the second, and casual inspection 
indicates that T is analogous to a rotation through an angle 
which vanishes at the origin but increases (or decreases) with 
distance from the origin. It would therefore seem, highly 
probable that in this case too there must be infinitely many 
neighboring periodic motions, although the analytic details 
need to be carried through. 

Consequently it appears that in very general stable cases, 
and probably in all cases except the highly exceptional case 
when T is equivalent formally to a pure rotation through 
an angle incommensurable with 27 f, this property will con- 
tinue to hold. This exceptional case is that in which the 
function M in the formal solution I’educes to its first term I . 

Hence in the most general case of unstable type {tu = 2 ) 
the phenomenon of asymptotic analytic families of motions 
{or at least of analytic families ofj)eriodic motions contniniiifi 
the given motion) is characteristic. Other nearby motimis 
approach and then recede from the given periodic motian. 

In the most general stable case, except the highly degenerate 
case where a is incommensurable with 2 tt and the formal 
series involve no variable periods, the^’e mil be. neighboring 
periodic motions. 

It is to be emphasized that the second of tliese conclusions 
has been formulated without completion of a detailed proof, 
such as I have not yet had the opportunity to efi'ect. 

The degenerate case of stable type includes a I’eal ex- 
ception, as the example of chapter VI, section 4, shows, and 
should be further studied. Moreover the formal series break 
do wn in the stable case when I is commensurable with 
^ — 1. These must be replaced by much more complicated 
types of series, a suggestion for the structure of which may 
perhaps be found in my paper referred to above; the earlier 
defimtion of complete formal stability will need to be extended 
so as to permit of indefinitely large periods. 
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Betweeu the non-specialized dynamical problem aiLd the 
highly exceptional integrable case, there exists an enormous 
variety of intermediate cases. In order to possess the 
analytical weapons \vith which to treat all cases whatsoevet, 
it will undoubtedly be necessary to treat the question of the 
stability and instability of analytic families of periodic motions 
in much the same way as that which is outlined for the 
periodic motions above. While the individual periodic motions 
in such a family are to be regarded as unstable, this fact 
yields no iufonuation as to how nearby motions behave with 
respect to the family of motions as a whole. 

In order to avoid complication then, rather than because 
of any essential mathematical difficulty, we propose to deal 
mainly with tln^ class of dynamical problems for which every 
pf'riodic motion and its multiples are simple with I 0. Such 
systimis will be tenncd ‘non -integrable systems of general 
type*'. The integrable case will be treated separately (section 13), 
wliile indications as to th(^ natur'e of the result in the inter- 
mediate eases will be given. 

2 . Distribution of periodic motions of stable type. 
(Mir lirst aim will be to establish the following result; 

For iion-iiilrj/nihlt; HmiiUonhin systems of ymeral type 
{ill 2 ), l/ie sol Ilf periodie mofioiir of yenenil stnhle type is 
driisr an itself ill M. 

It will be observml that this result constitutes a slight 
improvement over the result of chapter VI, sections 1-3, 
according lo which other periodic motions, stable or unstable, 
lie near such a periodie motion of stable type. 

I’o begin with, we recall the facts developed in the lemma 
of chapter VI, section I . It was found there that an arbiti’arily 
small vicinity of the origin, r 2^ ^ (r, 0, polar coordinates) 
<ian be seh'ctod at pleasure, and tlien an integer n such that (1) 
all the points of /• < q remain in the region r-^2Q under 
7', 2'*, • • • , 2”* and (2) d e,i/d ro is positive for On being 
at least 2tc gi'cater for r = q than for v = 0. It is easy 
to extend the argument to show that dr,JSro, dOn/dOo are 
positive under the same circumstances. 
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In this way the curve 
dn — flo — 2/C7r=,0, 

where h is so chosen that the left-hand member is negative 
but not less than — 2n for »• = 0, will have one and only 
one point (r, 6) on each radius vector, with r < q. Thus 
the equation written defines an analytic curve 6' encircling 
the origin and meeting each radius vector only once. But, 
by the defining property of (7, each point P of C goes into 
a point Pn on the same radius vector; thus the curve C,,. is 
also met only once by any radius vector. Also, because of 
the area-preserving property of T", C« and C will intei’sect 
in at least two points, and these are obviously invariant 
points of I"*. In the case under consideration On and C can- 
not coincide, for C would then correspond to an analytic 

Wo propose to con- 
sider more closely the 
indices of these inva- 
riant points. L(!t us 
regard r, 0 as rectan- 
gular coordinates and 
consider the adjoining 
figure in which I is an 
invariant point at which 
the curve C'npasses fi'om 
witliin 6’ to outside 
of C, as a moving point 
describes C in the sense 
of increasing 0. 

If a point P makes a positive circuit of J, for instance 
around a rectangle KLMN, the vector PP^ will have 
a component to the right above C, a component to the left 
below C,. as follows from the facts noted above. At the 
points Q and R the vector PPn is directed upwards and 
downwards respectively. It is therefore apparent that during 
the circuit, the vector PP^ rotates thi'ough an angle + 2 tt, 


family of multiple periodic motions. 
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so that the index of J is + 1 ; while the invariant point J, 
at which C,,. crosses C in the opposite sense has an index — 1. 

Now by hypothesis the periodic motions corresponding to 
7 and J are not multiple. If of stable type, the number a 
is not commensurable with 2n. The corresponding normal 
forms are either of the type (3), in which is positive or 
negative but not ± 1 , or of the type (2). 

Hy the aid of these forms it is easy to determine the 
ri'spective indices. In the first and second cases, the slope 
of the vector /’.P» is 

_ 1 r -i 

Hn—O /?"+•••’ 


wIko’c only the lii’st order terms are indicated explicitly in 
tin* nnnu'rator and denominator. It thus appears that if /i 
is negative the rotation is the same as that of the vector 
drawn from the. invariant point I at the origin to the point 
(a. r), i.e., 2/(. lienee the, index is +l if i« negative; 
likewise th('. index is obviously -- 1 if fi is ])ositive. More- 
over, in the tliird ease' of stable tyiie when the number (f is 
by hyiiothesis inc.ominensurahle with ‘iyr in (2). T“ is approxi- 
niat(dy a rotation through an angle incommensurable with 2n 
iK'ar the, origin, so that the vector PPu rotates through 27t 
during smdi a circ.uit. Hence the index is -h 1 if tlie 
motion is of .stable typ*'. 

We infer tlnm that ./ coi'responds to a i)eriodie. motion of 
unstable type*, while it is not clear as yet whether 7 is of 
stable or unstable type. 

.\s a matter of fact, however, under the conditions stated 
/ must be stable. The numbers f* are the roots of the 
charae.teristic e.(iuation, which takes the form 


9 1'lt 9 1'n 

dn~^’ 9«o 

9flft 9 0a _ 

9 j'o * 9 do 


= 0 
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wheii the vaiiables r, 6 are used. Since the roots are the 
reciprocals. of one another, this equation reduces, to 



in which we are assured that the coefficient of i* is negative. 
Consequently is positive and I corresponds to a periodic 
motion of stable type. 

This disposes of the general case when there are no multiple 
periodic motions and 1^0. 

If the original motion is of stable type but not of that 
highly exceptional type when there are no variable periods 
in the formal series, it seems to me that analogous results 
are to be expected, i. e. that there will exist nearby periodic, 
motions of stable type. 

This exceptional case merits particular attention; it is 
conceivable that it can only arise for integrnble dynaniical 
problems. 

3 . Distribution of quasi-periodic motions. Let us 
suppose that there exists at least one periodic motion of 
stable type for the Hamiltonian system under consideration, 
taken of non-integrable general type. This motion is repre- 
sented by a closed curve C in the manifold M of states of 
motion. 

Now select any such closed curve Ci of motion of stable, 
type. Very near to it can be found a closed curve 6* of 
motion of stable type which makes 1{\ circuits of C before 
closing. Next choose a closed curve of motion Cj of stable 
type very near to Ci and making /c* circuits of Q, and so 
Jci ki circuits of Ci, before closing. Thus we obtain a sequence 
of closed curves Cn, (n = 1, 2, •••), which can evidently 
be chosen so as to tend toward a definite geometric limiting 
set (7 as n becomes infinite, merely by restricting sufficiently 
the successive neighborhoods of Ci, Cg, ••-. Furthermore, 
we can prevent C from being itself one of the numerable set 
of closed curves of motion by the same process. For instance 



VI n. TWO DEGKEES OP FREEDOM 


219 


At tlie ntli stage we might confine attention to a neigh- 
borhood of Cn which is so small as to contain no closed 
•curve of motion (other than C,i) of length less than n ; there 
are only a finite number of such motions of course. 

It is interesting to inquire into the analytic form of . the 
iset C. Let q-i be the angular coordinate in M which increases 
by 2/f when a single circuit of C is made. Then jpi, j?*, as 
may be thought of as appropriate coordinates of this motion 
(section 1), and we may write 

ps !h{<Ji), Ui==hiqi), t = Jkt(qi)dgi 

as the equations of the periodic motion C\ , in which /i , (p , 
hx , hx •() are analytic periodic functions of qx of periodic irr. 
Koi- (\ W(' have likewise 

Pi' ,/s(7i>> ■ //aivi)- th kiitfx), t ~ ^k^ijix) <li]x 

wliere //a, //s. Ju. are analytic periodic functions of qx of 
p('riod 2/i-, Thus wo form in succession a sequence of 
functions./),, Ihi. kn, periodic of period 2/i'i 
in 7i . corresponding tt) the iniriodic motions (\,, {n 1 . 2, •••). 
If W(^ iake points r/, 0 so as to approach a limit, it is 

obvious that /o,. 0 „ approach limits ./',//.// . 0 . where 

the limits arc apjiroached uniformly for all values of 31. 

//■ f/iorc r.rists II nimjh jwi-ioilir motion of utiihjn type for a 
noii-iiitoyriiUlf Iliimi/tonian problem of yvnoritl fyim, tlicov 
irill c.rinf iiijiniffly many vriirby motions, qitiisi-pariodic hut 
not porioilir, iritli rminliniiti's of tin; form 


px lim,/;i(7i), 

■ 00 

70 lim Jiuiqx), 


Pxx lim //„,( 7 i), 

t ( lim kjtiqx) d<jx , 

tf vi^oo 


H'korii fn, tin, /i»- kn am anaiyiic periodic functions of qi with 
petiods 271 /ft • • • hn -i, h, • • ■> kn being positive integers which 
may he taken ip-eater than 1. The convergence is uniform 
fort' ail values qf ffi . 
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Evidently there is a non-denumerable number of such 
quasi-periodic motions,' and the coordinates are functions of 
the type treated by Bohr. It is clear that they constitute 
a class of recurrent motions of a new type. 

4 . Stability, and instability. For the consideration of 
the periodic motions of stable type in dynamical problems, 
a fundamental division of cases must be made. It may happen 
that all motions sufficiently near the’ given periodic motion 
remain in a small neighborhood for all time. This is the 
simpler of the two cases, in which case the periodic motion 
in question may be termed ‘stable’. The other possibility is 
that for some small fixed neighborhood of the given periodic^ 
motion, there may be found motions which are arbitrarily 
near the given periodic motion at the outset but ultimately 
pass out of the fixed neighborhood. In this case the periodic 
motion in question may be termed ‘unstable’. 

Evidently the classification here effected may be mad(^ 
not only for periodic motions but also for recurrent motions 
of any type. Stability in this fundamental qualitative sense 
is not to be confused with the ‘complete formal stability’ 
introduced earlier, and a periodic motion ‘of stable typo’ 
may or may not be stable. 

The transformation T of the siu'face S yields an immediate 
simple condition for stability. 

Consider a small region s ot 8 about the invariant point, 
and its images , sj , ■ • . under successive applications of the 
transformation T. AU of these contain the invariant point 
as interior point. The infinite set of regions s, si, ■ • • will 
lie in the vicinity of the invariant point, according to the 
hypothesis of stability. These regions taken together occlude 
a certain neighborhood s of the origin, which is taken into 
all or part of itself by the transformation T since the set 
8, Si, Si, — is taken into si, sj, • • •. But ~8 cannot be taken 
into a part of itself because of the existence of an invariant 
area integral. Hence J yields an invariant area in 8, corres- 
pondii^ to which there is an invariant torus-shaped region of M 
enclosing the curve of the given periodic motion in its interior. 
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A necessary and stifjident condition for stahility is this 
existence of infinitely many invariant torus-shaded regions 
dosing down upon the curve of the given periodic motion in 
the manifold M of states of motion. 

5. The stable case. Zones of instability. What 
then is the nature ot the boundary of such an invariant 
torus-shaped iTgion in M surrounding the given closed curve 
of stable periodic. motinnV In answering this question we 
naturally tuni to consider the nature of the corresponding 
invariant closed curves in A’ forming the outer boiuidai'y of 
invariant region s. 

Lot us assume that the periodic motion, although of general 
stable type! is not such that the formal series involve no 
variable itcriods (section 1). In this case a normal form (2) 
with .s t •) (or a similar form) can he used. We may assume 
that is positive, for if .>.• is negative for T the con'e.sponding 
(pianlily, --s, is iiositive for 7 ’~h This normal form ( 2 ) 
shows that the counter-clockwise rotation about the invariant 
l)oint incr<'ases with radial distan(!e if r is .sufticiently small. 

No region s lying very uiiar to the invariant point can 
1)1' met. more than once by some I'ailial line. In fact let .1* 
diinote (he jmrt of the pliine formed by the radial lines ex- 
I ended to (he most distant i)oints on the boundai'y of .v. 
'Phe regions of s-'" not forming i)art of s are of one of two 
possible (y])es: I'ithei' they are bounded by the boundary 
of ,v !i,ud a ))iece of a radial 
line on the left, or by the 
boundary of s and a piece 
of a radial line, on the 
right. Hut the transfoi'- 
matiou T evidently takes 
a region bounded on the 
left by such a radial line I 
into a region bounded by 
s and the image ft of 
this radial line 1 . Since the angular coorcunate increases 
with the radiuSj it is geometrically evident (see figure) that 
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the image of such a region will necessarily fall within a region 
of the same type. 

But this situation is not possible since the transformation 
admits an invariant area integral, and consequently no set 
of regions can be tahen into part of itself by T. Thus there 
exist no regions bounded on the left by such radial lines. 

Similarly the use of the inverse transformation T~^ shows- 
that there are no such regions bounded on the right by such 
radial lines. 

Hence the boundary of the invariant region s is met only 
once by any radius sector. 

The impossibility of a radial segment foi’ming part of the 
boundary of 1 is obvious, so that there is actually only oiifr 
point of intersection with each radial line. 

A more elaborate consideration based on the normal form 
shows that the boundary curve r = f{6) is one for which 
the difference quotient 

is bounded and indeed small for invariant regions near enough 
to the invariant point.* The truth of the fact seems almost 
obvious if one observes that T rotates positively directions 
differing by any considerable amount from the directions 
perpendicular to the radial direction into other dii-ections 
differing still more from that direction. 

Our conclusion may thus be summarized in the form: 

For a stable jperiodic motion of general stable type, and toith 
variable periods in ihe formal series, the invariant torus-shaped 
regions are such that their intersections rnith the analytic 
surface of section S may be r^resented in the form r ~ f(B), 
where r, 6 are polar coordinates with the invariant point at 
the origin, and where f is a continuous periodic function of 
0 of period 2 n for which the difference quotient is bounded. 

The curves of motion on the boundary of such a torus- 
shaped region form a closed invariant family. In any such. 

♦ For dettils see my paper (loo. cit), sections 42-48. 
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closed invariant family of motions near the given stable 
periodic motion, there is of course at least one recurrent motion. 

If the rotation number * along the corresponding invariant 
ciuwe on 8 is incommensurable with 2n the surface of tlie 
torus may represent a single minimal set of recurrent motions. 
In tlu.s- ca.se the coordinates and the time can be expressed 
in terms of continuous doubly periodic functions. In order 
to make this clear, let us first select angular coordinates 6, 
iji on the torus as follows. The coordinate (f will be taken 
to vanish in 8, and to increase proportionately with the time 
along each curve of motion, the factor of proportionality 
being so taken as to increase y by 2?r between successive 
intersections with 8. The. coili'dinate 6 will be defined along 
the invariant curve on 8 so that the transformation T takes 
the form 0i 0 -\-x where x is the rotation number specified. 
Klsewhere on tiio torus the variable d may be defined as the & 
of the corresponding point on 8 diminished by in 

order to make f) single-valued on the torus. In these coor- 
dinates the ('(luation of a c.urve of motion is 0 — ^0 — 9<5p/2vt. 
Moreover the coordinates ^ <Ju Ih ^ <h are donbly-periodic 
continuous functions of 0, tp, and dt/dtp is also. Hence 
we may write 

I'i J\xfpl'2n ,(p]. //, ■ //{,x(p/2yr, (/>), h{*(pl27c,^),. 

'h k(*fp/'2.i,*p), / -■ j l{}cf/27c, (p) d<p, 

wlieve f, //. h, U, I are continuous doubly periodic functions 
of period 2 IT in their two arguments. 

There is a second possibility to be considered also. The 
minimal set of curves of motion may coiTOspond to a perfect 
nowhere dense set of points on the invariant curve; all other 
curves of motion on the surface of the torus-shaped region 
will then approach this minimal set of recurrent motions 
asymptotically as the tame t either increases or decreases.* 

♦ For proof of these facts and reference to the prior work of Poincarfi, 
see my paper Quelgues iHUorimea gfytSrales stcr 2e mouvement des aystimes 
dynamig^ea, Bull. Soc. Math. France, vdl. 40 (1912). 
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When, however, the rotation number is not incommensurable 
with 2 71, but is 2^9 nl^ip, q, relatively prime integers), there 
will of necessity exist points of the invariant cuiwe which 
are invariant under T«. It can be proved that the entire 
curve is then made up of analytic arcs terminated by points 
invariant under T^, while the interior points of such arcs tend 
asymptotically towards these invariant points upon iteration of 2' 
or its inverse.* We are thus led to the following conclusion. 

Any such closed invariant family of motions near the (jiven 
stable periodic motion of general stable type and with variable 
periods in the formal series is characterized by a rotation 
number. If this number is incommensurable with 'in, either 
the family consists of a single minimal set of reatrrent motio)ts 
of continuous type, or it contains a perfect nowhere dense 
minimal set of recurrent motions of disconthions type whirh 
all other motions of the family ap^woach asymptotically as t 
increases or decreases. If this number is comnmiswrahle with 
2 71 , there exists one or more closed periodic, motions in the 
family, while the other motions form analytic, branches 
asymptotic to these pei'iodic motions. 

It may be observed that this is a result concerning in- 
variant sub-manifolds of the manifold M and, in particular, 
concerning the central motions in this sub-manifold. Jneideu- 
taUy it appears that, although in dynamical systems of classical 
type, aU the motions are central with reference to the Avholc 
manifold, the same is not necessarily true of invaiiant sub- 
manifolds, so that the concept of central motions continues 
to play a part even in the problems of classical dynamics. 

Any two of these closed families must be entirely distinct 
from one another, except when both have the same rotation 
number, commensurable with 2 tt. Clearly the rotation number, 
which measures the mean angular rotation, must bo the 
same for two intersecting families. To establish that this 
number must be commensurable with 2 tt, we note that since 
the two famihes have at least one morion in common although 
they. do not coincide, the two corresponding curves, r =fi(6),. 

»* See my paper in the Acta Mathematica, loo. olt., seotioiig 42-48., 
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r ill S will enclose one or more areas between 

tbem, each bounded by a single are of either curve. . Under 
iteration of T this area must ultimately overlap itself and 
so coincide with itself, the two arcs going into theniselves 
of course. The two common end points of the two arcs 
will then be invariant, and hence the rotation number is 
commensurable with 2n. 

Conversely, any two families with distinct rotation numbers 
must bo entirely distinct, the one further away from the 
l)eriodic motion having the gi’eater rotation number. 

By convention lot us consider all of the invariant families 
with the same rotation number commensurable with 2?!, as 
forming a single family. This is natural since any two of 
the constituemt families must then intersect. The outermost 
boundary of the (“,orrcsi)onding network of invariant curves 
on iS', and the. innermost boundary curve cannot he wholly 
<listiuct of course, since then they would coirespond to 
distinct rotation numbers. This augmented family is clearly 
c.omposcd of a linitc iinmbei- of periodic motions and of certain 
analytic families of asymptotic motions, according to the 
statement made, above!. 

Consider now an inlinite expanding or couti-acting sequence 
of sticli invariant famili(!s. The seciuence evidently defines 
a limiting invariant family, provided it does not close down 
ui)on tlu! invariant point, nor expand beyond the neighborhood 
of a stable periodic, motion to which attention is confined. 

7V/(‘.s'(! iiiriir/1111,1 J'amilws of motions are ent/reljj distinct 
from one (inotlicr, iritJi rointion nvmhers that increase {or 
(lirrcasr) until the distance from th-e stahle. iteriodic. motion, 
and form a r/osed sequence. 

In case the sequence of invariant families of motions 
contains a pair of successive memhei’s, the region of M 
within the outer of the two corresponding torus -shaped 
regions and outside the inner one may be called a ‘zone of 
instability’.* On the surface S the zone corresponds to a 

* In Beotion 8 the queBtion of the existence of such zones of instability 
ifi briefly considered. 
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ring'Shaped region lying between two successive invariant 
curves. Snch regions will certainly exist unless the invariant 
families fill up the neighborhood of the stable periodic motion 
completely, aside from the regions occluded by the invariant 
families with a rotation number commensurable with 

Many of the methods here employed might be used to 
develop further details concerning the sequence of invariant 
families, the zones of instability between them and their 
relation to nearby periodic motions (see sections 8. 9). We 
shall merely establish the following property: 

In any zone of instability about the yivmi stablr pur/fxlir 
motion there exist motions passing from an ass-igned arhifrar- 
. ily small vicinity of a motion of dtlier of the lunmding in- 
variant families into a lilce arUtrarg assigned rkinity of 
the other bounding invariant family. 

In fact consider the inner boundary of the corresponding 
ring in 8, and a small area which abuts on some arbitrary 
point of that boundary in the ring. Upon indefinite iteration 
of T an invariant part of the surface /S' is defined, made uj) 
of the part of it formed by the interior of this inner boundary, 
together with this boundary, the small region and all of its 
images. The boundary of the invariant part of 8 so defined 
must coincide with the outer boundary of the ring, since 
the inner and outer boumdaries are successive invariant curves. 
But this means that the images of the small area extend 
arbitrarily near to the outer invariant curve, which is what 
we wished to prove. 

6. A criterion for stability. It is an easy matter to 
give an analytic criterion for stability. 

Let 

Ml = / («j v), vi = g («, v) 

be the equations defining the transformation T of the surface 
S' in the vidnity of the invariant point and let r = F{6) 
be the equation of one of the invariant curves in polar co- 
ordinates. According to the conclusions reached above, F 
is then a single-valued continuous function of di of period 
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"in and with bounded difference quotient. Since this.ciirve 
is invariant under T it may equally well be written in the 
form /'i “ ^’(^ 1)1 where the expressions for 61 in terms 
of r, 0 are to be obtained for the coordinate relations above, 
If then in tlie modified equations so obtained we replace r 
by F{0), we are lead to an identity and to the following 
simple criterion : 

In order that a periodic motion of general stable type and 
irith variable periods in the formal series be actually stable, 
it is necessary and snfficient that a certain related functioned 
ef/uafion 


/*( A^-os 0 , A’ sin 0) -f //“ (.J’ cos 6, F sin 0) 


A’* (tan-' 


g(F cos 6, j'^siu flj \ 
f{Fcm 0, 0) ) 


admits of vuntimuras solutions F{ff), periodic of pei'iod 2n with 
' /''I arbitrarily small, but not 0 . 

7 . The problem of stability. An outstanding question 
in dyinunics is whether or not the complete formal stability 
of a pcn-iodic motion of stable type assures stability in the 
t'lindamental (lualitative sense defined above. 

'Pile analyfie. criteria which (listiiiguisb the stable from the 
unstable case ar(' (^xc.eedingly delicate. There are two types 
of (luestions wliicb present themselves liere. Does formal 
stability assure such actual stability? If not, does formal 
stability assure ac.tnal stability in important special cases 
such as th(i restricted problem of thre(^ bodies? 

It appears to be certain that in th(^ general case there is 
instability, although no proof of this conjecture has been 
obtained. The second of the above (jiiestions is much the more 
(lifticult one, and is at bottom arithmetic in character; it may 
be; compared to the question of determining whether or not 
an assigned number is trancendental. 

8 . The unstable case. Asymptotic families. Let us 
turn to a like consideration of unstable periodic motions of 
general stable type and with variable periods in the formal 
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series. In tMs case there exist no invariant families of curves 
of the type present in the stable case, at least if attention 
be restricted to a sufficiently small neighborhood of the given 
periodic motion. Corresponding to this fact there will be no 
invariant curves enclosing the invariant point on the surface 

In such a region of instahility about an unstable periodic 
motion of stable type, there eocist ttvo connected families of 
motions reaching to the boundary of the region, which remain 
indefinitely within it as t increases and decreases respectively. 

To prove this fact we consider as usual the transformation T 
of the surface S in the corresponding neighborhood of the 
invariant point. Let o- be a very small region met by each 
radius vector once and only once. The images o-„(n = 1, 2, ■ • ■) 
of tf under T” must always contain the invariant point within 
them, and for some value of n must finally extend to the 
boundary of 8-, otherwise they would occlude an invariant 
region a, whose boundary would be an invariant curve of 
the excluded type, according to the argument of section 4. 
The points of Cn remain in 8 for n iterations of T“’ at least. 

Now take the diameter of a smaller and smaller. TIkj 
limiting closed set thereby obtained will be connected with 
the invariant point and the boundary, and must remain in 8 
under all iterations of T-^. If we had started with T-’ 
instead of T in our reasoning, we would have obtained a 
second similar set remaining within 8 under all iterations 
of T. Obviously these two connected sets of points con-e- 
spond to two connected families of motions possessing the 
properties specifled. 

Let us add the hypothesis that the periodic motion is of 
general stable type with variable periods in the formal series. 
In that case it has been observed that tlie ti’ansformation T 
rotates the tangent directions to a curve in a counter clock- 
wise direction, relatively to the radial direction, except for 
tangent directions nearly perpendicular to the radial direction 
at the point. 

With this property in mind, let us consider the total set 
Of poBits remainhsg -ia B under all iterations of T~^, and 
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connected with the invariant point by points of the same 
kind. According to what has just been established, the set 
extends to the boundary of 8. 

Imagine any regular curve AS drawn from a point A 
on the boundary of 8, starting in the inward radial direction 


at A, and never turning to 
All the points outside of 
of 8 along such curves AS 
which have no point in 
common with (see figure). 
To prove this ‘left-iianded 
accessibility’ of from 
the boundary of 8, we sup- 
pose if possible that there 
are one or more inac<‘.essible 
regions (see the region ir'^ 
of the figure), Avliich will 
evidently be partially boau- 
(bal by radial segments 
which they lie to the right 


the right of the radial direction, 
are accessible from the boundary 



of in the inward radial direction. 


'I’he transformation 7’~' will 


(Widently take thesis inac.c.essible regions into parts of them- 
s(‘lves, since it rotates radial directions in the clockwise sense 
r('lative to the radial direction. Mut this yields an impossibi- 
lity. because of the existence of the invariant area integral. 

Let f/ir umttihle. iiirioilic motion ho of (jonentl otahlo fi/po 
with niiridhio periods in the formid sories, and suppose for 
dojinitmess tJiut the rotation increases aam/ from the motion. 
'Phm the closed, ronnevlod families of motion, Sa and -w, 
reinainini/ in the reejion of instahility us t -decreases or in- 
creases respectively and reachiny to its houndary, are respectively 
left-handedly accessiUe and riylit-handcdly accessihle. from that 
boundary. 

Let us retuni to the representation of 2a on 8. The 
set 2a on 8 must wind indefinitely often to the right about 
the invariant point from its intersection with the boundary 
of 8. In order to establish this fact it is convenient to take 
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the pftlar coordinates 0 and r as rectangular coordinates 
with the e and r axes directed to .the left and upwards 
respectively. The surface -8 then appears as an infinite atrip, 
and the region in the strip to the right of and above the 
connected set 2a cannot extend to the right of the point 
of 2a on the boundary of 8-, otherwise there would clearly 
be inaccessible regions of the excluded type. 

n then 2„ does not extend indefinitely far to the left, it 
will be entirely included between two vertical lines in tliis 
representation. But the work of section 2 shows that two 
points, one on r- = 0 and another nearby, move at sufficiently 
different rates in the direction of the 0 axis so as to separate 
by an arbitrarily large amount. Hence on sufficient iteration 
of the curve 2a (whose images under all lie in 8) 
must spread over an arbitrarily large strip in the 6 direction 
and so intersect 2„. Thus 2a and this image will contain 
an area which must remain in 8 under all iterations of T \ 
But this would lead us to an invariant area a in 8 as before. 
Hence extends indefinitely far in the direction of tlie 
negative e axis. It follows that 2a winds indefinitely often 
to the right about the invariant point, while 2„, winds in- 
definitely often in the opposite sense. Evidently then tlie 
two sets 2a and 2,o intersect infinitely often. 

In conclusion we observe that 2tt must tend uniforuily 
towards the periodic motion under iteration of T~K Othei'- 
wise the limit points of 2„ under iteration of T-^ would yield 
a closed set 2'a, connected with the invariiuit point and 
remaining in 8 under the iteration of T as w'ell as of T~\ 
The set of such points would then constitute an invariant 
region tf, whos& boundary would be met once and only once 
by every radius vector according to the argument of section 5. 
By hypothesis there is no such invariant region. 

We may summarize these conclusions in the following way: 

The families 2a and 2,o of motions wind ind^nitely often 
to right or left about the periodic motion, according as they 
are Iqft-handedly or right-handedly accessible, and so intersect 
in infinitdy many common motions^ The motions 2a and 2^, 
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are respectively negatively and positively asymptotic to the given 
periodic motion, while the infinitely many common motions 
are douUy asymptotic to the given periodic motion. 

Entirely analogous considerations to those used above may 
be applied to any zone of instability. There will exist posi- 
tively and negatively asymptotic connected sets attached to 
either boundary and reaching to the vicinity of the opposite 
boundary. The two sets intersect infinitely often. Further- 
more, by the kind of argument employed in the following 
section, it could be proved that the set positively asymptotic 
to one boundary intersects the set negatively asymptotic to 
the other. In consequence there must exist infinitely many 
motions positively and negatively asymptotic to the two 
boundaries in any one of the four possible ways. 

9 : Distribution of motions asymptotic to periodic 
motions. Hitherto in this chapter we have limited attention 
to the vicinity of a. i)eiiodic motion. We turn now to the 
consideration of the. totality of motions in M, which we take 
to be a closed analytic manifold. 

in doing so W(' shall assume that there exists a surface 
of sectioiuS' of genus one, and a corresponding transformation T. 
'Pile boundaries of A' are to correspond to periodic motions of 
general stable type, and iS' is cut in the same sense by every 
curve of. motion in M, at least once in any interval of time 
of sufficient length. Any point P of P if followed along 
the curve of motion in the senk‘, of increasing time meets 
it again at Pi, and we write P, =T(P), thereby defining 
a one-to-one analytic transformation of into itself, which 
we tak(i to be continuous along the boundaries. 

We shall not attempt here to give conditions for the 
explicit construction of a surface of section <9. The details 
.seem to be special to each case (see chapter VI) and not 
particularly illuminating. Such surfaces of section S and 
associated transformations T exist in very wide classes of 
problems. 

Moreover we propose to introduce the working hypothesis 
that the dynamical system is transitive. This hypothesis is 



DYNAMICAI/ SYSTEMS 



certainly satisfied in certain cases as the example given later 
(section 11) shows, and in all probability is satisfied unless 
exceptional conditions obtain. However, since the presence 
of a single stable periodic motion obviously would bring 
about intransitivity, the conjecture just made can not be 
established unless the problem of stability is also solved. 

If we interpret the hypothesis . of transitivity on the sur- 
face of sections', it means that, given arbitrary points 
and Qo of 8, then points P and Q arbitrarily near to Fa 
and Qo respectively and an integer n can be found such 
that Q = T^iP). 

Suppose now that there exists a single periodic, motion of 
general stable type and with variable periods in the formal 
series. Since this motion is unstable there exists a network 
formed by the corresponding connected sets and 2„,. 

Let us consider a boundary of this netwoi-k which cuts 
off a small neighborhood of the invariant point. vSuc.li 
a boundary is afforded by the part of S inaccessiblo from 
without a given region enclosing the invariant point but with- 
out intersection with the corresponding branches and 2’,.,. 
This boundary is not made up wholly of At ov Ao. Other- 
wise under indefinite iteration of T-^ or of T respectively 
the images of the boundary would continue to lie in that 
part of 8, and an invariant part of 8 would be dcfiiunl. 
Instead it is obvious that under iteration of for instance, 
the part of the boundary approaches the invariant point, 
while the part 2^, must finally extend into every part of 8 
whatsoever. Otherwise the part of 8 reached and occluded 
would also yield an invariant part of 8 under T, such as 
is excluded by the hypothesis of transitivity. 

Consequently the sets A and .2o), connected with the in- 
variant point under consideration and asymptotic to it under 
iteration of T~^ and T respectively, are both everywhere 
dense on the surface of section 8. 

We have seen (sections 1, 2) that near such a. periodic 
motion of stable type there axe infinitely many other periodic 
motions, of stable type which .corre^nd to: invariant ppints 


VIII. TWO DEGREES OP FREEDOM 


233 


of S under some iterate T’* of T. Consider any such periodic 
motion which is of general stable type with variable periods 
in the' fomal series. It has a set X and 2i,, both of which 
must also be dense throughout S. 

Now the sets 2k and 2a have no points in common, inas- 
much as a motion tannot be negatively asymptotic to two 
different periodic motions. Similarly the sets 2^ and 2,!, have 
no points in common. 

Hence it is apparent that the sets 2c( and Xj have infinitely 
many points in common, as have the sets X.) and Xo. 

In thf. transitive case of tiro degrees of freedom when there 
exists a periodic, motion of (jenercd stable type, having vnriahle. 
periods in the formal series, there u'iU exist infinitely mani/ 
otliiO' periodic motions of stable type. The motions positively 
or negatively asymptotic to any periodic motion of this infinite 
set which is if general stable type with rariable periods in 
the formal series, form a set everywhere dense in S. There 
exist infinitely many motions positively asymptotic to any one 
of these periodic motions, amt at the. same time negatively 
asymptotic to any other periodic motion of the same set, or 
even to the same periodic motion. 

We shall (•.oiisider next the peiiodic. motions of unstable 
tyja', and the motions asymptotic to them. 

As has been remarked, tlun-o (ixist analytic, families of 
motions positively and negatively asymptotic to such a periodic 
motion. In the simplest case, to which we may limit attention, 
there arc two con‘esj)ondiiig analytic iiu'cariant curves through 
the invariant point, one yielding the positively asymptotic, 
motions and the other t.he negatively asymptotic motions 
(section 1’). The two ares of the same invariant curve ending 
at the invariant point cannot intersect of course, no matter 
how far extended. 

On the contrary, two arcs belonging one to each invariant 
curve may intersect. In this case the same argument is 
applicable as was made for -the analogous 2k, 2,0 curves 
above, to show that these two invariant curves are each 
everywhere dense imiS'-and intersect infinitely often. 
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EHirthfflrmore we can argue as before and obtain the con- 
clusion that infinitely many motions exist, negatively asymptotic 
to an assigned periodic motion of general stable type with 
variable periods in the formal series or to an assigned periodic 
motion of general unstable type with doubly asymptotic- 
motions, and at the same time positively asymptotic to an 
assigned periodic motion of one of these two types. 

It is evident that if two arcs of positively and negatively 
asymptotic types for such a periodic motion of imstable type 
intersect the network of one motion of stable type, they will 
intersect all such networks, and also each other. 

If then we can establish that all the four arcs attached 
to the invariant point intersect these networks it is obviojis 
that we can extend our previous conclusions about motions 
asymptotic to the periodic motions of stable type to thos(f 
of unstable type. We shall prove that this is the case 
provided that (1) the asymptotic analytic arc from one such 
invariant point of unstable type is not identical to that fi'om 
a second such invariant point and (2) there is no periodic motion 
of general stable type with invariable periods in the formal series. 
The cases when one of these two assumptions fails to hold are 
to be regarded as highly exceptional. The argument is made 
only in the case when there are no multiple periodic motions, 
although the result holds under much wider conditions. 

In order to establish this fact, let us suppose that some 
one of the foui' arcs belonging to the periodic motion of 
unstable type does not intersect these networks, luid show 
that a contradiction results. 

By extending this arc indefinitely, we obtain a connected 
limiting set 2 on -S'. This set S is clearly invariant under T. 
Furthermore, in consequence of this fact and the hypothesis 
of transitivity - cannot enclose an area. Hence, by a well 
known theorem due to Brouwer, there exists an invariant 
point of 2 under T. This must correspond to a periodic 
motion of unstable type, since by hypothesis the extended 
asymptotic arc cannot approach a periodic motion of stable 
type with variable periods in tiie formal series. 
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Now it is obvious that S must contain at least two of the 
asymptotic arcs of opposite type to this invariant point 
unless the original extended arc coincides with one of these 
arcs. But this possibility was also excluded. 

It is clear that these new arcs in 2 do not intersect the 
networks belonging to the periodic motions of stable type, 
and so we may take any one of them, thus deriving a set Si 
within S. In this way a process is set up wliich must 
finally yield a S* in S containing a minimum number of 
invariant points correspon- 
ding to a periodic, motion 
of unstable, tyiie, and of 
asymptotic arcs. Any arc. 
of S* in such a set ('Xtcmded 
from an invariant point must, 
tlien hav<' itself as limit 
jniinl. and there will bo a1 
least I wo such arcs of oiipo- 
.site type to tin' sanu'. in- 
variant poinl. 

lad. ns considiu' seiiarately 
the cases when there are 
two, three and four such 
arcs to the invariant i)oint / 

(scse ligure). 

To take the lirst cast^, let 
/ J and IM be the positively 
and negatively asymptotic arcs in Now IM extended 
must return to the vic.inity of 1 and can only do it along 7,/. 
Let JJKLM be constructed as follows: JK is a short 
<5urvilinenr arc. which meets IJ at J; KL is an arc made 
up of an arc KKx joining K to its image Ki near to .1,7 
and of its images TT, Ki, KtKi, • • • till the point L is reached 
near to IM, with LM & short segment. The curvilinear 
polygon IJK'L'M' is similarly constructed on the opposite 
side of IJ. The extended arc IM cannot approach IJ 
along JK'Ki for then evidently IM' would also lie in S*. 
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Hence Jlf : produced intersects JZZi. Likewise IJ produced 
intersects MLL-i. The analysis situs of the figure shows 
that IM and IJ extended will intersect, conti’ary to hypo- 
thesis. 

Next suppose that three arcs, say 1/ of one type and IM, 
IM' of the other, lie in 2*. It follows as before that IJ 
extended meets MLL-i saiM'L'L'-i. But if there are no 
intersections of IJ extended with IM oi' IM', it is apparent 
from the analysis situs of the figure that IM intersects J K' K't, 
and also that IM' intersects JKKi. Thus IM and IM' 
would necessarily intersect which is impossible since these 
asymptotic arcs are of the same type. 

There remains to consider the case when all four arcs lie 
in J*. Here IM must intersect KiKJK' Ki if extended. 
But IM cannot intersect JK' Ki, for tlien IJ if extended 
could not approach IM', according to the analysis situs of 
the figure. Hence IM must intersect JKJQ, and similarly 
IM' must intersect JK' Ki But the same argument applied 
to IM as to IJ shows that IJ must intersect MIjL-\, 
Hence IJ and IM intersect, which is impossible. 

We are now prepared to state our conclusion: 

Suppose that there is a surface of section S of yeniis one for 
a dynamical 2 }roT)lem with two degrees of freedom, of fraiisif ire- 
type. Suppose furthermore that all of the periodic motions of 
general stable type involve variahle periods in the formal series, 
and that no two analytic asymptotic families attached to differeii f 
periodic motions of unstable 'type coincide. 

Under these circumstance, all of these asymptotic families 
are dense in M, and there mil exist infinitely many motions 
asymptotic in either sense to any assigned pmiodic motions, 
whether of stable or of unstable type. 

The special hypothesis made that the periodic motions 
are not multiple is not essential to .the method of attack,, 
but was made in order to restrict attention to the general 
CTse, for the sake of simplicity. 

' The above result makes plain a certain analogy between 
tba motions of stable and unstable type. 
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It has been proved earlier that in the neighborhood of 
a periodic motion of general stable type and with variable 
periods in the formal series, there are nearby periodic motions 
both of stable and unstable type. Arc there also periodic 
motions which approach arbitrarily near- to any periodic 
motion of unstable type? Of course such a motion cannot 
remain near throughout a period. The answer is in the 
afiirmativ(^. It may be proved that when the two asymptotic 
analytic branches of a periodic motion of unstable type 
intersect, there will be infinitely many i)eriodic motions coming 
into an arbitrarily small viiunity of the corresponding doubly 
asyinjjtotic motion and of the given iieriodic motion of un- 
stabie tyi)('.‘'‘ 

'i’hus it ai)p(‘ars that in a certain sense the totality of 
periodic motion's, whether of stable or unstable type, will be 
d(!us(' on its(df in very general cases. The conjecture of 
I’oinc.are that these periodic, motions ai'C (iverywhere dense 
has been seen not to be always true (ehai)l.(w VI, section 4), 
but doubtless liolds iii very gcm'ral eases also. 

10 . On other types of motion, Tims fai- we have 
only considered periodic motions, the (|uasi-periodie motions, 
and c.(!rtain other simple typt^s of recurrent motions, among 
the various lyi)es of i-eiuirrciit motions. Siicli i’('curr(mt 
motions almost (*,(M‘taiuly form an eiidhws hierarchy of 
more and more (',()mi)licatcd types, (!ven for non-iiitegrable 
dynamicml systems with two degr(>es of freedom such as we 
have het'u eonsiderliig. Among motions asymptotic to rccummt 
motions in eitlior s(!nse wt*. have only considered those 
a.syin])totic, to p<'.riodic motions. We have not considered 
other si)ec.ial motions, nor non-special motions. The general 
methods used in this and the preceding chapter yield a variety 
of results in this counection.f 

We shall not attempt to go further in this direction. The 

* See my forthcoming paper in the Acta Matliematica, On the Periodic 
Motions of DynamiecA Systems, 

t See my paper Surface Transformations and Their Dynamical Ap- 
plicaiions, Acta Mathematioa, 701. 43 (1922), sections 64-78. 
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example taken up section 11 will , give some idea of the 
complexity of the situation to be expected. 

II. A transitive dynamical problem. The problems ' 
of dynamics usually called ‘integrable’ are those of intran- 
sitive type, and the motions are represented by curves which 
lie upon invariant analytic nianifolds in M, of one or two 
dimensions. For example, in the case of the problem of two 
bodies, every motion is periodic, and these invariant mani- 
folds in If are closed curves. For the integrable cases 
(sections 12, 13), the special analytic relations are sufficient 
to yield complete information about the motions and their 
interrelations. 

Any non-integrable problem of ti’ansitive type might, how- 
ever, be considered to be ‘solved’, in case a special algorithm 
of sufficient power could be devised for dealing with it. 

I propose here to develop such an algorithm for the transitive 
geodesic problem on a special analytic surface with negative 
curvature. The results obtained seem likely to be typical 
of the general transitive case in many respects, and can be 
readily extended to any analytic closed surface with negative 
curvature. It will only be possible to give an intuitive 
justification for the results. For the technique, I may refer 
to the notable work of Hadamard* and Morse,+ the methods 
and ideas of which perform the principal role in the case 
here treated. 

It seems improbable that any analogous algorithm exists 
in the geodesic problem on closed analytic surfaces with 
positive curvature. 

The particular surface which we consider is defined by the 
equation 

2* = 1 — e*sin®-|-a:sin®-|-7/ (o>l> 

*i«s surf am d courtureg ogpos&a et lew lignes gSodesiques, Journ. 
de Math., ser. 5, vol. 4 (1898). 

Mecurrent Qeodenca on a Surface of Negative Ourvature, Traas. Amer> 
Math. Soc., vol. 29 (1921); A Fundamental Claes of Oeodesies on Any 
Oosed Surface of Genus Greater Than One, X^s. Amer. Math. Soo 
voL 26 (1924). 
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iu which .r, y, z are rectangular coordinates, and where we 
shall make the c-onvention that all points 

(.7^±2/f7r, y-±.2lT^ (Jr, I == 0, 1,2, ■ • ■) 

correspond to the same i)oint of the surface. This convention 
is legitimate inasmuch as the linear group of translations 

X - - x-h'iJiTTj 1/ yy±2Z7r, ^ 

takes the surfaces into itself. A fundamental domain for .r, tj 
is then the s(iuave given by 

(I ' 2:rr, 0 < f/ 2n. 

For any -■ this tMjuatioii may be written 
sin“ I rsin“ y (1 — 

Hence for |i„i ■ . I tlie t,riic.(( of the given surface in the plane 
i consists of a convex, syiimietricial, analytic oval within 
(he fiiiidninental stpiare, with center at the mid-point of the 
s(niare. .\s in iiicrcitses or decreases from i,, 0 towards 

io ±1. this oval expands analytically, and becomes the 
fimdamental scpiare for io -J- 1. It is easily verified directly, 
but is also obvious from th<! above (pialitative comsiderations, 
that this surface is everywhere analytic, with curvature which 
is negative except at tlie points on the surface con’ea])ondiug 
to the corner of the limiting squares, z ■ - ± 1. 

'Pile connectivity of this closed sui'face is readily determined. 
If the equatorial oval z -■ 0 were capped, the upper half of 
the surface would be homeomorphic with a squai’e in which 
pairs of opposite points on parallel sides are identical, i. e. 
with au anchor ring. When this cap is removed we find 
that the upper half of the surface is homeomoi-phic with 
the surface of an anchor ring having a hole in it. The 
lower half is of the same type. Thus the total surface is 
homeomorphic with a double anchor ring of genus 2, 
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A fundamental property for such a surface of negative 
curvature is that there is one and one only geodesic arc AB 
of given type, from the standpoint of analysis situs, which 
joins two assigned points of the surface. For example, take 
any closed curve circling around one copy of the surface. 
There is only one closed geodesic of this type, whicli of 
course is the oval 2 = 0. If we use the complete representation 
VI x,y,z space hy means of the surface and the infinitely 
many congruent copies, the above result means that any 
continuous line in this surface joining a fixed point .1 to a 
fixed point B can be continuously deformed into a unique 
geodesic arc AB. 

Let us seek to introduce a symbolism adequate to exprcs.s 
the type of any arc AB. Consider the projection of tlie 
given surface upon the equatorial plane. This will cover 
doubly an of that plane except the port inside any one of 
the geodesic circles in the equatorial plane. In the adjoining 
figure these circles are then the images of these geodesic 
circles, and likewise the horizontal and vertical segmcnits of 
the square net work having the centers of these circles as 
vertices, will obviously correspond to closed geodesics. 

Suppose that the projection of A lies within a square of 
the network as well as that of B. As- a point P moves from 
A to B along AB, its projection traces a continuous curve 
in the x, y plane. Moreover if this projection is given, to- 
gether with the points on the circles where P moves from 
a region of the surface ?>0 to a region r<0, then tlie 
curve AP is detei'mined. 

Let the symbol x denote a crossing of a vertical segment 
in the positive x direction, and ar*^ a crossing in the opposite 
direction; likewise let the symbols y and y~^ denote crossings 
of a horizontal segment in the directions of the positive y ’ 
axis and the negative y axis respectively. From a point 
within a square there are four accessible quadrants of circles, 
in the lower left-hand comer, lower right-hand comer, upper 
right-hand comer and upper left-hand comer. Denote the 
corresponding crossings of the geodesic dreles toward the 
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positive g axis by wi, iVi, ivt, W 4 , respectively, and also the 
oppositely directed crossings by vq'^, respectively. 

It is then geometrically evident that any' arc AJ3 corresponds 
to a symbol formed by a finite set of these 12 symbols written 
in the same order as the con-esponding crossings. Conversely, 
if such a symbol is given, restricted solely in that after any 
ir; follows a wj \ and vice versa, there will be a unique 



corresiiomUng path. ^Phe reason for this rc^striction is that 
the point P moves from a region p<0 to a region .?>0, 
and then from a region pX) to a region g< 0 . 

To every allowable deformation of the path AB (,4 and B 
being fixed of course') will correspond a modification of the 
symbol. The class of symbols obtained from one another in 
this way may be called ‘equivalent’. It thus becomes important 
to determine the legitimate type of modification of a symbol, 
and a normal form of each class of equivalent symbols. 


16 
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The legitimate operations are of two types. The first 
allo'WS us to insert or remove any pair of elements a ct ^ or 
a*-’- a in the symbol, since this corresponds to a deformation 
over a boundary.- The second operation allows us to replaco 
such a symbol as w^y 'bj or by yw-\ or w\^y~^ 
bj byy-^Ji'a-^; these are the changes 

possible in the symbol when a point P of is deformed 
through the point common to the quadrants ip», of a 
geodesic circle. There will be similar operations at the point 
common to wt, m, at the point common to iPi, ir,, and at 
the point common to wi, Wa- 

In order to obtain a normal form we reduce the number 
of elements in the symbol as far as possible by the followinp,- 
three processes. First we strike out any pair aa-^ or*«"* if . 
Secondly we replace any triple such as yv-ay "^ by its ccpii- 
valent ivt\ here we have 

yt02y~^ — miyy~^) = we 

of course. For each of the sixteen operations of the .second 
type specified above there will be two corresponding triples 
of the form pw^p~^ or p ivY^ p~^ where p is x, x~^, y or y~', 
which can be replaced by a single letter Wj or wy''-. Thirdly 
we replace any triple such as w^yw'^^ by y. For each of 
the sixteen operations of the second type there will also be 
two corresponding triples of the same sort which can be 
replaced by a single letter x, ar'^, y or y~^. 

Lastly whereever possible we invert all ordered pairs such 
as y~'^W2 made up of an element x, y, y~^ followed by 
element or wf^, so that an element of the second typci 
appears first. Thus 11-2 is replaced by Wa yh 

The normal form will be defined as that which results 
when aU of these processes have been carried out. We 
propose to show that the normal form is unique. For this 
purpose we divide the symbol into components made up of 
the elements x, x~\ y, y and into those made up of the 
letters Wf, For the arc of the figure the symbol 
is evidently 
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xy X IU2 y~^ x~^. 

It is in normal form and breaks up into tbe four components 
xyx, w^, 11/-^ u\, .T-i. 

We will iu‘gue that this particular normal form for the symbol 
of /I Ji is unique, but the method used is obviously general. 
'Che lirst c.ompouent evidentJy gives the least number of 
squares passed by the projection of a point P moving from 
.1 to B along a path of this type, before the point P crosses 
the eciuatorial plane, and it identifies them uniquely in proper 
order. Hence any other nonnal symbol for AB must ha^'o 
the same fli-st component xya: as this one. Similarly the 
second component describes uniquely the gi’eatest number of 
l)assages which /' can make across ,r -- 1) in the same copy 
of the surface always c.utting distinct geodesic circles in 
succession. In this case there is only one clement n’o in tlui 
second compoiuMit. M’hus the second com])onent is ir^ in any 
other normal symbol. 

In ge.ni'ral. only tin! inevitabhi crossings are made of the 
sides of the s(iuare.s and of the geodesic circles, while the 
latter an^ made as soon as possibhn This is the geometric 
int('rpretation of the operations reducing to normal form, 
and may b(' made (.lie basis of the proof of uui(ineu(ms. 

'I'he (mndilion that a symbol is in this normal form merely 
re(inir(>s that certain si’quences of elements are not to occair. 
'riu' forbidden smjnences aia; obviously 
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The infinite .symbol corresponding to a complete geodesic 
will obviously possess the same minimum property as the 
normal symbol, since the geodesic arc will cross the auxiliary 
geodesics a minimum number of times. We will call this 
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symbol the ‘reduced symbol’. The letters x, x~\ y, y-^ 
follow each other in the reduced symbol ordered precisely 
as in the normal symbol. But the exact position of the 
elements m can not be determined without a more explicit 
knowledge of the given surface, and would be different for 
other surfaces of the same general type. 

For the reduced symbol the points of crossing may be 
associated with the corresponding elements of the symbol, 
and intermediate points may be indicated by placing an 
ordinary real number w, (0 < m < 1), between two successive 
elements a, p, thereby indicating that the point P„ lies the 
fractional part u of the way from the crossing « to the 
crossing along the geodesic arc. 

In this way we obtain a symbol for a ‘state of motion’ 
in the problem, by adjoining the number u to the complete 
reduced symbol. Continuous variation of the state of motion 
will vary u continuously if u be regarded as periodic of 
period 1. The corresponding variation of the symbol itself 
is ‘continuous’ in that a slight variation of the. state of 
motion can produce only changes in a distant element of the 
reduced symbol, or else wiU introduce allowable changes of 
order in successive elements. The corresponding variation 
in the normal symbol is in general continuous also, but here 
a component of the form wtccc ■ • ■ where c is a given set of 
elements is to be regarded as the same as ccc • • •. The tw'o 
ends evidently vary continuously, but no other changes of 
order may occur anywhere in the symbol. 

We are now prepared to take up the question of the types 
of motion and their interrelation. 

In the first place the periodic motions, corresponding to the 
closed geodesics, are evidently in one-to-one correspondence 
with the normal types of finite symbols, in which cyclic order 
is not considered. The two periodic motions corresponding 
to the senses in whiph one and the same closed geodesic may 
be traversed will correspond to such a symbol and the same 
symbol taken in the reversed order. The normal symbol for 
the complete geodesic is evidently the partial symbol taken 
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an infinite number of times. Since the partial symbol may 
be arbitrarily chosen, the corresponding periodic motion can 
be made to approach an arbitrary geodesic motion. 

The imriodiv. motimis ore everywhere dense in the totality 
of motions. 

Next let us consider the motions which are positively 
asymptotic to a given periodic motion. For this to happen, 
the normal symbol of the motion under consideration must 
of course be the symbol of the periodic motion from a certain 
point on, and this condition is sufficient. In order to be 
negatively asymptotic to the periodic motion generated by 
the finite symbol p, and positively asymptotic to that gene- 
I'atcd by y, tlu^ symbol must repeat the partial symbol p 
sufficienlly far to the left and q sufficiently far to the right. 
1’he intenuc.diat(i part of the symbol can be taken arbitrarily. 
If the symbols p and q arc the same, a motion doubly asymp- 
totic. to one and the same i)eiiodic motion may be defined. 
iSima^ th<' iniermediati^ part of the symbol is arbitrary the 
motions of ('itluM* type are everywhere dense, but must be 
iiunierahh'. 

I'his rcosotiiiii/ shoirs the vxisfenre of 0 rontinnous foini/y 
of posHirrIy or iirqotirely osymptotic motions to o yirrii 
prrioilir motion. There exist also injhiitely many periodie. 
motions positirety iisymptotir to one ossiyned periodie motion 
and neyotirety osymptotir to o seeond ossiyned periodie motion, 
and these nodions ore ererywhere dense oJthooyh numerahle. 

More geni'rully, if a motion is merely to be asymptotic in 
one sense to any givem motion, only one end of the symbol 
is assigned. 

,1 .siinilor eonehision holds then eoticerniny the motions 
osymidotie to any two yioen motions in assigned senses. 

Tlore e.rist also motiotis semi-asymptotic, to the given motions, 
so that odtile not ortnally a.symptotic to them the deviations 
become inercoshigly htfroj^ient ns the time increases or de- 
creases indefinitely. 

To make up the oorrest»onding symbol we need merely 
write down a normal symbol such that in one direction it is 
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in increasing proportion made up of increasing components 
of the symbol of one of the given motions taken further and 
further out in its symbol, while in the opposite direction it 
is similarly made up principally of components of the symbol 
of the other given motion. 

Let us next pass to the general recuiTent motion not of 
periodic type. Evidently the corresponding normal symbol is 
characterized by the fact that given an arbitrary positive 
integer n, there exists a second integer N so great that 
every sequence of n figures in the symbol can be found at 
least once in any N successive figures. 

Morse (loc. dt.) has given a specific method of construction 
of such a symbol. 

There is probably a hierarchy of such recun-eiit motions 
dependent in degree of complication upon the way in which 
N varies with n. Here I wish merely to indicate a ])o.ssible 
method which will lead to the discoveiy of recuirent motions 
not of periodic type for the system under consideration. Let 
/(aji, •••, Xp) be any function which is analytic and i)eriodic 
of period 1 in xi, •••. Xp, (p > 1). If ci, r,, are 
quantities without linear relation of commensurability between 
them, then /(c] •••. CpX) is a quasi-periodic function of A. 

Suppose now that we let {a} denote the integral part of tlu^ 
least residue of a taken modulo q, so that {«} is one of the 
numbers 0, 1, ■ - •, g — 1. The function ej,A)} will 

then yield a doubly infinite sequence of the integers 
•••> ff — 1 for X an integer, which will possess the 
characteristic recurrence property desired, and will not be 
of periodic type unless f happens to be very nearly periodic. 

Suppose for example that we take g === 8 and identify 
0, 1, ■••,7 with X, x-\ y, yr^, wi or Wi~^, % or 
Ws or tvs.~\ Wi or The apparent ambiguity is unim- 

portant since the symbols w^, alternate. Then we should 
obtain a symbol for a recurrent motion on our surface, corre- 
sponding to any function f. 

It is in the nature of this proposed method of construction 
of recurrent non-periodic motions that they possess a certain 
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II underlying periods, and may very well be of eoutinuous 
type. The example proposed by Morse was established by 
liim to be of discontinuous type. 

'I'lir fhoorn of r/iajiitiir VII sJiou^k that em'ij moUmi has a 
|•l‘rtltill xi'f of rmirmit motions mnontf its dosed connected set 
of « and (0 limit motions. 

'I’he method there used for constructing such a recurreut 
motion has its symbolic counterpart, whereby at knxst one 
normal symbol of rc'current tyi)e can be obtained from either 
end of any normal symbol. 

Tlie (luestion aiises in how far the closed connected « and w 
sets may In* assigned at Avill. Now it is apparent that since 
the given motion api)roaches the m limit motions asymptoti- 
cally as tinu' increases, it is possible for a sequence of in- 
detinitely long arcs 

.{ li. H'(\ IK ■■■ 

of the limit motions to be found such that //' is very near 
to />. (’' to (\ e.tc.. and such that. lh(!S(' arcs taken together 
trace out arbitrarily cht.scdy all of the set of limit motions. 
To this (Mid we may use the given motion in which each long 
seguKMil .MX. .V/'. I’Q, ■••is near the « limit .set, so that 
si'guKMils ,1 /). n't'. • • • of this set near M X, .V/', • ■ • resiiect- 
ively exist, and so near all of the oi limit set. Lid, us say 
that any such closed coiinected s(‘t of motions is ‘cyclic'. 

Such It 11)1(1 o) limit sets ore iievessiiriln eyeHr. Vonversdn 
ilireii 0111/ tiro ri/elie sets of motions, their e.rist in the ease, ol 
hoiiil ereri/irhei-e dense motions irhirh hore preriseli/ these sets 
os It ond 10 limit sets. 

In fact, construct a symbol such tliat in one. direction it 
contains a suc,c,es.siou of symbols attached to arcs Ali, JfV, C'l), • • • 
of the M cyclic set as above, in wliich these .symbols increase 
in length while at the same time the distancc.s Jill', CC, ■ ■ • 
become smaller and smaller; and do the 8a.ine in the symbol 
with respect to the a cyclic set, but operating in the reverse 
direction. In between the two parts an arbitraiy finite symbol 
may be inserted. Such a symbol evidently corresponds to 
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a motipn with the desired property, and these motions are 
clearly everywhere dense because of the presence of the 
arbitrary symbol. 

FimUy there exist non-special motions so that the dynamicnt 
problem, in hand is transitive. 

In order to obtain non-special motions we need only write 
down normal symbols which contain all allowable sequences 
of symbols. 

The set of non-special motions is of course measiu’able in 
the sense of Lcbesgue, and it is natural to conjecture that 
its measure is that of the totality of motions in M, i. e. that 
the special motions are of measure 0. I have not been able 
to establish' this conjecture. 

Thus there is an enormous complexity of types of motion 
in this geodesic problem on a closed analytic surface of 
negative curvatui’e; but nevertheless a specific algorithm exists 
which suffices to describe adequately this complication by 
means of certain symbols. 

Of course the above problem differs from the most inte- 
resting class of dynamical problem, typified by the geodesic 
problem on a convex surface, in that all of the periodic 
motions are of unstable type. Nevertheless it seems to 
typical, of the general case in many respects. 

12 . An integrable case. A weU-known integrable problem, 
discovered by Jacobi, is afforded by the geodesics on a conv('x 
ellipsoid.* If this ellipsoid flattens to a limiting ellii)tical 
form, a special integrable case of the billiard ball problem 
(chapter 71, section 6) results. This example is still more 
concrete inasmuch as the geodesics become broken straight 
lines with vertices lying on the ellipse and making equal 
angles with the normal at any vertex. 

It is a fact of elementary geometry that if a single segment 
of such a broken line passes through one focus of the ellipse, 
alternate segments will continue to pass through alternate 

* A v6iy HDggestiTe treatment of certain integrable caaea npill be found 
in a paper by Whittaker, On the Adelphie Integral of the Difftreniial 
Equations of Dynamics, Proo. Boyai Soo. Edinburgh, vol. 47 (1917). 
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foci, no matter how far produced. A fui’ther well-known 
fact is that if the sj^stem of confocal conics containing the 
limiting ellipse be drawn, successive segments (or these 
segments extended) will be tangent to a particular conic of 
the set, which may be an ellipse or a hyperbola; if these 
points of tangency lie on an ellipse, the billiard ball will 



continue to go around the table in one and tin* sense 
indefinitely; if these imints lie on a hyperbola, the successive 
lioints of tangeiK'y lie on the two branches in alteraation, 
while the successive segments are between its branches; the 
major and minor axes constitute two limiting cases of 
periodic motion. 

Suppose now that we make use of the egOrdinates yi and 
already employed chapter VI, section 7, for setting up the 
ring transformation T, Here <p denotes an angular coordinate 
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of period 2n whicli measures arc length along the ellipse 
while 9 measures the angle of projection which the rebounding 
billiard ball makes with the positive direction of the tangent 
at the given point of projection on the ellipse. 

Eor any (6, y) where + nr, y may be taken as essentially 
polar coordinates on the ring-shaped surface of section (figure), 
there is one and only one state of projection of the ball, 
and, as time increases there is a next following state of 
projection (di, yO. The transformation T is then defined as 
that which carries (6, y) into (di, yi). We shall not under- 
take to write down the explicit analytic formulas involved 
although these can be obtained either directly or as a limiting 
case of formulas arising in the geodesic problem on an ellipsoid. 
Such explicit formulas are not necessary for our purpose. 

We propose to determine qualitatively the character of th(f 
transformation T in this integrable case. 

In the first place the motion of a billiard ball around tin; 
table in either of the two possible senses evidently corresponds 
to a succession of points on a single closed analytic curve 
Iring near d = 0 or 6 — n respectively, according as f 
increases or decreases; the two limiting cases d 0 and 
d = jr correspond to rolling motion of , the billiard ball along 
the elliptical boundai’y in the two possible senses. Thus we 
get two analytic families of closed curves whicdi abut on 
d = 0 and d = TT, and which are invariant under the trans- 
formation T. According to the results obtained in chapter VI, 
the transformation T leaves invariant the points on d = 0 
but rotates the points on d = tt through an angle 2 ft. 

Secondly, if we consider a state of projection which is 
associated with tangency to a hyperbola, liere is one and 
only one such point of tangency lying on the straight line 
formed by the segment described by the billiard ball, or that 
segment extended, and the point of tangency may be con- 
tinuously varied over the complete hyperbola. There are 
two kinds of projection, however, corresponding to the values 
of y on either of the two elliptical arcs of the given ellipse 
which lie between the two branches of the hyperbola , under 
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cousidoration. Here each liyperbola gives two closed analytic 
curves within tln^ ring, and, as the hyperbolas tend to ap- 
proach the minor axis of the ellipse, Ave obtain two analytic 
families of curves closing down upon two points Mi ~ {jt/ 2, nl% 
Mi ■ (;f/2, 3 7r/2), coiTcspnnding to motion along the minor 
axis. 

Plvidently the limiting case of any of these four types of 
motion is that referred to at the outset when the straight 
liiK^ s((gm(!nts i)ass through the foci. But the states of pro- 
,i('cti(ni through either focus correspond to a single closed 
analytic curv('. and these two curves have two points in 
common, namely the i)oints A’, ^ (^r/2, 0), Aj = lnl2, n), 

corresponding to i)ro,iection along the major axis. 

In this way Uni points of the ring which rejn'esent each 
state of projection are seen to b(( divided iij) as represented 
in the ligure above. 

The Iransformalion T leaves the points of tlu' inner boundary 
invariant and rotates tlu* analytic curves which abut upon 
it through an angle wliicli increases with distance from the 
boundary, inasmuch as if H is increased while (/- is lield fast, 
it apitears that </', is tluua'by increased, b’or the limiting 
curve of this family made u]) of two analytic airs which 
end at .V| and .Vj. it appears that the transformation 7’ 
rotates A’, into X., and .Vo into .Vi in a positive simse, 
while interchanging the two arcs througli A'l, Aj. 

Similarly the transformation T advances tlie. points of the 
outer boundary by an angle 2/r and rotates the analytic 
curves which abut upon it by an angle less than 2 /(, which 
decreases as tlu' distamm from this boundary increases. The 
limiting curve of this family is made up of two analytic arcs 
which end at Afj and A'*, and the. transfonnation T ro- 
tates A’l into Aj. and A'- into A^i, and interchangos the, 
two area. 

Hlxamiuatioii of the motions which pass through the foci 
shows that these tend asymptotically toward tlte major axis 
in either senee. This agrees with the fact that all points 
within the inner arcs A'i Nt are advanced by an angle less 
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than -PC while those on the outer arcs Ni are advanced 
by an angle more than n. 

It is clear that there are no invariant points under T. 

Let us consider now the various types of motion, and to 
begin with, one ,of the type corresponding to a cuiwe of the 
analytic family abutting upon y = 0. 

Let us adopt analytic variables (jp, where i\< varies 
with the curve of the family. The transformation T takes 
the form 

SPl = i^(sp, 
with Jacobian determinant 

J — dFj 9 (jp > 0 . 


If the invariant area integral is 

j*Jldy dfft 

in these variables (see section 1), we wiU have 


= I(<p, tfj), 

so that the integral of Jld^ over any arc tp = const., and 
over the transformed arc has the same value. 


Now write 


. / p27l 

xl2n =J^ J(5P, ip)dy>jj^ I(gi, f) dtp, 


thereby introducing a new analytic angular variable x of 
period 2n which can replace y. The transformation T will 
take the form 

*1 = tp 


in these special variables. Here u{xp).\s. an analytic function 
of rp. 

"Hence the transformation of each invariant curve of the 
analytic family which abuts on S = 0 is essentially a rotation 
of tha,t curve into itself through an angle a which varies 
analytic^ly with the curve and increases from 0 along ^ = 0 
toward a limiting value 7 t. But this variable tp is not to 
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be regarded as defined along the limiting non-analytie curve 
of course. 

Consequently, if a (ifj) is commensurable with 2 n, say 
« = 2np/q,.ovevy point of the invariaut curve corresponds 
to a polygonal periodic motion of the billiard ball going* 
times around the ellipse and having q vertices. Here is 
taken relatively prime to q, and p, q take all values for 
which p (’//2. ^ 

If «(i/') is incommensurable with 27r, the entire curve 
corresponds to a single minimal set , of recurrent motions of 
continuous typo. 

Furthermore, along the analytic family of invariant curves 
which abut on (i -- sr, the ti-ansformation T is essentially 
a rotation with I’otation number say, which varies analyti- 
cally from 0110 invariaut curve to another, and which di- 
iiiinislios from 2ji at the bomulary towards a limiting value tt. 
Ill this case wo have a similar distribution of periodic motions 
and motions of recurrent type. 

If now we turn to the two analytic, families of curves 
which abut on the points fi/| and M* respectivedy, and which 
are iiitondiaiiged by V, it is apparent that it is desirable to 
coiisidi'r rather than 7', inasmuch as 7’“* will leav('. every 
curvi' of either family invariant, and no point on any of 
these curves can be invariaut save, under an even iteration 
of 7’. 

In the, same way as before, it follows that the traiis- 
forniatioii of ('acli of those invariant curves into itself under 
7’* is essentially a rotation, of whicli the rotation number y 
varies analytically from curve to curve; at either invariaut 
point Ml, Mt, the value of j' is merely the rotation number 
for the. corresiionding stable iieinodic motion along the minor 
axis while r tends toward a limiting value along tlie limiting 
non-analytic curve of the family. 

If Y ia commensurable with 2n, say y — 2nplq, every 
point of the invariant curve corresponds to a polygonal 
periodic motion going 2g times across the ellipse and os- 
cillating in direction p times about the minor axis. If 
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is incoinmenBuraljle with 27 r, the curve con-esponds to a 
single minimal set .of recuirent type. 

Evidently the points Ni, Ni con-espond to periodic motion 
along tlie major axis, and are of unstable type with analytic 
asymptotic branches represented by the invariant curves 
through these points. Similarly Mi, Ma correspond to periodic 
motion of stable type along the minor axis. 

Thus it is seen that the analytic weapons at our disposal 
have put us in a position to determine the possible types of 
motion and their interrelations. 

Not only so, but the other natural questions which arise 
can be answered without difficulty. , 

For example, in the case of motion around the table in 
either sense is there a unique number which may be properly 
termed the mean angular rotation? The answer is affirma- 
tive in the periodic case, and can also be shown to be so 
in the non-periodic case. For note that if n denotes the 
number of vertices passed in any interval of time and if ,/« 
denotes the corresponding increase in the coordinate x 
defined earlier then we have clearly 

\im fnin— a 
n=oo 

where a is the rotation number. Furthermore, if n is large 
the vertices will be distributed with approximately equal 
density for x between 0 and 2jr. But the time from any 
vertex to the next is proportional to the length ot the 
segment and so of the form l{x), where I is analytic and 
periodic in x of period 27 r. Hence the total time between 
the n vertices is 

K*) + zW + --+K*«-i), 


which is approximately given by 



dx. 


Thus we conclude that there is a mean angular rotation which 
has the value 
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2n cc{ilj) 

Jo 

where « and / ar(' definite analytic functions. 

13. The concept of integrability. Questions concerning 
tlie integrability of a given dynamical problem possess great 
interest. It is a well known fact that for certain problems, 
auxiliary analytic relations can bo decUicod by means of 
which the solutions of the system of differential equations 
can be satisfactorily treated, in which case the system may 
be said to be 'iutegrable'. When, however, one attempts to 
formulate a i)rc<‘is(i didiuition of integrability, many possibilities 
api>ear, eac.h with a certain intrinsic theoretic interest. Let 
us c.onsider briefly lh(^ concept of iut(‘grahility. not foi’getting 
the dictum of Poincare, that a syslein of (li ITereutial equations 
is only more or h'ss iutegrable. 

Lei us note that in (he i)articular problem just trealed 
there ar(! four jK'riodic motions which play a special nde. 
namely Ihe motions along (he (wo ax(is of (he ellipse and 
(be. (wo inolious of rolling ai'ound (.he, ellipse. 

,\1I oilier iieriodic motions fall in analylic families of such 
motions and so are of liighly ((('generate type from a formal 
lioint of view. Ibit these siiecial motions are isolated and 
id' geiK'ral (ype. .Miont (lu'se iioiiits there will be the usual 
formal seih's developmeids for (he co(irdinat:es''', and these 
exiir('.ssions may (d‘ course be taken to converge and to be 
aualy(.i((ally ('xtended throughout a cerlain domain of the 
motion; in fact tlu'se proiierties are. merely the counterpart 
of similar properties of the iutegrable transfonnation 7 '. 
according I.0 which it rotut,es certain invariant curves sur- 
rounding the invariant points in a speciilc manner. 

Let us note also that in this problem four suitable neighbor- 
hoods of the four fundamental periodic motions yield the 
entire manifold Af ; in fact the two families of motions arouml 

♦ Of course a diaorete Integer n figures in the fonnal series instead 
of the time t. 
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the ellipses, the family of motions across the ellipse and the 
single periodic motion along ‘the major axis yield the totality 
of motions. 

.These facts suggest the following (not wholly precise) 
definition of integrahiUty, based upon a local property and 
and a non-local property: 

A given system of analytic differential equations on a 
closed analytic manifold M will be said to be integrable 
if there exists a finite set of periodic motions such that the 
corresponding complete formal series developments may be 
taken to converge, and to provide a corresponding analytic 
representation for every possible motion. 

Using this definition as a kind of norm, some reflections 
suggest themselves. 

In the first place it is natural to define ‘local integi-ability’ 
in the vicinity of a periodic motion of general stable type, 
as that in which the formal series may be taken to converge. 
Hence the motion is stable in the integrable case, and the 
explicit formulas yield complete information as to the character 
of nearby motions. 

Now it is conceivable that, although these series do not 
converge, they may represent asymptotically functions con- 
tinuous together with some or all of their derivatives near 
the periodic motions, with the aid of which the differential 
system can be transformed into a normal form like that of 
chapter HI, section 13, in which Afi, • • • , Mn are functions of 
continuous together with certain of their 
derivatives. Here the qualitative behavior is the same as 
in the case of convergence. Shall the diSerential system be 
called ‘locally integrable’ in this more general case? 

Furthermore, the qualitative behavior of the motions near 
a periodic motion of general unstable type in the case of two 
degrees of freedom is essentially independent of convergence 
or divergence. Shall we call every system locally integrable 
ne^ slich a periodic motion of unstable type? 

the differential system involves a parameter t*, we may 
inquire into that kind of local integrahility in which the 
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formal series are required uot only to converge but also to be 
analytic in /<■. It ivas in this sense that Poincard established 
the non-existence of farther uniform integi-als in the problem 
of three bodies.* But evidently this definition is logically 
distinct from that presented in the above definition. Even 
if a system be non-integi-able in this sense, it might perhaps 
be integrable according to our definition for each particular 
value of // . 

As far as 1 am aware, the local non-integrability of no 
single dynamical problem in the sense fomulated above has 
been liitborto establislied. We shall, however, establish it in 
tlui following way for m — 1 . 

Let us suppose, it jjossible, that every Hamiltonian problem 
is locally integrable in the vicinity of a generalized oquilibrium 
])oint of general stable typo (see chapter III). The use of 
the normal valuables shows then that the associated trans- 
foi'iuation T is essentially a rotation through a variable angle. 

.Along the invariant analytic curves with rational rotation 
niunb(u-s. all the motions will be periodi(! in the integi-able 
case, with the same i»eriod 2 /,■;/. It is this fact upon which 
we l)as(^ our argument. 

h'urtlun'more, it is in tin; nature of the transformation T 
that then' arc no otluu’ periodic motions near eciuilibrium 
with this saiiui inu-iod '■Ikn, since the rotation constantly 
increases with the distance, and the invariant family is 
rei)resented by a c.urve which meets every laulius vector 
only once. 

Now let ns write 

H 

where is the given value of the principal function, is 
a small parameter, and Jfi is an analytic function of ih , Qi 
and t, periodic in t of period 27r, which is free of terms up 
to the fourth degree in pi, qi at 2h = ffi “ hut is other- 
wise arbitrary. It is readily verified that the multiplier A and 
the constant I are independent of ^ in the modified problem. 

* MUhodes nottvella de 2a Mitanig^e ctleste, vol. 1, chap. 5. 


17 
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Furthermore we may assume that Bo is in normal fom 
-Ho = + 

since the normal variables are available. Along any motion 
of the analytic family, the equations of variation have one 
periodic solution of period ^kn, and only one, as direct 
computation shows. 

Let (i vary from 0. There are two possibilities. Either 
the curve representing the periodic analytic family for n ~ 0 
can be continued analytically, in which case there is a nearby 
curve for + 0. Or there will only be a finite number of 
periodic motions of this period for small in absolute value. 

In the first case there must obviously be a periodic, solution 
of the equations of variation as to n, which are obtained by 
adding non-homogeneous terns — dEJdqi, to the 

respective right-hand members of the equations of variation 
referred to above. But, since dEjdqi, dHJdpi can be 
taten almost at pleasure, along any particular periodic, 
motion, the ordinary explicit formulas for the variations 
show that no periodic solution will exist in general. 
In fact the functions dq^ can be expressed as integrals 
linear in these arbitrary functions, augmented by the general 
solution of the homogeneous system, one part of which is 
periodic. Thus there are two conditions to f ulfill and only 
one essential constant, and the condition for compatibility 
demands that a certain integral over a range ^hn vanishes, 
in which the integrand involves dEJdqu ^EJdih linearly. 
Evidently this cannot in general be the case. 

Consequently for E\ suitably chosen and then /* taken 
arbitrarily small, there will only be a finite number of 
periodic motions mth this period. 

But by hypothesis the modified system is integrable. By 
an other much slighter modification of E we can destroy an 
analytic periodic family much nearer to the position of 
generalized equilibrium while not introducing further periodic 
motions of period ^kn. 
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Continuing in this manner we set up a limiting admissible 
principal function J?, for which A and I are unmodified, but 
for which there are no analytic periodic families belonging 
to rotation numbers as near to that of the generalized equi- 
librium as desired. This limiting problem cannot therefore 
be locally integrable in the specified sense. 

Since there are only a denumerable set of periods 21xn 
(Jc= 1, 2, ••■) which enter into consideration, it is readily 
seen that no periodic analytic families near equilibrium will 
exist for suitable H, 

In a localhj mtegr(xhle HamilUmian problem iiear gtnm'alized 
ixpdlibrinm of stable type, M 0, there ivill exist in- 

finitely many nearby analytic families of motions pmodic in 
a malUple of the fimdammtal period. 

In yeneral a Hamiltonian problem near such a periodic 
motion will he locally non-hifeyrahle, and urill possess 'no 
analytic famHies of nearby periodic motiojis. 

It would be possible perhaps, and of considerable interest, 
to us(j the same method to sliow that nearby invariant families 
asymptotic in ()i)i)osite senses to one and the same periodic 
motion do not exist in general. This would eliminate the 
possibility of invariant families belonging to a rational rotation 
mimbe.r, and would establish that in general thor(^ is eitlu'r 
(M)mplete instability or zonal instability. 

The same method (dlows us to estaldish that multiple periodic 
motions do not exist in yeneral for dynamical problems of 
this type. 


17 * 



CHAPTEE IX 

THE PROBLEM OF THREE BODIES 

I. Introductory remarks. The problem of three or 
more bodies is one of the most celebrated in mathematics, 
and justly so. Nevertheless until recently the interest in it 
was directed toward the formal side, and in particular toward 
the formal solution by means of series. 

It was Poincare* who first obtained brilliant qualitative 
results, especially with reference to the very special limiting 
'restricted problem of three bodies’ treated first by Hill. 
As far as the general problem is concerned, the main achieve- 
ments of Poincard were the following: (1) he established the 
existence of various types of periodic motions by the method 
of analytic continuation; (2) he proved that, by the very 
structure of the differential equations, complete trigonometric 
series would be available; and (3) he pointed out the asymp- 
totic validity of these series. All of these results hold for 
any Hamiltonian system as well as for the problem of three 
bodies. Unfortunately an accessory parameter ft is present 
always in his reseai'ches, where for ft = 0 the system is of 
a special integrable type. Thus the difficulties which arise 
are partly due to the special nature of the integrable limiting 
case when two of the three bodies are of mass 0, rather 
than inherent in the problem itself. 

It is not too much to say that the recent work of Sund- 
mant is one of the most remarkable contributions to the 
problem of three bodies which has ever been made. He 
proves that, at least if the angular momentum of the bodies 
is not 0 about every' axis through the center of gravity, 

* See his Mfthodes nouvelles de la Micanique cileste. 

fSee his Mimoire mr le proilime dea ifoia corps, Acta Mathematioa, 
toL 36 (1912); in this eonneetion see also J. Ohazy, 8ur I’allure du mouve- 
ment dans le problime des trots corps, Ann. Sclent, de I’Bcole Nomale 
Snp. (1922). 
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the least of the three mutual distances will always exceed 
a. specifiable constant depending on the initial configuration; 
thus triple collision is proved to be impossible, while it is 
shown that the singularity at double collision is of removable 
type. In this way a conjecture of Weierstrass as to the 
impossibility of triple collision is established, and convergent 
• series valid for all the motion are found for the coordinates 
and the time. By obtaining such series Sundman 'solved’ 
the problem of three bodies in the sense specified by Pain- 
leve.* As a matter of fact, however, the existence of such 
series is merely a reflection of the physical fact that triple 
(!ollision can not occur, and signifies nothing else as to the 
(pialitative nature of the solution. 

In the ])res('ut chapter I propose to take up the problem 
of three or more bodies, and to endeavor to apply as far as 
ixissible. tlu? i>oiuts of view developed in the earlier chapters, 
and in partic.ular to sliow what seems to be the real sigiii- 
lic.ance of Sundmau’s results.t 

3 . The equations of motion and the classical 
integrals. Led us suppose the three bodies under con- 
sideralioii (taken as partichis) to be. at the i)oints Jo, I\, la 
in space, and to have mas.ses wio, nh, nia respectively. We 
denote the distance I\ by la, Po Ps by Ji and /', Pa 
by If we write 

( 1 ) (! '"±3 

I'i f'l /'i> 


and if we lot .r/, s,- (i 0, 1, 2) be the rectangular co- 

ordinates of the corresponding bodies /'i, while a/, //;, s'l .stand 
for the c.omponents of velocity, the equations of motion may 
be written as i) e(iuatious of the second order 


( 2 ) 



*dV 

da-i’ 






8J7 dJJ 

d y i ’ (I f * 9 Zi 

a = 0 , 1 , 2 ), 


* l^ee his Lefons sur la tMorie analytique des 6quation8 diff&rentiellea, 
fMost of the new results found in this chapter were announced by 
me at the Chicago Colloquium in 1920. 
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which are evidently of Lagrangian form; or as 18 equations 
of the first order 


(3) 


dxj 
dt 

dak 


x'i, 


dU 

dXi’ 


dyi ^ 
dt 

dy'i 


y'i. 




dU 

dyi' 


mi 


dzj 
dt 

j = 0, 1, 2) 

M = .1^. 

dt dsfi 

a = 0, 1 , 2 ), 


which are of course easily converted by slight modification 
into Hamiltonian form. We shaU not effect this modification, 
which may be done in the usual way, nor shall we state the 
usual principles of variation applicable to this case (see 
chapter II). 

The integral, expressing the conservation of energy is seen 
to be 

(4) 2 (xt -h -j- sf) = U — .X 


where Z” is a constant of integration. 

Besides this integral there ai’e of course the 6 integrals 
of linear momentum expressing the fact that the center of 
gi-avity moves with uniform velocity in a straight line; if we 
take a reference system in which the center of gravity is 
fixed and at the origin, these integrals reduce to 


(5) 


^mtXi = ^miyi =^mig{ = 0 , 

^mtx'i =JSmiy'i =^riHg'i = 0 . 


There are also 3 integrals which express the constancy of 
the total angular momentum about any axis fixed in space. 
If we take the axes as the coordinate ax-es, these integrals 
become 

2”H(i/iei — Ziy'i) = a, 2nn{ziak~ oiisk) = h, 
SiniiaHyt — ytak) = (!, 
where a, b, c are constants , of integration. 
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These 10 iategi’als are all the essentially independent inte- 
grals which are known. 

3. Reduction to the 13 th order. The reduction of the 
system of differential equations (3) to the 12th order may 
he at once accomplished by use of the integrals of lineai’ 
ni omentum as, for instance, by the following method due to 
Lagrange. Let the coordinates of Pj with reference to Po 
be y, g) and let the coordinates of P^ with reference to 
the center of gravity of .p, and Pi be (^, i?, £). If we write 
for convenience 


(7) 


M 


nil 

mo -f- «!| ’ 


»lo 

q = — — , 

Wo 4 - mi 
iiiq mi 


we obtain the ox])licit formulas of transformation 


.c, — ./'a. y !h—!h< z^-Si — Zq, 
{«) ? ■i-i — 'iixi—q.i'o, y yi — pyi — <iyo> 

? Zi -pz,~ qzo, 

together with the inv(n‘ae fornmlas. 


HU ,, 

^ - M * 

!/i) 

- j v-py, 



-n. 

m -c 1 

!Ji = 





a.',- 

i/a — 

+ „ 

~ M 


, _ mo + mi ^ 

— Jif 


which follow with the aid of (6). 
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The system of the 12th order so obtained may be written 
in the elegant form 


dx 

dt 

= x', 

dy 

dt 

= 2/'. 

li 

= 4 

dt 

= ?', 

dirt 

dt 

= v', 

dt „ 
dt 


dx' 

_ dU 


dU 

dz' 


dt 

dx ’ 

m 

dt 

dy ’ 

' "’ITt " 

ds 

dr 

m 

dr( 

__ dU 

dr 

dV 

^ dt 

8? ’ 

^ dt 

dii’ 

^-dT = 

" dt 


With these variables the equations (5) may be regarded as 
satisfied identically while the integrals of angular momentum 
take the form 


( 11 ) 


m{zx' — + — 'il') — h, 


and the integral of energy is 

( 12 ) + + + = Jr-K. 


It will be seen that equations (10) may be looked upon 
as the equations of motion of two particles in space at 
(x, y, g) and (?, Q, with masses m and y respectively, and 
in a conservative field of force with potential energy — U. 
These equations can also be derived from either the Lagi’aii- 
gian or Hamiltonian form by use of the variational principles 
(chapter II). 

4- Lagrange’s equality. Let us write 


(13) — (jn„ y\ + wi^ rg) / JH = (i- , 

where 

(14) • r* = x^ + y‘-i-g^, 

If now we substitute in (13) the explicit values of r* and 
obtained from (14), and differentiate twice, there results an 
equality due to Lagrange, 
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(15) 


' dt^ 




when use is made of (10) and (12); it is to be observed that 
JJ is homogeneous of dimensions — 1 in rr, y, >, ij, ? 
so that 


dU . m I dCT , .hU 

X.- +f/-a7+'ir+* 


8 a' 


9| 


, jL f = —ir 


5. Sundman’s inequality. In order to arrive at Sund- 
man's inequality, we propose to seek an upper bound for 
UlM/df)^ when a-, ?/, «, C are regarded as given 

([uantities whih* //. s', S', //, C' are to vary at pleasure 
(ixcei)t that they are to yield the given values of the con- 
stant K of energy and of the constants a, h, c. of angular 
momentum. This is a purely algebraic problem. 

We have. 

R R' ---■ m y y /i Q Q . 

whence 

R~ R'^ ■ {w y^ -f /' q) im r'~ + fi (>'') — in y ( y (>' — i> r' f. 


which may be written 


R'‘ VI y '^ — '” 1 ^ iy{>' — (> y'f. 


Ifurthennore we have the obvious identities 




1 ''^ + \ [(//«'' — + (•"'!/ ~ • 
T 

-f 

= a '^ + 4 [iv r + (r S' - S I'f + (S v' -- n ?')“] ■ 


Multiplying these last two equations through by vi and /* 
respectively, and subtracting them, member for member, from 
the preceding equation, there results the equation 
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(16) = 2{U—K) 


where P (to be minimized) is a sum of seven squares, 

-P == -p- [(2/ — «'?/')’’ + (^»' — «/)** + {xy' — ysi!f] 

(17) + + 

( / / /s2 

"I" JgS (’’? ? ) • 

Here the energy integral (12) has been made use of. 

From this relation due to Sundman we may derive the 
inequality which plays a fundamental part in his work and 
in the present chapter. 

If we write 

TJ=yz'-~gy\ 


it wiU be observed that there are two terms in P of the 
form 






while the first integi’al of angular momentum yields 


inTJ-\- fiV ~ a. 


It is easily found that the minimum value of iS when U and 
7 vary subject to the restriction just written, while r and (> 
remain fixed, is aV P*. Similarly there are two other analogous 
pairs of terms with minimum values 6VP*, cVP® respectively. 
Hence we conclude that we have 

(18) ' P ^'/VP*, 

(19) /*=a* + 6* + c*. 

Suppose now that we eliminate U between Sundman’s 
equality (16) and Lagrange’s equality (16), This gives us 

2PP"+P'® + 2P:= P, 
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whence, by using (18), we obtain the inequality refen’ed to : 

( 20 ) 2 B B''+ B'^’^2K 

If we define the auxiliary function of Sundman, 

(21) H = BB'^ + 2 KB + ^ . 

the inequality (20) enables ns to infer the relation 

(22) M' FB! (F I- 0). 

Henc,o H increases (or at least does not decrease) as B. 
increases, and decreases (or at least does not increase) as B, 
dec.reascs. This is the consequence which is of fundamental 
inportanc.e in what follows. 

6. The possibility of collision. Thus far we have 
been taking for granted the existence of solutions in the 
ordinary sc'iisc. In fact, inspection of the differential equations 
shows the existence of a unique analytic solution for which 
the coordinates and velocities have assigned values at <=/(,. 
l)rovide.d that the bodies Z',,, I\, 7V are geometrically distinct. 
In the ea.se of the coincidence of two or three, of these 
bodies, tlui right-hand incinbers of the differential equations 
are no longer analytic, or even defined, so that the existence 
theorems of (diapter I fail to apidy. 

But, according to the results there obtained, either these 
solutions can be continued foi- all values of the time, or (for 
example), as t increases, continuation is only possible up to Z. 

Let ns consider this possibility in the light of the elcmentai-y 
existence theorems. 

In the 18-dimensional manifold of states of motion associated 
with the 18 dependent variables 

'yit 0 ’ 

we need to exclude the three 16-dimensional analytic manifolds 
. r< = 0 (i = 0, 1, 2). 
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The remaining region is open towards infinity and along 
these excluded boundary manifolds. 

According to the results obtained, indefinite analytic extension 
of a particular motion jwill be possible unless as t approaches 
a certain critical value t, the corresponding point P approaches 
the boundary of the open region specified. 

Now suppose if possible that the least of the three mutual 
distances does not approach 0 as f approaches t\ here it is 
not implied that a sp^iflc mutual distance such as Pq P, 
remains least near to t. We can then fli^ positions of the 
three bodies for t arbitrarily near to t, for which the 
three mutual distances exceed a definite positive constant (L 
But by the energy integral relation (4), in which 

U < (wio my + vio m + mi)/d, 

it is clear that the velocities xi, yi, g't are uniformly limited. 
It is physically obvious that for such an initial condition, 
continuation of the motion is possible for an interval of time 
independent of the particular mutual distances or velocities, 
because of the character of the forces which enter; we shall 
not stop to obtain an explicit expression for such an interval 
on the basis of our first existence theorem. Thus a contra- 
diction results. 

Analytic continuation of a xyartiaular motion in the prohhni 
of thr^ bodies will he possible unless as t approaches a certain 
value t, the least of the three mutual distances approaches 0. 

At this stage it is desirably to revert to Lagrange’s 
equality (15).. As t approaches t, U becomes positively in- 
Mte of course. Hence if we represent iJ* as a function of f 
in the plane by taking t and P* as rectangular coordinates, 
the corresponding curve will be concave upwards for t suffi- 
ciently near t. Therefore .B* either becomes infinite, or tends 
toward a finite positive value, or approaches 0. 

The first ease is manifestly impossible, since one of the bodies 
would then recede indefinitely far from the two which approach 
coincidence as t approaches <; and such a state of affairs 
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is impossible because of the fact that the forces on the 
distant body are bounded in magnitude. 

In the second case it is clear that a particular distance 
approaches 0, for instance fa, while the other two approach 
definite equal limiting values. This is the case of double 
collision. Since the forces on the non-colliding body are finite 
lumr collision, it approaches a definite limiting position; and 
thus the other two colliding bodies approach a coiTCsponding 
limiting ])osition, since the center of gi’avity may be taken 
Kxed and at the origin in the space of the three bodies. 

In the third case we have triple collision of course, and 
this takes idnce at the origin. However if the constant / is 
not 0, triple collision cannot take place, as follows from (22) 
immediately. For it is seen that dR^Ult will be negative 
I'or t near t in the case of triple collision, since d^R^hlt* is 
l)ositive by Lagrange’s equality (15). Hence H will decrease 
with J{ (or at li'ast not increases) as t api)roaches /. But 
in.spec.tion of H shows that K becomes positively infinite as 

apitroac.hes 0. Thus a contradiction is reacdied. 

.I.S’ / iijiiirtKirlirs L there w either doiilile eolUxion Uvtwerni 
II dejinite jiiiir oj' the lioities iit (t dejhiite point, white the third 
liodjj upprimehen ii dejiiiite dwtiiirt point, or there w triple 
eoHinion at the, eonimon center of iiraritij. If, howerir, f in 
not 0, /'. e.. if the aiiijidar momentum of the three hodiee ahout 
erenj a.rie in upare is not eomtantly 0, triple eoHisim can 
nerer tahe. place at t. 

Henceforth we shall make the assumption f>0, thereby 
<dimiuating the possibility of trijjlo collision in the sense 
above specified. 

This assumption may be looked upon as merely confining 
attention to the general case. In fact it is readily proved 
that in tlie case f ~ 0, the motion is essentially in a fixed 
plane. Thus immediate reduction of the problem is possible. 
Moreover in the case / === 0 the angular momentum about 
a perpendicular to the plane of motion at the center of gravity 
vanishes. Thus we are only excluding a special case of 
motion in a plane. The case excluded is of great inter- 
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est and should be given thorough consideration on its own 
account. 

7. Indefinite continuation of the motions. In the 
general case under consideration it is thus plain that any 
motion can be continued up to a double collision. 

We propose now to take up briefly the case of double 
collision in order to render it physically plausible that the 
motion admits of continuation beyond such a double collision 
in a certain definite manner. Analytic weapons sufficiently 
powerful to deal with the singularity of double collision 
were first developed by Sundman (loc. cit.). A different 
method of attack, not going outside of the domain of 
equations of usual dynamical type, has since been obtained 
by Levi-Civita.* A rigorous treatment of the question will 
not be attempted here, but the anal3'tic details can bo 
supplied without difficulty on the basis of the researches of 
Sundman or Levi-Civita. 

Let us suppose that the bodies Po and Pi collide for 
instance, while Pg is at a distance away. Q^he motion of 
Po and Pi near coUision will clearly be essentially as in 
the two body problem. What we propose to do is to ignore 
the disturbing forces due to Pg duiing the near approach of 
Po and Pi to collision, i. e. to replace TJ by its single coin))0- 
nent and then to take it for granted that tin! 

situation is of essentially the same nature in the actual case. 

But if the motion of Po and Pi were just as in the two 
body problem, their center of gravity would move with 
uniform velocity in a straight line, while, relative to this 
point, Po and Pi would move in a fixed straight line until 
they collide. More precisely, Po and Pi will be at distances 
inversely proportional to their masses from the center of 
gravity, while their squared relative velocity is 2 (mo + iwi)/rg 
increased by a certain constant whose value depends on the 
total energy relative to the center of gravity. The motion 
relative to the center of gravity will be thought of as merely 

* 8vir la rSgvJaritation du prohlime des irois corps, Acta Mathematica, 
ToL42(19tl). . 
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reversed in direction after collision. In the original reference 
system the bodies Po and Pi will describe two cusped curves, 
and will collide at the common cusp; the cuspidal tangents 
of the two curves are of course oppositely directed, and it 
would be easy to specify the precise motion near collision 
by giving the explicit formulas. 

Evidently such a motion of collision in the two body 
problem is completely characterized by the following quantities: 
(1) the three coordinates of the point of collision; (2) the 
three velocity components of the center of gravity at collision ; 
(3) the two angular coordinates 0, f fixing the direction in space 
of the axis of tlie cusp described by .Pi, which is the same 
direction as that of the line of motion relative to their center 
of gravity; (4) the energy constant. Thus 9 coordinates in 
all are rfnpiired to characterize uniquely a state of collision in 
the two body problem. Jhit to specify any state of motion 
befor(f or after collision it is necessary to give the time / 
that has elapscal since collision. 

hhntlierinore, any motion in which the two bodies almost 
collide can be characterized in a similar way. Here it is 
supi)osed that tlie initial conditions are slightly modified at 
sonui time before collision. In the modified motion it is easy 

10 generalize the ab()V(' codrdinates as follows: (I) instead 
of the coordinates of the point of collision, we may take 
the coordinates of the cent(!r of gravity when the bodies arc* 
nearest to one another; (2) the coiresponding velocity com- 
ponents of the c, enter of gravity may be used ns before; 
(3) the angulai’ coordinates 9, f may refer to the direction 
of the transverse axis of the conics described relative to the 
(•-outer of gravity; (4) the constant of total energy may be 
used as before. When the motion is modified slightly in 
this manner, tliesc 9 coordinates will be only slightly modified. 

In addition to these 9 coordinates, the plane of the relative 
motion must bo fixed by a further angular coordinate V's 
and the perihelion distance p must be specified. This gives 

11 coordinates to fix upon a particular motion of the two 
bodies in general position. In order to specify a particular 
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state of motion it is sufficient to specify the time r measured 
from perihelion passage. 

The coordinate jp is not available in the special case of 
circular motion relative to the center of gravity but this 
possibility does not arise near a state of collision of the type 
under consideration. 

Hence we find 12 appropriate coordinates in all, corres- 
ponding of course to the fact that we have a system of differ- 
ential equations of the 12th order in the two-body problem. 

Let us consider the coordinates in the two-body problem 
somewhat more attentively. The 6 coordinates determining 
the position of the center of gravity at nearest approach 
are obviously unrestricted coordinates. In other words, these 
sets of 6 coordinates are in one-to-one correspondence with 
the neighborhood of a point in 6-dimensional space. Similarly 
the 2 coordinates fixing the axial direction are in one-to-one 
coiTespondence with the neighborhood of a point of the 0, f 
sphere and are thus unrestricted in the same sense; and so 
are the total energy and the time t of course. On the other 
hand, the perihelion distance j; is always positive, and as p 
approaches 0, the motion approaches that of a definite motion 
of collision, independently of the coordinate i/' which fixes 
the plane of the motion. Suppose then that we introduce 
the following coordinates 


a = cos V', — 2 > sin ^ 1 , 

as coordinates serving to replace p and ip. Collision is then 
characterized by the conditions 

a = jS = 0. 

The new coordinates a, are, however, unrestricted. 

Censequently in the problem of two bodies, the states of 
motions near a particular state of collision are in one-to- 
one, continuous correspondence with the neighborhood of a point 
in a 12-dimensional space. With this representation the 
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states of motions at collision constitute a 9 - dimensional 
surface through the point. 

It is obvious that in a certain sense the singularity of 
collision is removed by the use of the above coordinates.* 

Let us return now to the problem of three bodies in tlic 
case under consideration when two and only two of the 
bodies, say /o and Pj, collide. For the motion of collision, 
wo must have, as bi'fore a definite point of collision, a definite 
vendor velocity of their center of gi’avity at collision, a cuspidal 
(lir('ction in which collision takes place, and finally a limiting 
total energy. Furthermore any state of motion before oi' 
aftei- collision is characterized by the elapsed time r. 

For motions near a motion of collision, thes(! 9 coordinates 
admit of simple geiu'ralization. For example the instant of 
‘l)eriheliou’ i)assage can be fixed as that at which the distance 
/'„ I\ is a minimum, and in this way the i)osition and velocity 
coordinates of the center of gravity, the axial coordinates, 
and the ])(’i’ihelion distaneii can be di^tined at once, and also 
the. emngy consta.nt.. The angular coordinate «/' can bo taken 
as that giv('n by 1h(' planl^ wliich bisects the small dihedral 
angle defined by tlie two iilanes through /*„ I\ and tln^ 
vi'loeity v('e.tors at /b, f\ res])eetiv<dy ndative to tlnni' center 
of gravity. Th(^ time / is defined as before. The (oiordinates 
[I, </' may be replaced by «, yd of eours(‘. 

Tims (III the Imsis of filn/sicnl n'(tsi)nin!i it (ifiiicars ivi-hTm 
Hull l/ii‘ sliii/iiliiril!/ of iliiiililo (•otlisioii is of rciiiornlilc li/iic. 
(Hill thill the stiifcs of motion nt iloiilili; rollisiim form, flii'cc 
Xh-iiinwnsiounl {niinlijfii') siili-iiiniiifolds hi llio IH-dinii'iisinniil 
■iiiiniifiihl i)/|M (ifstiihis ofmiiiiyn, rin'irsiiimitiiifi to the rollisiotis 
of Po nnil I\. of /« iind Is, itiul of /’, iml Pj rsspcrtinolij. 

When the manifold of states of motion is auginent(ul by 
the adjunction of the parts of the boundary con'es])onding to 
double collision, it is obvious that indefinite analytic coii- 

* For actual removal ot the singularity by analytic transformation in 
the two body problem and similar problems, see Levi-Oivita, Traiettorie 
singolari ed urti nelproblema rUtretto dei tre coryi, Annall di Matheinatica, 
ser. 8, vol. 9 (1908). 
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tinuation of a motioi^is possible unless, as t approaches 
a certain value t {t<.t say), there are an infinite number of 
double collisions, Let us eliminate this possibility for the 
case /> 0, -which is under consideration. 

In the first place we observe that not only JR but also S' 
must be continuous at double collision. In fact the differential 
equations themselves show that d^^ldt^, d^ij/dt*, d^Vdt^ are 
continuous at collision so that q' as Well as q must be con- 
tinuous. On the other hand r' -will not be; but, since we have 




on account of the energy integi’al (12), it is clear that rr' 
is continuous and vanishes at collision. Hence S' is con- 
tinuous at colKsion, having the value fiQQ'IS, as follows 
from (13). _ 

Secondly, as t approaches t, the least n must approach 0 . 
Otherwise we should have ri>d>0 {i = 0, 1., 2) indefinitely 
near t. We have already seen that, because of the energy 
integral, this would require x , y', z', S', »/', to be limited, 
so that continuation of the motion during a definite interval 
of time, dependent only on d, would be possible without 
collision. This is absurd. 

Thirdly, S must approach a finite limit as t approaches f, 
as follows from Lagrange’s equality (15), just as in the case 
of approach to double collision, inasmuch as S and S arc 
both continuous at double collision. Eeasoning on the basis of 
Simdman’s inequality (22) in the same way as before, we 
infer also that S cannot approach 0 as < approaches i. 

Hence we conclude that as t approaches, t, the body P, 
approaches a definite limiting position distinct from the corre- 
sponding definite limiting coincident position of Po and Pi. 
But it is physically obvious, and might readily be established 
analytie^y, that there can only be a finite number of collisions 
for tat in such a case. Thus a contradiction arises. 
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In the augmented manifold of states of motion inde- 

finite contimiaiion of every motion for which /> 0 is possible 
in either sense of time. In the case f—0, continiMtion can 
only he terminated hy tri^ile (lollision. 

Hitherto we have dealt with only the 18-dimensional mani- 
fold Mis. It is easy to modify the above results so as to 
apply to the manifold Mu, obtained when only those motions 
are considered for which the center of gravity of Po, Pi, Pg 
lies at the. origin. In this case the six coordinates fixing 
the position and velocity of the center of gravity of Pq and Pi, . 
for instance, determine these coordinates for P*. 

Entirety similar results obtain in the. 12-dimenitionnl mani- 
fold Mts obtained by fiuing upon those motiotis fw which the 
renter of yrarity of the three bodies lies at the origin. 

As remarked earlier, these results cun be fully established 
by use of tht‘ explicit regularizations effected by Sundman 
or Levi-<Mvita. An insjuiction of the formulas leads to the 
following additional conclusion; 

In the aaynienteil manifold j1/ia tad only are the states of 
motion at collision to be reyarded lus constituted by three 
li)-dimensional analytic nuuiifolds, but the curves of motion 
arc also to be reyarded as anidyiie. and as varyini/ anatylicully 
with the initial point and interval, provided this interval be. 
mea.surrd hy such a parameter as a a.'here 

t I )•())', raff?;. 

8. Further properties of the motions. The case AT - .: 0 
is inuucdialcly disposed of, so far as the general cpuilitative 
character of the motions are concerned. Tjjigi'auge’s equality 
(If)) insures that fiVfVfiP will then exceed 4 [ATI. Hence 
when plotted as a function of t in the t, 11* plane of rect- 
juigular coordinates, yields a curve with a single minimum 
which is everywhere concave upwards and rises indefinitely. 

Kvidently the same conclusion holds for K — 0, at least 
unless U approaches 0. But this can only happen if all three 
mutual distances increase indefinitely. 


18 * 
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- In the case -2’<0, />0, at least two, if not all three, 
of the mutual distances increase indefinitely as time increases 
and decreases. In the case K < 0, f — 0, the same is true 
xinless the motion terminates in trifle collision in one directmi 
of the time. 

A fuller qualitative consideration, of the motions K ^ 0 
is obviously desirable. But on account of the results just 
stated it seems proper to consider this case as ‘solved’ in 
the qualitative sense. 

Henceforth we shall confine attention to the case y>(), 
K>0, i. e. to the case when the angular momentum of the 
thi’ee bodies about fevery line through the center of gravity 
is not constantly 0, and the potential energy is insufficient 
to allow all three mutual distances to increase indefinitely. 

The case/ = 0, X>0 thus remains. Here the motion 
is essentially in one plane, and it may be possible to obtain 
results similar to those here obtained in the case./'> 0, A' " • 0 
by suitable refinement of Sundman’s inequality. 

We proceed to develop some of the simple and important 
properties of the motion in the case />0, 7v>0. 

In the case />0, A’>0 the least of the three mutual 
distances cannot exceed 

The proof is immediate. By the energy integral (12), U is 
at least as great as K. But r^, j’i, r. are at least as great 
as r, the least distance. Hence we obtain 

(wo wii + mo m 2 4- mi mf)! r ^ K. 

The numerator on the left is not more than JIfVS, whence^ 
the stated inequality follows at once. 

In the rafie />0, j£’>0, the largest distance n will neces- 
sarily exceed h times the smallest distance rj, provided that 

B ^ or B^ 

where m* denotes the least of the three masses mo, mi, mt. 

To establish this fact, let ki denote the actual ratio of the 
largest to the smallest distance. Then we have at once 
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‘ ~ (,Bi„ nil + Mf() tUt + nil ifh) /(I ^ Mlti rVs 

whevo /• (liniotps the smallest distance. Likewise we And by 
a .similar calculation 

R (a/oWfi-l-WHWJa + WhW'i)/?' i; 

Hut Sundmairs cMiiiality (Id) together ivitli (18) gives 

If wc eini)loy the iucKiualities for i*'* ami 11 derived above, 
Ibis gives readily 

/• • 4, /-Vl/.-? 

Hut inasmiudi as li is at Icsist m' -r, while ni in turn is at 
Icasl half of the least mass nR (see (7)), we find 

R JR")- 

Conseqiicully if R is at most of the first stated value, we 
infer at once that /.•, exciu'ds I:. 'I’his iiroves the first of 
llu' two results. 

In orih'.r to prove Hu! second I'esult, let r denote Hie 
greatest distance. We tlien obtain 

R- ■ I o/,i/a!!l lilt III,) !•“/ M ■ .l/r“/;l, 

wluuice llu'i'e results 

/• /I’.M/'-. 

If we use tile iiieiiiiality already derived for the least 
distance r, in (umibiniition with the one just written, we find 


In ■ 3 A' 


Hence if Ji is at least of the second value, ki will exceed 
k. This is the second result to he proved. 

In the. case f>0, K>0, any part of the i.t/rtr, JI R(f), 
it, Ji, 7’ectatiffntar co/irdinatee)/of whichR<fl{21i'^li'^^-) consists 
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0 / a finite arc, concave upwards and with a single minimum. 
Ifi It == Bo gives this minimum, the curve rises on edthen’ 
side until 


B>f^/i2KBo), 


with corresponding slope B at least as great as demanded hj 




B-So r /» 
B L Bq b 



at every intermediate stage. 

To prove this statemeot, we observe first that when B is 
restricted as in the first part, B cannot be a constant. In fact 
if it were, Lagrange’s equality (15) would yield U = 2K. 
But the combination of Sundman’s equality (16) and of (18) 
with the equation U —2K would give 


fVB^ < 2K, 


in contradiction with the limitation imposed upon B. The 
same kind of argument shows that if B vanishes when B 
is so restricted, then B" must be positive. For otherwise, 
by using Lagrange’s equality, we find V< 2K, and thence 
by using Sundman’s equality (16) and (18) we are led to 
the contradictory conclusion written above. 

If there is a point B = 0 along the arc under consideration, 
it coiTesponds to a proper minimum. On either side of it B 
(section 5) will increase (or at least not decrease) with B, 
until a second point B = 0 reached for B = Bi. Hence 
we obtain 


2KBr + ^>2KBo-\-^ 

■^1 Jtlo 


whence, since Bi>Bo, 


2K> 


r 


Bo B\ 


In this case B does increase until the spedfled value is 
passed. Furthermore until this happens, S is as great as Ho . 


IX. THE PROBLEM OP THREE BODIES 


279 


This fact, demonstrates that is as great at every stage 
as stated, so that B must finally so increase. 

The case when B' ^ 0 anywhere along the are can he 
eliminated. Here H must decrease (or at least not increase) 
with decreasing B. Consequently B cannot approach 0, since 
H tlien becomes infinite. As B approaches its lower limit Bq , 
ii*' will approach 0. Consequently we infer that the inequality 
of the statement for continues to hold if Bo be defined 
in this manner. 

But this kind of nsymi)tolic approach to jB = Bq as i in- 
creases (or dec-rcasos) indefinitely is impossible. This im- 
possibility may be made evident as follows. In the inequality 
B H„ we may replac(>. the inequality sign by the equality 
sign. 'rh(ir('by we define a new curve B Bit) whose slope 
for any B is not greater in numerical value than that along 
the actual curve under consideration. Hence the new cimve 
so delimid api)roa(di('s the t axis less rapidly, and must also 
aitproach B Bo asymptotically as follows from the equation 
// - //„. But. by dilfcrentiation of this equation as to t, 
there results 

-2 BB" \- B''^-\-2K — j^,^ 0. 

Ibnice as / approaches infinity, and B, B' ai)proach Mo, 0, 
it is clear that. B" would apjiroach a definite i)ositive quantity, 
which is absurd. 

The results thus far obtained may be regarded as concerned 
with nioiions in which l.lie three bodices are all near together 
at sonu! instant / to, the. amount of sej)aration being 
measured by B. The bodies will separate in such a way 
that B increases, and very rapidly as long as B is not too 
large or small, until B has become very large. 

We turn next to derive somewhat analogous results when 
at least one of the three mutual distances is large. Here 
it is convenient to use the quantity q instead of B, but it 
is to be borne in mind that r denotes the smallest of the 
three distances in what follows. 
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In the casef>0, K^O as long as q'^ 2AP/{SK), one. 
and the same distance n is the least distance. 

Under this condition it follows that ^ is at least twice 
the least of the distances r == r* . Hence ro and i\ exceed r, 
since q is thei distance from P% to the center of gravity of 
i^o and Pi. But when ro and ri are greater than one 
and the same distance r* remains least. 

In the case/>0, K>Q,for q > 2il/*/(3iL), the inequality 


obtains. If for any such value of q, we have 
q' ^ 

q will comtantly incfrease without hound. 

We begin with the identity 


The last three terms on the right give the square of th(^ 
velocity of the point (?, while q'^ is the square of thi> 
radiai velocity and is therefore not greater. By virtue of 
this fact and the differential equations (10) we obtain 


eQ 



But the terms in parenthesis on the right are precisely 
qdUldn where P* is taken to vary by a distance n along 
the straight line which joins P* to the center of gravity of 
Po and Pi. Clearly the rate of change of »-(i and rj with 
respect to n cannot exceed 1 in absolute value, and we infer 



(see (7)). Now in the case under consideration ro and ri 
weed q — r and therefore q/2. This leads to the first 
in^uality to be proved. 
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Instead of continuing: analytically we need simply observe 
that this inequality may be looked upon as requiring that 
a particle moves along a q axis acted upon by a force towards 
the origin which does not exceed the gi'avitational force due 
to a mass SM. But in this case it is obvious that the 
particle will recede indelinitely provided that the initial velocity 
outward is as great as the velocity of fall from infinity under 
the attraction of such a mass. This is precisely the fact 
stated. 

It should b(! noted that since the initial value of p is as 
great as 23/*/ (371'), q continues greater than this quantity, 
and accordingly one and tlie same distance r is the least of 
the thrive distances always. 

We pvojiose lu'.xt to combine these results in order to sliow 
that, for th(( miniimim Mn suftic,i('iitly small, li aud q inci’easc 
indefinitely. The (lualit, alive basis of the reasoning is obvious. 
.Vccordiug to what has been proved, for //* and 7/’'*' arbi- 
trarily large a positive I\'a can be chosen so small that all 
motions for whi<di the minimum f\ is not more than /I'o 
corn'spond to an A’ which increases from the minimum to R* 
aud has. for If J{'\ a d(M-ivativ<‘ R whi(di is at least as 
great as A’*'. This means of course that is arbitrarily 
large since 

lim Ji/(> (h/(| 

If CiO 

unitonnly. l^'urtliennovo Hiiic.o the rohition 


I\' ^ iiirr I- fi'QQ 


obtains, it is cloa]' that 1 must bo large, and in particular 
!(,/! must be large, provided that |rr | is uniformly bounded. 
But we have 


/l! 

r 


I 

// 


2Uh}i 


by The energy integral (12). Hence 

< 2 (mo mi + mo mi + mi mi) r/m < 2M^rlm^ 
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since m exceeds one half of the least mass m*. Thus we 
find 


and thereby establish the fact that \ rr'\ is uniformly bounded. 

For f>Q, K>0, if Bo is taken sufficiently small, every 
motion for whidi the three bodies app'oach so closely that 
i? < iio a,t some instant is such that two of the distances 
U, ‘Ti. become infinite with t while rt remains less than M*I{3K). 

We shall ndt pause to develop an analytic formula which 
yields a suitable Bo, although the specific results found 
above would supply the basis for such a computation. 

There is an interesting question to which we wish to 
refer briefly in conclusion. Which one of the three bodies 
will recede indefinitely from the other two nearby bodies, in 
the case of a near approach to triple collision? The answer 
is to be found in the following statement: 

Any motion of the above type is charactej'ked by the jo'o- 
perty that one and the same body Pg remains relatively re- 
mote from the two nearest bodies Po, -Pi throughout the entire 
motion. 

The truth of this fact is readily infen’ed. At the beginning 
of this section it was shown that, for B greater or less than 
fixed values, the ratio of the largest to the smallest distance 
would be arbitrarily large. Hence we need only consider 
this intermediate range of values of B. But in such a rang(', 
if the ratio of the largest to the smallest side did not re- 
main large for Bo sufficiently small, there would be con- 
figurations of the three bodies in which the' distances rt and 
the ratios n/rj lie between fixed bounds, no matter how 
small Bo is chosen. However, the value of TI does not' 
exceed an assignable quantity in such configurations, and 
thus, by the energy integral (12), the same would be true 
of the velocities a', y', /, fi', Finally it is clear that 
BB' would not exceed an assignable quantity. But we have 
established that B' becomes arbitrarily large in such a de- 
finite range of values of P, so that tlds conclusion is absurd. 
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Evidently there is further work to be done in the more 
precise determination of the motions on the quantitative side, 
but the facts developed above are sufficient to show that 
the only possibility of simultaneous near approach of the 
three bodies for given />(), A' > 0, is that in which the 
three bodies act as a pair of bodies, one member of which 
coiTOsponds to a close double pair P,„ Pi, while the second 
is P*. The motions of and the center of gravity of Po, 
P, are then along nearly hyperbolic paths, while Po, Pi move 
in nearly elliptii-. paths relative to their center of gravity. 

9. On a result of Sundman. Suudman established 
(loc. cit.) that for given initial codrdiuates and velocities 
with./' 1), K ' ■ (), the quantity Hit) for the coire-sponding 
motion will always exceed a specifiable positive constant. 
'I’liis fact is at once evident from the analysis of section 8. 
In the contrar.v case W(^ should have, indefinitely near 
approach to triph^ collision, and thus a motion for which 
H' is arbitrarily large; for the given initial value of H, which 
is of course absurd. 

10. The reduced manifold M- of states of motion. 
Let us turn next to the (!ousideration of the problem of 
three, l>(Mli(;s after us(‘ lias hnen mad(; of the 10 known 
iiiti'grals to I'cduce tlic systtun of differential equations from 
the IHth to tin; 8th order. In other words the. 10 eorro- 
sponding eonstants of integration are given flx(;d values, and 
atltmtion is diri'eted towards the motions which coi'i’e- 
spond to fho given s(;t of comstants. In what follows we 
shall suppose that not all the (umstants of angular momentum 
vanish, and tliat the e, (instant of energy is positive, i. e. we 
take ./■ , • 0 , 7 \ • • 0. 

The luignlar momentum vector with components a, h, c. 
will d(;fine a spatial direction which plays au important role 
in the sequel. Evidently two motions which coiTCspond to 
the same configuration of positions and velocities at some 
instant, aside from mere angular orientation relative to this 
axis of angular momentum, will continue to differ merely in 
this respect. In other words, if 91 denotes any angular 
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coordinate which, fixes the orientation about the axis of 
angular momentum, while Ui, are any set of relative 

coordinates which do not involve g>, the diffiei’ential equations 
defining the qo^ motions take the form 

dtti/dt = Uiiui, ••■, ?<?) (t = 1, 7), 

dfpidt = ® (wj, ■ • ■, 'im). 

The first set of equations constitutes a system of the 7th order 
in the coordinates t<i, • • •, it?, while the last equation enables 
one to determine jp by a further integration. If it be desired, 
the time t can be eliminated, and the system .becomes of 
the 6th order, 

dut/dui = Ui/Vi (i — 2, 3, • • ., 7). 

Thus from the purely formal standpoint the system of the 
18th order can be 'reduced’ to one of the 6th order. 

Prom the point of view which we shall adopt, there is no 
essential gain in actually carrying through such a reduction 
which can be accomplished without affecting the Hamiltonian 
form.* 

Let us consider the augmented manifold J/ik of states of 
motion, in which the . singularities corresponding to double 
collision have been removed by the method indicated in 
section 7. 

The boundaiy of Mis is to be regarded as made up of 
states of motion specified by one of the following possibilities: 
one of the coordinates aii, yi, Zi increases indefinitely in absolute 
value; the quantity R approaches 0; the energy constant of 
some pair Pi, Pj of the bodies relative to their center of 
gravity at the instant increases indefinitely in absolute value. 
It is clear that points away from the boundary in the specific 
sense of these three possibilities will have limited coordinates, 
with not all three distances small; the condition of energy 
imposed insures that the energy constant relative to the 
center of gravity of all three bodies is not large in absolute 

* See, for instance, Whittaker, Analytical Dynamics, chap. 18. 
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Viiluc, while the fact that the relative energy constants are 
not large nieiins that the nearest pair of bodies must shortly 
separati' to a considerable distauce. Thus either all coordinates 
and velocity coniponimts are limited, and none of the mutual 
distances are small, or else the motion is near such a state 
in tinu', and therefore not near to the boundary of il/ia. 

In d/m th(( totality of motions is represented as a steady 
lluid motion, in which the. stream lines correspond to the 
jxissihle types of motion. When the 10 constants of integration 
arc! spccciiied, wc> are directing attemtion to the corresponding 
lliiid motion of the* sub-manifold into itself in which the 
stream lines rejn-c'scfiit thc^ x" motions under consideration. 

Motions which dilTer meredy in oriemtation with respect to 
tlic* axis of angular inomemtum yield a (dosed one parameter 
family of stream lines, corresponding states of which give 
closed curves: in other words are the same along 

such a euryi'. while' t varies from 0 to 2^1. In the spc'cial 
case of the l.agraugiau c'cniilateral triangle and straight line 
solutions when the mutual distances are inaltc'rahlc!,''' the 
eorrespoiidiiig closed curve is it.scdf a stream line. 

'I'lie ’rediicc’d manifold .I/7 of states of motion' corrc'sponds 
to the ■/.' set of states of motion given by s('ts of coordinate's 
such as which are distinct except in orientation 

about the axis of angular momentum. 

It is (‘vieleiit th.it in the original .1/|,s the clo.se'd curve's 
which give the states of imdioii dill'ering only in orientation 
will give x analytic curves, one and only one through 
each point. Hence if we elewire to obtiiiu more ])recise 
information as to the. peessible singidaritie's of d/;, it is only 
neee'.sseiry to ded.(*rmiue the. singularities of Mh. We propose 
to inve'stigate' the! singularities of yl/n, and thus of il/7, sufll- 
eienitly to establi.sh the following result: 

For f/iwra I nilinv «/' /: '(), A’’ ' 0 , t/w midytic. mlnml 
mnni/ohl AI-, of of niathn is without smi/nlarity, and 
hits u boundary sparijird by tfm fart that cither E approaches 

* See Lagrauge’e paper, Emai but It problime da trois corps, (Euvres, 
vol. VI. 
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a or OS, Of- that the energy constant of seme pair of the bodies 
relatively to their center of gravity become indefinitely large 
and negative. 

Let 118 first justify briefly the statement made about the 
boundary of M,. At some distance from the boundary none 
of the coordinates can be large since none of the distances 
ri are large, and the center of gravity is at the origin. Since 
the energy constant for the three bodies is given, the partial 
energy constants cannot be large and positive. Consequently 
unless one of these partial constants is large and negative, 
the state of motion is not near the boundary of Af?. 

In dealing with the analytic character of Mt, and so of 
Ml, we can assume that the state of motion under consideration 
is not a state of double collision. In fact the ‘molecule’ of 
states of motion in Jfi’g near a state of double collision is 
carried analytically into a molecule about a modified position, 
not corresponding to a state of double collision. The invariant 
sub-manifold Mt, will thus be analytic all along a particular 
stream line or nowhere along it. 

Let us then employ the coordinates x, y, z, ‘S, ri, x', y' , 
which are available in M^i, within which we may 
take Mi to lie; The sets of these 12 coordinates which 
satisfy the remaining angular momentum and energy conditions 
(11) and (12), furnish uniquely the states of motion of A/,, 
near to the particular motion of Afg under consideration. 
It is evident that in general these 4 equations may be solved 
analytically for any 4 of the 12 variables; i. e. Afg analytic 
at the corresponding point. 

We can show, however, that for general values of ./’> 0 
and K>Q there can be no singularities whatsoever in Afg. 
Let us choose coordinate axes so that a: = j/ = = 0 at 

the instant under consideration, i. e. the particle Pi lies in 
the e direction from Pq, while the line from P* to the center 
of gravity of P© and Pi lies in the x, e plane. Let us attempt 
to solve the 4 equations for a/, y', fi, if as functions of the 
other variables. The condition that this be possible will 
be satisfied if the corresponding Jacobian determinant 
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0 0 0 ? 

0—2 ()—? 

2 0 0 0 

x !/' £ if 

does not vanish; liere we have removed an obvious factor 
m from the lirst three colmiuis, and a factor n from the last 
column. Q^'hns Mu i.s analytic at this point provided that 
the inequality 

- ?2‘2' -I 0 

holds. Hut it has been pointed out that z is not 0. .Further- 
more, we. (uin take ? j 0 unless /t is on the straight line 
/ 0 l\ c.onstant.l.v. And we cnii take. ,?■' 1 0 unless the distance 
/',) l\ (and similarly any other di.stauce Pi Pj) is a constant. 
Ihme.e W(' infer that eitlu'r J/h is analytic , along the particular 
slrcmin line under consideration, or the three bodies lie ni)ou 
a straight, line, or at a c.onstani, (listaiice from each other, 
hut not ill the same straight line. 

Ill till' latter case the. bodies /*„. /’, , /t are known to lie 
at 1h(' vi'rtiei's of an equilateral triaiigh' in a plane perpen- 
dicular to the angular moiiientmn vector; this triangle rotates 
at. a constant, angular velocity about its center of gravity, 
h'urtheriiiori' it. is known that there is one and only one .size 
of triangle of this kind for an assigned angular velocity. 
'I'hus thi're will he in general no such motion for which ,/' 
and A' have the preiis.signed values. 

Similarly in the lii'st case fiirllier examination shows that 
the di.stimc('s are inalterable. It i.s known that there are three 
solutions for an a.s.signed angular velocity, and thus in general 
no solution for general values of / and k 

In (iiii/ cfwc fJir mnniJHd can tnily have a nhifinlnrity 
at a. point roircsponilmfj to an eqnitatmil trkmylo soliitim or 
to a Htraight tine soluiim at constant mutual distances. These 
posmhUiths mill only arm when certain analytic relations 
between f and K are satisfied. It is only as f and K vary 
through these eritical values that Ike nature of Mi from, the 
standpoint of analysis situs can change. 
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The manifold Mi has fundamental importance for the problem 
of three bodies, but, so far as I know, it has nowhere been 
studied even with respect to the elementary question of 
connectivity. The work of Poincare refers to the existence 
of certain periodic motions, i. e. of certain closed stream lines 
in Ml , obtained by the method of analytic continuation from 
a HniitiTi g integrable case of the problem of three bodies; 
nearby motions, i. e., stream lines in the torus-sliaped neighbor- 
hood of such a closed stream line, are also considered in 
relation to the formal series; but he does not consider M-, 
in the large. 

In conclusion it may be observed that the states of motion 
in which the three bodies move constantly in a plane through 
the center of gravity perpendicular to the angular momentum 
vector, correspond to an invariant sub-manifold Mr, within 
Ml, which contains the exceptional singularities when thes(^ 
exist. So far as dimensionality is concerned, this manifold 
Jfj would be suited to form the complete boundary of a 
surface of section (chapter V) of properly extended t.yi>('. 

II. Ty^es of motion in Mi. The problem of three bodies 
is distinguished from the type of non-singular problem which 
we have considered earlier, in that the manifold of states 
of motion is not closed. The singularity along the boundary 
cannot be removed by any exercise of analytic ingenuity. 
In fact consider a tube of stream lines in Mi described by 
a ‘molecule’ of states of motion near triple collision at t == 0. 
It is dear that the molecule tends toward the boundary of 
Ml as t increases since we have then lim B — co according 
to the results deiced above (section 8). The half tube so 
generated, is then carried into part of itself, and would hav(' 
to correspond to an infinite value of the invariant 7-dimensional 
volume integral. . This situation does not arise when the 


manifold of states of motion is closed -and non-singular. 

More precisely, the stream lines corresponding to motions 
of near approach; to triple collision not only lie wholly near 
the bouadaiy aajd approach it as f Increases or decreases 

distinct regions 
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of Mt, since for every sncU motion there is a particular one 
of the three bodies which recedes indefinitely from the other 
two bodies. 

The stream lines corresponding to near approach to triple 
coUision thus jUl three distinct 1 -dimensional continua of Mi, 
corresponding to the fact that Pq, Pi, or Pa may le the relatively 
distant body during such a ^notion. These continua lie near 
to the hoiindnry of Mi, and every stream line in them approaches 
the houndary in either sense of time. 

Of course these continua are not precisely defined until 
the degi-ee to which triple collision is approached is precisely 
specified. 

It is natural to believe that in this case of indefinite 
recession, the two nearby bodies have a definite limiting 
energy constant, orientation of plane of motion, eccentricity, 
and a limiting linear and angular momentum with reference 
to the center of gravity of the three bodies. In any case these 
motions may properly be regarded as to a large extent ‘known’. 

The very interesting question now arises: Do the motions 
for which liin Ji = oc in one or both directions of the time 
fill il /7 densely or only in part? It is important to under- 
stand the nature of the difficulty inherent in this question. 
By actual computation of the motions, it can doubtless be 
established whether or not a specific motion belongs to one 
of these continua or not. Certainly, for |7ir| small, almost 
all of Ml would be filled by these continua. in consequence 
of the results obtained in the case K < 0. Nevertheless 
when there exists a single periodic motion in Mi of stable 
type, it will not be i)ossible to determine whether or not 
neai’by motions belong to these continua without solving 
the fundamental problem of stability in this particular case. 
We have already alluded to the highly difficult character of 
the problem of stability (chapter YIII), which arises precisely 
because in a dynamical problem such as the problem of tliree 
bodies, formal stability of the first order insures the satis- 
faction of all the infinitely many further more delicate con- 
ditions for complete formal stability. 

. , . o’. ‘ ' 
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The question can, however, he put in a very suggestive 
form, which in my opinion renders it probable that the 
motions for which Um i? = co for lim <=+ oo fill up 
densely, as do those for which Urn = oo f or hm < = — oo ; 
because of the reversibility of the system of differential 
equations, both conjectures must be either true of false. 

The mauifold Jf? has already been conceived of as 
a 7-dimensional fluid in steady motion. This fluid must be 
thought of as having infinite extent and as incompressible, 
in consequence of the existence of a 7-dimensional volume 
invariant integral. The three types of motion with near 
approach to triple collision correspond to three streams which 
enter M^ from the infinite region and leave it there. 

What is likely to happen to an arbitrary point of the fluid? 
It seems to me probable that in general such a point will 
move about until it is caught up by one of these streams 
and carried away. It may, however, be anticipated that 
there will be found certain points which remain at rest or 
move in closed stream lines, and so are not carried off. 
In conformity with the results of chapter VII, there must 
then necessarily exist other stream lines which remain near 
to the closed stream line as time increases or as time decreases. 
More generally, there will exist recurrent types of stream lines 
corresponding to recurrent motions, and various other stream 
lines which remain in their vicinity as time increases or decreases. 
The stream lines corresponding to such recurrent motions and 
nearby motions cannot of course approach the boundary otMi. 

Por the determination of the distribution of such periodic 
motions, recurrent motions, and motions in their vicinity, it 
obvious that elaborate detailed analysis would be necessary. 
In conclusion we shall merely effect an obvious classification 
based on the function i2(<): 

An arUtrary motion in the^ollm of three bodies for the case 
fl^Of is of one of the following types as t increases', 

(1) S increases toward -f oo , in whicJi case one body recedes 
indefirdtely from the other two, wUle the near pair remain 
icitkm finite distance of one another-, 
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(2) R tends toward a value R ivhile U ajypvoaches 2K, in 
tohich case the Umiiing motion is of special deierminahle type 
as in Lagrangcs equilateral triangle solution\ 

(3) R{i) is imiformly hounded as in case (2) but oscillatory. 
Here the motion is lokolly one of finite distances and velocities 
accept possibly for occmional double collidom approach to 
such collisions, and there necessarily exist periodic or other 
vemrreM motions among the limit motions \ 

(4) R(t) is oscillatory with upper bound +qo and a positive 
hnnr bound. This is an inie^rtwdiate case in which the motion 
is one With finite velodties axxept near occasional double 
collmon or approach to double hut not triple collision, while 
from time to time one of the three bodies recedes arbitrarily 
far from the near 2 mir only to approach them again lat&t'. 

m mi her results olmoushj hold as f dar eases. 

Tlio only part of this statement calling for any explanation 
is that if R approaches U, IJ approaches 2K, liut this can be 
proved to follow from Lagi’ange’s equality (15). 

12 . Extension to n' -3 bodies and more general 
laws of force. In indicating the i)assibility of generalizing 
lh(‘. above results, both in respect to the number of bodies 
and tli(^ law of force, w(' shall entirely put to one side the 
(lu(\stion of collision. It would suffice for our purpose, 
howev(n*, if any kind of continuation after multiple collision 
wer(‘ possible in whudi th(^ constants of linear and angular 
momeiitiim as w(dl as of energy are the same after as before 
eollision, and if also R!, wliere 

may be I’e^arded as continuous at collision; here the masses of 
Pn !U'e mi, • • • , w.n respectively, wliile M is the sum 
of these masses, and r</ denotes the distance PiPj. 

Let the function IJ of forces be any function of the mutual 
distances r</, of dimensions — 1 in these distances. Eor a 
function U of this type, the original form of differential 
equations, of the 10 integrals, and of Lagrange’s equality 
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(16) and of the inequality (20) due to Sundman will subsist, 
proyided that / denotes the total angular momentum of the 
system about the center of gravity. Our main reasoning 
above was essentially based upon this analytical framework. 
Hence we can state the following result: 

Let U ie any analytic fiinctim defending on tlie mutual 
distances between n bodies Pi, (i — !,•••, n), with coordinates 
{xi, yi, gi) and masses nii respectively, let JJ be furthermore 
homogeneous of dimensions — 1 in these distances. Jf the n 
bodies ■ are sufficiently near together, with assigned positire 
values of the total angular momentum f and the constant of 
energy K, at least two of the mutual distances will become very 
large in either sense of the time. 

Further consideration shows that the condition of homo- 
geneity upon U can be lightened to the form of an inequality 



U 

^yi 


dU\ 

dZi) 
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where 0<i?<2, without affecting the argument that at least 
two of the mutual distances become very large. 

In this argument the function if has to be generalized to 
the form ' 

H=B 

I have not attempted to ascertain conditions under which 
at least two of the mutual distances become infinite. 
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